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PREFACE 


The favorable reception of the First Edition of this volume 
appears to have sustained the authors’ belief in the need of a 
book on mathematics beyond the calculus, writteit from the^ 
point of view of the student of applied science. The chief 
purpose of the book is to help to bridge the gap which separates 
many engineei’s from- mathematics by giving them a bird’s-eye 
view of those mathematical topics which are indispensable in 
the study of the physical sciences. 

It has been a common complaint of engineers and physicists 
that the usual courses in advanced calculus and differential 
equations place insufficient emphasis on the art of formulating 
physical problems in mathematical terms. “ There may also be a 
measure of truth in the criticism that many students with pro- 
nounced utilitarian leanings are obliged to depend on books 
that are more distinguished for rigor than for robust uses of 
mathematics. 

This book is an outgrowth of a course of lectures offered by 
one of the authors to students having a working knowledge of the 
elementary calculus. The keynote of the course is the practical 
utility of mathematics, and considerable effort has been made to 
select those topics which are of most frequent and immediate use 
in applied sciences and which can be given in a course of one 
hundred lectures. The illustrative material has been chosen for 
its value in emphasizing the underlying principles rather than 
for its direct application to specific problems that may confront 
a practicing engineer. 

In preparing the revision the authors have been greatly aided 
by the reactions and suggestions of the users of this book in both 
academic and engineering circles. A considerable portion 
of the material contained in the First Edition has been rear- 
ranged and supplemented by further illustrative examples, proofs, 
and problems. The number of problems has been more than 
doubled.- It was decided to omit the discussion of improper 
integrals and to absorb the chapter on Elliptic Integrals into 
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inufih enlarged chapters on Infinite Series and Differential 
Equations. A new chapter on Complex Variable incorporates 
some of the material that was formerly contained in the chapter 
on Conformal Representation. The original plan of making 
each chapter as nearly as possible an independent unit, in order 
to provide some flexibility and to enhance the availability of the 
book for reference purposes, has been retained. 

I. S. S. 

E. S. S. 

Madison, Wisconsin, 

September, 1941 . 
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CHAPTER I 

INFINITE SERIES 

It is difficult to conceive of a single mathematical topic that 
occupies a more prominent place in applied mathematics than 
the subj ect of infinite series. Students of applied sciences meet 
infinite series in most of the formulas they use, and it is quite 
essential that they acquire an intelligent understanding of the 
concepts underl 3 ring the subject. 

The first section of this chapter is intended to bring into 
sharper focus some of the basic (and hence more difficult) notions 
with which the reader became acquainted in the first course in 
calculus. It is followed by ten sections that are devoted to a 
treatment of the algebra and calculus of series and that represent 
the minimum theoretical background necessary for an intelligent 
use of series. Some of the practical uses of infinite series are 
indicated briefly in the remainder of the chapter and more fully 
in Chaps. II, VII, and VIII. 

1. Fundamental Concepts. Familiarity with the concepts 
discussed in this section is essential to an understanding of the 
contents of this chapter. 

Function. The variable y is said to he a function of the variable 
X if to every value of x under consideration there corresponds at least 
one value of y. 

If X is the variable to which values are assigned at will, then 
it is called the independent variable. • If the values of the variable 
y are determined by the assignment of values to the independent 

1 
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variable Xj then y is called the dependent variable. The functional 
dependence of y upon x is usually denoted by the equation* 

y = fix). 

Unless a statement to the contrary is made, it will be supposed 
in this book that the variable x is permitted to assume real 
values only and that the corresponding values of y are also real. 
In this event the function f(x) is called a real function of the real 
variable x. It will be observed that 

(1-1) y = Vx 

does not represent a real function of a; for all real values of x, for 
the values of y become imaginary if a; is negative. In order that 
the symbol f{x) define a real function of x, it may be necessary to 
restrict the range of values that x may assume. Thus, (1-1) 
defines a real function of x only if a; > 0. ' On the other hand, 
y = \/x^ — 1 defines a real function of x only if |a;| ^ 1. 

Sequences and Limits. Let some process of construction 
yield a succession of values 


^Ij ^3) * * > * * j 


where it is assumed that every xi is followed by other tc'nns.* 
Such a succession of terms is called an infinite sequence. Exam- 
ples of sequences are 


(a) 1, 2, 3, • • 

( 0 ) 2 ' 4 ^ 3 ^ 

(c) 0, 2, 0, 2, 


, ^, * * * , 

Te’ ' ' ' ’ 

■ ,1-f (-i)», • • • . 


Sequences will be considered here only in connection with th(^ 
theorems on infinite series, f and for this purpose it is necessary 
to have a definition of the limit of a sequence. 

Definition. The sequence xi, X2, • • * , Xn, is said to 
converge to the constant L as a limit if for any preassigned positive 
number e, however small , one can find a positive integer p such that 

\xn — L| < € for all n > p. 

* Other letters are often used. In particular, if more than one function 
enters into the discussion, the functions may be denoted by /i(a;), fi(x)j etc.; 
by f{x), g(x), etc.; by Fix), Gix), etc. 

t For a somewhat more extensive treatment, see 1, IS, SokolnikotT, 
Advanced Calculus, pp. 3~21, 
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For convenience, this definition is frequently written in the 
compact form 


lim Xn = Ly 

w— »■ 00 


and L is called the limit of the sequence. If a variable x takes 
on these successive values xi, rr 2 , • • • , , then x is said 

to approach L as a limit. It follows from this definition that, 
of the sequences given above, (fe) converges to the limit 0, whereas 
ia) and (c) are not convergent. 

As an illustration, let the variable x assume the set of values 


Xi = 0.1, X2 = 0.11, 

It is easily seen that 


lim Xn 

n—r 00 


X3 = O.lll, • • • . 


1 

9’ 


that is, corresponding to any e > 0, one can find a positive 
integer -p such that • 

\L Xn\ ^ Iq ” Xn| ^ € 


for all values of n greater than p. Observe that 

1__1 1__1 1__1 
9 90' 9 900' ■ ■ ■ ’ 9 9 • 10»‘ 

Hence, for any e that is chosen, it is necessary to demand that n 
be large enough so that 

1 _ 1 . 

9 " 9 • 10» ■ 

The inequality is equivalent to 

9 • 10* > 

€ 

and, taking logarithms to the base 10,* 
log 9 + n > log ~ 
or 

n > — (log 9 + log €) = — log 96. 

* From the definition of the logarithm, it follows that, if .4 > B, then 
log A > log B. 
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Thus, if p is chosen as any integer greater than | — log 9e\, the 
inequality 



< € 


will be satisfied for all values of n greater than p. 

Infinite Series. Let ui^ U2y uz, ' - • be an infinite sequence 

of real functions of a real variable z. Then the symbol 
00 

(1-2) 2) = Uiiz) + U2iz) + • • • + Un(x) + * * • 

n = 1 

is called an infinite series. 

If, in (1-2), X is assigned some fixed value, say x = xo^ there 
results the series of constants 


(1-3) 2) w„(a:o). 

n *= 1 

Denote by Snixo) the nth partial sum, that is, the sum of the 
first n terms, of the series (1-3) so that 

Sn(:ro) = Ui(Xo) + ^2(0^0) + • • * + Un(Xo), 

As n increases indefinitely, the sequence of constants 
Si(a:o), 52(0:0), * * * , Sn(o:o), * * • 

cither will converge to a finite limit S or it will not converge to 
such a limit. If 

lim Sn(xo) = S, 

n— > ao* 

the series (1-2) is said to converge to the value aS for rr = xo.* 
If the series (1-2) converges for every value of x in some intervalf 
(a, 6), then the series is said to be convergent in the interval (a, b). 
As an example, consider the series 

ri-4) 1+x +x^ + — ‘ + * • • . 

If rr = 3^, (1-4) becomes 

* This limit S is usually called the sum of the series (1-3). 
t This means that x can assume any real value between a and h and that 
a and h can be thought of as the end points of an interval of the av-axis. 
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which is convergent to the value 2. In order to establish this 
fact, note that 

Sn =1+2+4 + 

is a geometric progression of ratio so that 


_ ^ „ 1 
' 1 ~ ^ 2 ”-’' 

'-2 


Hence, the absolute value of the difference between 2 and Sn 
is 1/2^“^, which can be made arbitrarily small by choosing n 
sufficiently large. 

On the other hand, if x = —1, the series (1-4) becomes 

l-l + l~-l+*-- + (-1)^-1 + ' • • , 

which does not converge; for S 2 n = 0 and = 1 for any choice 
of n and, therefore, lim Sn does not exist. Moreover, if a: = 2, 

n—*' « 

the series (1-4) becomes 

1 + 2 + 4 + • • • + 2--1 + • • • , 
so that Sn increases indefinitely with n and lim Sn does not exist. 

n~^ 00 

If an infinite series does not converge for a certain value of x, 
it is said to diverge or he divergent for that value of x. It will 
be shown later that the series (1-4) is convergent for— l<a;<l 
and divergent for all other values of x. 

The definition of the limit, as given above, assumes that the 
value of the limit S is known. Frequently it is possible to infer 
the existence of S without actually knowing its value. The 
following example will serve to illustrate this point. 

Example. Consider the series 

and compare the sum of its first n terms 

s» = l+|j + |j+---+^ 
with the sum of the geometrical progression 
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The corresponding terms of Sn are never less than those of 5,1; but, no 
matter how large n be taken, Sn is less than 2. Consequently, < 2; 
and since the successive values of Sn form an increasing sequence of 
numbers, the sum of the first series must be greater than 1 and less than 
or equal to 2. A geometrical interpretation of this statement may help 
to fix the idea. If the successive values of s«, 

51 = 1, 

5 2 = 1 + = 1-5, 

5 3 = l+ ^ + ^ = 1.667, 

54 = l + ^ + ^ + 4| = 1.708, 

«5 = 1 + ^ + 3 ] + = 1.717, 

are plotted as points on a straight line (Fig. 1), the points representing 
the sequence Si, S2, • • * , Sn, • * • always move to the right but never 



Fig. 1. 

progress as far as the point 2. It is intuitively clear that there must be 
some point s, either lying to the left of 2 or else coinciding with it, which 
the numbers Sn approach as a limit. In this case the numerical value 
of the limit has not been ascertained, but its existence was established 
with the aid of what is known as the fundamental principle. 

Stated in precise form the principle reads as follows: If an infinite 
set of numbers Si, Sz, * * • , Sn, * • * forms an increasing sequence (that is, 
Sn > Sn, when N > n) and is such that every is less than some fixed 
number M (that is, Sn < M for all values of n), then Sn approaches a limit 
s that is not greater than M (that is, lim Sn = $ ^ M). The formulation 

n—* « 

of the principle for a decreasing sequence of numbers Si, so, * • • , 
Sn, • • * , which are always greater than a certain fixed number m, will 
be left to the reader. 

2. Series of Constants. The definition of the convergence of 
a series of functions evidently depends on a study of the behavior 
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of series of constants. The reader has had some acquaintance 
mth such series in his earlier study of mathematics, but it seems 
desirable to provide a summary of some essential theorems that 
will be needed later in this chapter. The following important 
theorem gives the necessary and sufficient condition for the 
convergence of an infinite series of constants : 

Theorem. The infinite series of constants S Un converges if 

n = 1 

and only if there exists a positive integer n such that for all positive 
integral values of p 

|Sn+p — Sn| = \Un+l + Un+2 -f * * • + Un+,>\ < 

where € is any preassigned positive constant. 

The necessity of the condition can be proved immediately by recalling 
the definition of convergence. Thus, assume that the series converges, 
and let its sum be aS, so that 

lim Sn = S 

n— » » 

and also, for any fixed value of j?, 

lim Sn+p = S, 

n— > 00 

Hence, 

lim (Sn+j, - s«) = lim 4- + * * • + Un+p) = 0, 

n — > 00 Ti — > DO 

which is another way of saying that 

+ Un+2 + * ' * 4 * Ua-^p\ € 

for a sufficiently large value of n. 

The proof of the sufficiency of the condition requires a fair degree 
of mathematical maturity and will not be given here. * 

This theorem is of great theoretical importance in a variety of 
investigations, but it is seldom used in any practical problem 
requiring the testing of a given series. A number of tests for 
convergence, applicable to special types of series, will be given in 
the following sections. 

It may be remarked that a sufficient condition that a series 
diverge is that the terms Un do not approach zero as a limit when 
n increases indefinitely. Thus the necessary condition for con- 
vergence of a series is that lim Uy, = 0, but this condition is not 

n— > ao 

* See SoKOLNiKOFF, I. S., Advanced Calculus, pp. 11-13. 
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sufficient; that is, there are series for which lim = 0 but which 

n--* 00 

arc not convergent. A classical example illustrating this case 
is the harmonic series 

1 + 5 + J+ • • ■ + 1 + • • - , 


in which Sn increases without limit as n increases. 

Despite the fact that a proof of the divergence of the harmonic 
series is given in every good course in elementar^^ calculus, it will 
be recalled here because of its importance in subsequent con- 
siderations. Since 

n + 1 n + 2 n + n ^ ^ 271 " 2' 


it is possible, beginning with any term of the series, to add a 
definite number of terms and obtain a sum greater than Xi. 


If « = 2, 





1 

, 1 

1 

n = 4, 

3 

+ 4 

>2’ 




00 

11 


1 . 1 

. 1 1 


j: -f _ j- . . 

9 ^ 10 ^ 

■ +T6 ^ 2= 

n = 16, 


1 . 1 

. 1 1 


_L J- _ _L . 

17 ^ 18 ^ 

. . -i_ _ > ± 

^ 32 ^ 2 


Thus it is possible to group the terms of the harmonic series 

in such a way that the sum of the terms in each parenthesis 
exceeds 3^^ ; and, since the series 

i + | + i + ■ ■; 


is obviously divergent, the harmonic series is divergent also. 
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3. Series of Positive Terms. This section is concerned with 
series of the type 
00 

^ fln = <3^1 + ^2 "h * * ’ + 4“ * ' ' ; 

77 . =* 1 

where the an are positive constants. It is evident from the 
definition of convergence and from the fundamental principle 
(see Sec. 1) that the convergence of a series of positive constants 
will be established if it is possible to demonstrate that the partial 
sums Sn remain bounded. This means that there exists some 
positive number M such that Sn < M for all values of n. 
The proof of the following important test is based on such a 
demonstration. 

00 

Comparison Test. Let ^ an he a series of positive terms, 

n — l 

00 

and let 2 bn be a series of positive terms that is known to converge, 

n- 1 

00 

Then the series S CLn convergent if there exists an integer p such 

ns=l 

00 

that, for n > p, an ^ bn- On the other hand, if 2 Cn is a series of 

77 = 1 

positive terms that is known to be divergent and if an ^ Cn for 
00 

n > p, then 2 dn is divergent also. 

n — l 

Since the convergence or divergence of a series evidently is not 
affected by the addition or subtraction of a finite number of terms, the 

proof will be given on the assumption that p == 1. Let «» = ai -|- 

00 

+ * • * + «n, and let B denote the sum of the series 2 hn and Bn its 

n = l 

nth partial sum. Then, since an ^ bn for all values of n, it follows that 

Sn ^ Bn for aU values of n. Hence, the Sn remain bounded, and the 
00 

series 2 «« is convergent. On the other hand, if ^ c„ for all values of 

n=sl 

00 00 

n and if the series 2 c„ diverges, then the series 2 will diverge also. 

n=l 

There are two series that are frequently used as series for 
comparison. 

a. The geometric series 

(3-1) a ar ar^ + • • • + + * • * , 
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which the reader will recall* is convergent to ^ if \r\ < 1 

and is divergent if \r\ > 1. 
h. The p series 

(3-2) l + ^ + 

which converges if ^ > 1 and diverges if p < 1. 

Consider first the case when p > 1, and write (3-2) in the form 

(3-3) 1 + (^ + ^) + (^ + ^ + ^ + ^) + • • • 

( ^ 3 : ^ . 

^ ^ (2^ — 1)V ^ ' 

where the nth term of (3-3) contains 2^“^ terms of the series 
(3-2). Each term, after the first, of (3-3) is less than the corre- 
sponding term of the series 

i + 2^ + <':p+ ■ • ■ +2-^2^+ ■ ■ ■ , 

or 

(3-4) 1 -f- ^ 4- + • • • + + • • • • 

Since the geometric series (3-4) has a ratio 1/2^^ (which is less 
than unity for p > 1), it is convergent and, by the comparison 
test, (3-2) will converge also. 

If p = 1, (3-2) becomes the harmonic series which has been 
shown to be divergent. 

If p < 1, 1/n^ > 1/n for n > 1, so that each term of (3-2), 
after the first, is greater than the corresponding term of the 
harmonic series; hence, the series (3-2) is divergent also. 

Example 1 . Test the series 

^ + ^ + + 

Tlie geometric series 

1 + 1 + 1+.. 

^ 22 ^ 2® ^ ^ 2« ^ 

* Since the sum of the geometric progression of n terms a -h ar -j- ar^ 
+ . . , + IS equal to ^ ZT y ” i " ' Z"r ^ 
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is known to be convergent, and the terms of the geometric series are 
never less than the corresponding terms of the given series. Hence, the 
given series is convergent. 

Example 2. Test the series 

^ log 2 log 3 log 4 log n 

Compare the terms of this series 'with the terms of the p series for 

p = 1, 

i+i + i + i+...+i+ ... 

The given series is divergent, for its terms (after the first) are greater 
than the corresponding terms of the p series, which diverges when 

p - 1. 

30 

Ratio Test. The series 2 of positive terms is convergent if 

n = \ 


and divergent if 


lim == r < 1 

n — > 00 Ofi 

lim ^ > 1. 

ji— + 00 fln 


IJ 


lim = 1 , the series may converge or diverge. 

oe ttn 


Consider first the case when r < 1, and let q denote some constant 
between r and 1. Then there will be some positive integer N such that 


< q for all n ^ N.' 

On 

Hence* 

ajv+i < a^Qf 

0>N+2 a^+iQ fZArg-, 

flisr+a ax+^q < UNq^y 


and 

fl^AT+i + flAr+2 + a^+3 +**•<! ax(q q^ q^ * * • )• 

Since O' < 1, the series in the right-hand member is convergent; there- 
fore, the series in the left-hand member converges, also. It follows that 
00 

the series S a„ is convergent. 

n= 1 

If the limit of the ratio is greater than 1, then an+i > an for every 


n> N so that lim a« 9 ^ 0, and hence the series S an is divergent. 

n—* 00 n — 1 
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It is important to observe that this theorem makes no reference 
to the magnitude of the ratio of a.n+i/O'n but deals solely w lio 
limit of the ratio. Thus, in the case of the harmonic series the 
ratio is a„+i/a„ = n/{n + 1), which remains less than 1 for all 
finite values of n, but the limit of the ratio is precisely equal 
to 1. Hence the test gives no information in this case. 


Exam-pie 1. For the series 


1 , 2 , .3 I 4 , . , w I . . . 


£2±1 = lim ^ 

dn n— + 00 2” 11 


1 +■ 


1 

2 


and, therefore, the series converges. 

Example 2. The series 

1+A + 1L+ . . . +iiL+ . .. 

10 102 102 10 ’‘ 


is divergent, for 


lim = lim = Hm = «. 

n — ► 00 dn n — ^ 00 10^ 11, n — ^ oo 10 


Example 3. Test the series 


1 + -i— + 

' I? ' 


1 

1 -2 ' 3*4 ■ 5*6 


+ 


+ 


Here 


lim = lim 


1 


{2n — l)2n 
^ {2n — \)2n 


an nToo(27i+ l)(2n + 2) 

4n^ — 2n 


1 


= lim 


4^2 + 6n + 2 


= lim 


_1_ 

2n 


= 1 . 


n—^ 1 4_ _4_ ^ 

^ 2n^ 2n2 


Hence, the test fails; but if the given series be compared with the 

p series for p = 2, it is seen to be convergent. 

00 

Cauchy^ s Integral Test. Let 2 an be a series of positive 

n—l 

terms such that Un+i < an- If there exists a positive decreasing 
function f(x)j for x ^ 1, such that f{n) = then the given series 
converges if the integral 

f“ f(x)dx 

exists; the series diverges if the integral does not exist. 
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The proof of this test is deduced easil 3 " from the following 
grapb*cal considerations. Each term an of the series may bo 
thought of as representing the area of a rectangle of base unity 
and height /(n) (see Fig. 2). The sum of the areas of the first 
n inscribed rectangles is less than f(x) dx, so that 

1 

^ f(x) dx. 

But f{x) is positive, and hence 

fix) dx < fix) dx. 

If the integral on the right exists, it follows that the partial sums 
are bounded and, therefore, the series converges (see Sec. 1). 



The sum of the areas of the circumscribed rectangles, ai + as 
+ * * * + an, is greater than da;; hence, the series will 

diverge if the integral does not exist. 


Exam'ple 1. Test the harmonic series 






In this case, fix) = ~ and 

X 


f - dx ^ lim r ~ = lina log n = , 

X n — ^ 00 •'1 X n — >■ 00 


and the series is divergent. 
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« 1 

Example 2. Apply Cauchy’s test to the p series where p > 0. 

1 

Taking /(a;) = — > observe that 
x^ 

f"^ if P 5^1, 

Ji ajo I - p i’ 

= log x\u if p = 1. 

Hence, f’° — exists if p > 1 and does not exist if p 1. 

Ji X” 


if P 5^ 1> 
if p = 1. 


PROBLEMS 


1. Test for convergence 


. 1 , 1 , 1 , _J_ . .... 

2 2 * 22 3 • 2^ 4 • 2^ * 

+ '+>+...+^+...; 

(c) 1 + + fi + • ■ • ; 

/i\ It 1 * 2 , 1 • 2 • 3 I . . , , 

^^3'^3-5‘^3-5-7‘^ ■ ' 

A 2?3 + 3^ + ■ ■ ■ ■ 

®‘+5+5+?+'"' 

,.1,2,3, ' ■ . 

(ff) 2 + 2^ + 2^ + ' ■ > 

2 log 2 3 log 3 4 log 4 ’ 

2. Use Cauchy’s integral test to investigate the convergence of 

I + 1 + + ■ ■ ■ + nhr^ + ■ • • ; 

2 , 3 

( 6 ) 1 + Yj^- 22 + 2 + 32 +'*'*• 


3. Show that the series S an of positive terms is divergent if nan 

n=l 

has a limit L which is different from 0. Hint: Let lim na« = L so that 


nan> L — ^ iov n large enough. Hence, an > 


n 
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4. Test for convergence 


eo . 

w X 

n. = 1 

“ 1 

„?i Vn{w + 1)' 


n = l 


(®) X n ■ 2“’ 


n = 1 


(flSS 


O') Xw« 


n-1 ' 


(^) X 

^inV» 

« 1 
Xjj (2n + 1)*’ 
00 

„?i) (2n + 1)^' 


4. Alternating Series. A series whose terms are alternately 
positive and negative is called an alternating series. There is a 
simple test, due to Leibnitz, that establishes the convergence of 
many of these series. 

Test for an Alternating Series. // the alternating series 
ai — a 2 + as — a 4 + • • • , where the ai are positive, is such 
that an+i < an and hm an = 0, then the series is convergent, 

n-^ M 

Moreover, if S is the sum of the series, the numerical value of the 
difference between S and the nth partial sum is less than a^+i. 

Since 


52w = (ai — a2) + (as — a4) + * * * + (a2n-i ” a2n) 

= Gi ~ (a2 — as) — • * • ~ (a27i— 2 ^ a2n— i) ■“ a^n^ 

it is evident that s^n is positive and also that S 2 n < ai for all 
values of n. Also, §2 < §4 < se < ■ • • , so that these partial 



16 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §6 


sums tend to a limit S (by the fundamental principle). Since 
«2n4-i = -S2n + ^271+1 aud lim aon+i = 0 , it follows that the partial 

72— > ao 

sums of odd order tend to this same limit. Therefore, the scries 
converges. The proof of the second statement of the test will 
be left as an exercise for the reader. 


Example 1, The series 
1 - 




+ 


is convergent since lim - = 0 and — < -• Moreover, S4 = 1 

n 71 I 71 

— H + H — H differs from the sum S by less than 
Example 2. The series 

+ + ... 

^ 2 ^ 4 ^ 32 6^3® 


is divergent. Why? 


6 . Series of Positive and Negative Terms. The alternating 
series and the series of positive constants are special, types of the 
general series of constants in which the terms can be either posi- 
tive or negative. 

Definition. If ui + U2 + ' + Wn + * * * fs an infinite 

series of terms such that the series of the absolute values of its terms^ 
\ui\ + \u2\ + * * • + \un\ + * • • , is convergent^ then the series 
ui-\- U2 -{■ * * • + Un -\r • • 'is said to he absolutely convergent. 
If the series of absolute values is not convergent^ but the given series 
is convergent^ then the given series is said to be conditionally 
convergent. 

Thus, 



is convergent, but the series of absolute values, 

^ + l + l + ■ ■ ■ ’ 

is not, so that the original series is conditionally convergent. 

If a series is absolutely convergent, it can be shown that the 
series formed by changing the signs of any of the terms is also a 
convergent series. This is an immediate result of the following 
theorem: 
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Theorem. If the series of ahsolvie. values S |m»| is convergent, 

n, = l 

90 

then the series 2 Un is necessarily convergent. 

n~l 

Let 


and 


Sn = "Wi + 1^2 + * * * Un 


tn — + ■ * ‘ H"|Wrv|. 

If pn denotes the sum of the positive terms occurring in and 
denotes the sum of the negative terms, then 

(5-1) Sn = Pn - qn 

and 


-qn 


tn ^ Pn + qn. 


The series 2 |iAn| is assumed to be convergent, so that 
(5-2) lim tn = lim (p« -f g„) = L. 

00 n— > 00 


But Pn and qn are positive and increasing with n and, since (5-2) shows 
that both remain less than L, it follows from the fundamental principle 
that both the pn and qn sequences converge. If 

lim Pn = P and lim qn == Q, 

n— »■ 00 n —^ 00 

then (5-1) gives 

lim Sn = lim (pn — qn) = P — 

n — > 00 n — > 00 

90 

which establishes the convergence of 2 Un. 

n — l 


Moreover, it can be showm that changing the order of the 
terms in an absolutely convergent series gives a series which is 
convergent to the same value as the original series.* However, 
conditionally convergent series do not possess this property. In 
fact, by suitably rearranging the order of the terms of a condi- 
tionally convergent series, the resulting series can be made to 
converge to any desired value. For example, it is knownf that 
the sum of the series 


2^3 4 ^ 




* See SoKOLNiKOFF, I. S., Advanced Calculus, pp. 240-241. 
t See Example 1, Sec. 13. 
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is log* 2. The fact that the sum of this series is less than 1 and 
greater than 34 can be made evident by writing the series as 

- 0 + (s ■ j) 0 " 0 ’ 

which shows that the value of s„ > 34 for w > 2; whereas, by 
writing it as 

it is clear that Sn < 1 for n > 2. Some questions might be 
raised concerning the legitimacy of introducing parentheses in a 
convergent infinite series. The fact that the associative law 
holds unrestrictedly for convergent infinite series can be estab- 
•lished easily directly from the definition of the sum of the infinite 
series. It will be shown* next that it is possible to rearrange 
the series 



so as to obtain a new series whose sum is equal to 1. The positive 
terms of this series in their original order are 


1 1 

1 

1 

1 

1, 

5’ 

7’ 

9’ ■ 

The negative terms are 




1 1 


1 

1 


2 ' 4 ^ 6 ' 8 ' 


In order to form a series that converges to 1, first pick out, in 
order, as many positive terms as are needed to make their sum 
equal to or just greater than 1, then pick out just enough negative 
terms so that the sum of all terms so far chosen will be just less 
than 1, then more positive terms until the sum is just greater 
than 1, etc. Thus, the partial sums will be 


Si == 1, 


S2 

Si 



30 ' 


* General proof can be constructed along the lines of this example. 



§6 


INFINITE SERIES 


19 


Sb 

S7 


Ss 


= 1 - 


1 , 1 , 1 _ 1 ^ 

2 3 5 4 60’ 

2 ^ 3^5 4 ^ 7^9 

2~3~5 4~7~9 


1307 

1260’ 

1 ^ 1093 
6 1260’ 


It is clear that the series formed by this method will have a sum 
equal to 1. 

As another example, consider the conditionally convergent 
series 


(6-3) 


1-J-+J--J- + 

V2^V3 VI 


Let the order of the terms in (5-3) be rearranged to give the 
series 

vfi “ Vi) • 

The nth term of (5-4) is 

- 1,1 1 
~ V4;r=“i v^’ 


which is greater than 


K 





\/2/ 


But the series S 2>n is divergent, and it follows that the series 

n=sl 

(5-4) must diverge. 

00 

Inasmuch as the series S \ur\ is a series of positive terms, the 

n* 1 

tests that were developed in Sec. 3 can be applied in establishing 
the absolute convergence of the series S 'Wn. In particular, the 

n = 1 

ratio test can be restated in the following form: 
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Batio Test. The series S is absolutely convergent if 

n = l 


and is divergent if 


lim 

00 


lim 

n— > 00 


Wji+l 




< 1 


> 1 . 


If the limit is unity, the test gives no information. 
Example 1. In the case of the series 

l+a: + 2i+^ + ^+---, 


lim 

71 —^ 00 


Un+l 

= lim 

Xn {fi ^ 1)1 

s llTYl 


Un 

n—* 00 

n\ x^~'^ 

XllUL 

n— > 00 

n 


= 0 


for all values of x. Hence, the series is convergent for all values of 
X and, in particular, the series 

22 22 

^ - 2 + ^ - 4- ' • • 

is absolutely convergent. 

Example 2. Consider the seiies 


Here 

lim 


1 

1 


,+ 


1 


2(1 - + 3(1 - xy 


+ 


. n{l — xY ’' __ y 

(n + 1)(1 — 1 ^ 


= lim 

W— > 00 


n->oo |(n + 1)(1 — x) 
1 


(l+i)(l-*) 


I1 - ®l 


Therefore, the series will converge if 
1 


< 1 


or 


i< 11 - *1, 


11 - 

which is true for a; < 0 and for a: > 2. 

For a; = 0 and for a: = 2 the limit is unity, but if a? = 0 the series 
becomes the divergent harmonic series 


^ + 2+i+ ■ ■ ■ + 


and if a; = 2 there results the convergent alternating series 
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It follows that the original series converges for a: < 0 and for a? ^ 2 
and diverges for 0 ^ a; < 2. 

6. Algebra of Series. The following important theorems arc 
stated without proof:* 

Theorem 1. Any two convergent senes 

[/ = + ^2 + * * * + ■W/t + * • • 

7 = + ^;2 + * • * + Vn + * • * 

can he added or subtracted term hy term to give 
U + V = {Ul + Vl) + (U2 + V 2 ) + • • * + (Un + + * * * 

or 

U — V = (Ui — Vl) + (U 2 — V2) + * * * + {Un — ‘ . 

If the original series are both absolutely convergent, then the resulting 
series will be absolutely convergent also. 

Theorem 2. If 

U = Ul A" U2 -j- * * * + + • * * 

and 

7 = «;i + ?;2 + * • * + + • * • 

are two absolutely convergent series, then they can be multiplied like 
finite sums and the product series will converge to UV. Moreover, 
the product series will be absolutely convergent. Thus, 

UV = uiVi + U1V2 + U2V1 + uivz + U2V2 4 * UzVi + “ ‘ . 

Theorem 3. In an absolutely convergent series the positive 
terms by themselves form a convergent series and also the negative 
terms by themselves form a convergent series. If in a convergent 
series the positive terms form a divergent series, then the series of 
negative terms is also divergent and the original series is conditionally 
convergent. 

Theorem 4 . // + ^2 + * * * + + • * * 'is an abso- 

lutely convergent series and if Mi, M2, ’ * * , Mn^ ^ is any 
sequence of quantities whose numerical values are all less than some 
positive number N, then the series 

UiMi 4" U 2 M 2 “4 * * ■ 4* UnMn 4- * * • 
is absolutely convergent, 

* See SoKOLNiKOFF, I. S., Advanced Calculus, pp. 212-213, 241-245. 
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Example. Consider the series 
sin X sin 2x 


+ 


sin 3a; 


2® 3® 

This series is a})solutely convergent for all values of a;, for the series 


1 


1 


1 


P - ^3 + 3 3 ^ 

is absolutely convergent and |sin 7ia;| < 1. 

PROBLEMS 

1. Show that the following series are divergent: 


^4^6 8^ -r { 2n ^ 


(a) 2 

2^ 3 32 4 




1 2 3 


■4 + 


2 . Test for convergence, and if the series is convergent determine 
whether it is absolutely convergent. 

1 . 1 

^/i 

1 L3 . ^ _ 1-3-5 

^^^3 3-6“^3'6*9 3-6-9-12 




+ 


+ 


2 3 4_5 
1 2 3 4 


3. For what values of x are the following series convergent? 


^ _L ^ 

(a) X --w +-0 - 


+(-1)’-;+ 


(6) 1 


_i_ _ e! _u 

2! “‘■ 4 ! 6!"^ 


(c) 1 — a; + a;2 — a;® + 

(d) - + 9^2 0^3 


^ nx^ 


X ' 2x^^ 3a;3 

Determine the intervals of convergence of the following series : 


(a) 


2a; 

a; + 4 


+ 2\a; + 4/ ^ 3 Va; + 4/ ^ 


(6) a; + 2!a;2 + Sla;^ + 4b^ + 


(c) 1 + ma; + 


m(m - 1) m(m — l)(m — 2) 


21 


'a;2 + 


3! 


x^ + 


where m is not a positive integer. 
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7. Continuity of Functions. Uniform Convergence. Before 
proceeding with a discussion of infinite series of functions, it is 
necessary to have a clear understanding of the concept of con- 
tinuity of functions. The reader will recall that a function 
f{x) is said to be continuous at a point x = Xoil lira f(x) = f(xo) 

X—*-Xo 

regardless of how x approaches xo. From the discussion of 
the limit in Sec. 1, it appears that this concept can be defined in 
the following way: 

Definition. The function f{x) is continuous at the point 
X = Xo if, corresponding to any preassigned positive number e, 
it is possible to find a positive number 5 such that 

(7-1) \f(x) — f(xo)\ < e whenever \x — Xo\ < 8. 

The foregoing analytical definition of continuity is merely a 
formulation in exact mathematical language of the intuitive 



concept of continuity. If the function f{x) is represented by a 
graph and if it is continuous at the point x = Xo, then it is 
possible to find a strip bounded by the two parallel lines x = xo 
+ 8 and x = Xo 8, such that the graph of the function will lie 
entirely within the strip bounded by the parallel lines y = f{xo) 
+ € and y = f(xo) — e (Fig. 3). But if the function is discon- 
tinuous at some point (such as a; = xi), then no interval about 
such a point can be found such that the graph of the function will 
lie entirely within the strip of width 2e, where e is arbitrarily 
small. 

Definition. -4 function is said to be continuous in an interval 
{a, b) if it is continuous at each point of the interval. 
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If a finite number of functions that are all continuous in an 
interval (a, b) are added together, the sum also will be a continuous 
function in (a,h). The question arises as to whether this 
property will be retained in the case of an infinite series of con- 
tinuous functions. Moreover, it is frequently desirable to 
obtain the derivative (or integral) of a function /(a;) by means of 
term-by-term differentiation (or integration) of an infinite series 
that defines /(x). Unfortunately, such operations are not always 
valid, and many important investigations have led to erroneous 
results solely because of the improper handling of infinite series. 
A discussion of such questions requires an introduction of the 
property of uniform convergence of a series. 

It was stated in Sec. 1 that the series 

(7-2) Ui(x) + U 2 (x) + • • * + Un(x) + • • • 

is convergent to the value >S, when x = Xo, provided that 

(7-3) lim Sn(xo) = S, 

n-^ oo 

The statement embodied in (7-3) means that for any preassigned 
positive number e, however small, one can find a positive number 
N such that 

lsn(a:o) -- S\ < € for all n ^ N. 

If the series (7-2) is convergent for every value of x in the interval 
(a, b), then the series (7-2) defines a function S(x). Let xo be 
some value of x in (a, 6), so that 

|5«(a;o) — ^(iCo)! < € whenever n > N. 

It is important to note that, in general, the magnitude of N 
depends not only on the choice of €, but also on the value of xo. 
This last remark may be clarified by considering the series 

(7-4) X + (x -- l):r -b (a; — l)^^ . 

+ {x — -f * * • . 

Since 

Sn{x) X + (x — l)x + {x — l)x^ -f * • * + (a: ^ 


lim $n{x) = lim x"* = 0, if 0 a; < 1. 

n-> n— ► « 


it is evident that 



INFINITE SERIES 


25 


Thus, S{x) = 0 for all values of x in the interval 0 ^ rr < 1, and 
therefore 


\sn(x) - /S(a:)| = \x^ ~ 0| =: la;^i 


Hence, the requirement that |sn(ic) — >S(:c)l < e, for an arbitrary 
€, will be satisfied only if x^ < e. This inequality leads to the 
condition 

n log X < log e. 


Since log x is negative for x between 0 and 1, it follows that it is 
necessary to have 


n > 


log 6 ^ 

log X 


which clearly shows the dependence of N on both e and x. In fact, 
if € = 0.01 and rr = 0.1, n must be greater than log 0.01/log 0.1 
= --2/“l = 2, so that N can be chosen as any number greater 
than 2. If € = 0.01 and x = 0,5 j N must be chosen larger than 
log 0.01/log 0.5, which is greater than 6. Since the values of 
log X approach zero as x approaches unity, it appears that the 
ratio log e/log x will increase indefinitely and that it will be 
impossible to find a single value of N which will serve for e = 0.01 
and for all values of a; in 0 a; < 1. 

It should be noted that the discussion applies to the interval 
(0, 1) and that it might be possible to find an iV, depending on e 
only, if some other interval were chosen. If the series and the 
interval are such that it is possible to find an N, for any pre- 
assigned €, which will serve for all values of x in the interval^ then 
the series is said to converge uniformly in the interval. 

eo 

Definition of TJnifoem Conveegence. The series S Un(x) 

n — l 

is uniformly convergent in the interval (a, 6) if, for any 6 > 0, there 
exists a positive number N, independent of the value of x in (a, &), 
such that 

|S(a;) — Sn(a;)| < e for all n N. 

The distinction between uniform convergence and the type of 
convergence exemplified by the discussion of the series (7-4) 
will become apparent in the discussion of the series 


(7-5) 1 + a; + + • • • + + . • . , 

where — 3^ < a; < 3^. 
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Since s„(a:) = ^ it follows that 

/ 1 \ 
Six) = Im s„(a:) = •“ T^) 

Then, 

|/S(a;) - s„(a:)| = 

which will be less than an arbitrary « > 0 if 



Hence, 

or 

(7-6) 


\x^\ < €(1 — x). 
n log \x\ < log 6(1 — x), 
log 6(1 - x) 


n > 


log \x\ 


Again, it appears that the choice of N will depend on both 
X and 6, but in this case it is possible to choose an N that will 
serve for all values of x in ( — 3^, K)- Observing that the ratio 
log e(l — a?) /log \x\ assumes its maximum value, for a fixed e, 
when X == —3^, it is evident that if N is chosen so that 


N > 


iog 

log H 




log 3e 
log 2^ 


then the inequality (7-6) will be satisfied for all n N. 

Upon recalling the conditions for uniform convergence, it is 
seeq that the series (7-5) converges uniformly for — < a; < 

However, it should be noted that (7-5) does not converge uni- 
formly in the interval ( — 1, 1). For, in this interval, the ratio 
appearing in (7-6) will increase indefinitely as x approaches the 
values ±1. The discussion given above shows that the series 
(7-5) is uniformly convergent in any interval {—a, a), where 
a < 1. 

It may be remarked that the series (7-5) does not even con 
verge for a; == ±1. For = 1, it is obviously divergent, an 
when a; = — 1 the series becomes 


If — 1 < a? < 1, (7-5) defines the function — , which takes 
^ ^ 1 — a; 

the value 3^ when a; — — 1. 



§7 


INFINITE SERIES 


27 


As is often the case with definitions, the definition of uniform 
convergence is usually difficult to apply when the behavior of a 
particular series is to be investigated. There are available 
several tests for the uniform convergence of series, the simplest of 
which is associated with the name of the German mathematician 
Weierstrass. 

Theorem. (Weierstrass M Test). Let 

(7-7) 4* • • • Un{x) + * * • 

be a series of functions of x defined in the interval {a, b). If there, 
exists a convergent series of positive constants^ 

Ml + M 2 + * * * + Mn 4" ■ ' * , 

such that \ui{x)\ ^ Mi for all values of x in (a, 6), then the series 
(7-7) is uniformly and absolutely convergent in (a, 6). 

Since, by hypothesis, the series of Af^s is convergent, it follows 
that for any prescribed e > 0 there exists an N such that 

Mn+i “H Mn +2 ”1“ * ‘ € foi* all n ^ N, 

But \ui(x)\ < Mi for all values of x in (a, b), so that 

|ttn+l(^) + Un+2(x) -|- * * * | ^ Mri^l + Mn+2 -f- * * * < € 

for all n > A and for all values of x in (a, b). Therefore, the 
series (7-7) is uniformly and absolutely convergent in (a, &). 

The fact that the Weierstrass test establishes the absolute 
convergence, as well as the uniform convergence, of a series means 
that it is applicable only to series which converge absolutely. 
There are other tests that are not so restricted, but these tests are 
more complex. It should be emphasized that a series may con- 
verge uniformly but not absolutely, and vice versa. 

Example 1. Consider the series 

sin X sin 2x sin tw; 

12 + 22 + ‘ ’ 4- ^2 + * • * . 

Since |sin nx\S 1 for all values of x, the convergent series 
12 ^ 22 ^ ^ ^ 

will serve as an M series. It follows that the given series is uniformly' 
and absolutely convergent in any interval, no matter how large. 
Example 2. As noted earlier in this section, the series 

I + X + + x^ + •• * 
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converges uniformly in any interval ( — a, a), where a < 1. The 
series of positive constants 

1 + a + a*^ + • • • -V + • * * 

could be used as an M series in this case, since this series converges for 
a < 1 and \x^\ ^ a* for x in (-a, a). 


PROBLEMS 

1, Show that the series (7-4) is uniformly convergent in the interval 

(0, K). 

2. By using the definition of uniform convergence, show that 

1 1 . 1 ... 

X A- I (^ + 1)(^ 4- 2) (x -h n — l)(a; + n) 

is uniformly convergent in the interval 0 ^ a; < 1. 

Hint: Rewrite the series to show that Sn(x) = ^ \ - and therefore 

X 7h 


3. Test the following series for uniform convergence: 


(a) 

W) 

(c) 

(d) 

(e) 


cos X 

, cos 3a: , 

cos 5a: 

4 - 

V 

+ 32 + 

52 


sin 2a: 

sin 4x 

sin 6a: 

4 - 

1 -3 

+ 3-5 + 

5-7 



1 X cos d + cos 26 -h x^ cos 3^ + * * * , \x\ ^ xi < 1; 
cos 2a: cos Sx cos 4a: 

8“ ^ 4“ * ‘ ‘ i 

10a; + lOV + lO^a:^ + * * • . 


8. Properties of Uniformly Convergent Series. As remarked 
in the preceding section, the concept of uniform convergence was 
introduced in order to allow the discussion of certain properties 
of infibnite series. This section contains the statements* of three 
important theorems concerning uniformly convergent series. 

Theorem 1. Let 


Ui(x) + U 2 (x) + * ' * + Unix) + • • • 

be a series such that each Uiix) is a continuous function of x in 
the interval (a, h). If the series is uniformly convergent in {a, 6), 
then the sum of the series is also a continuous function of x in (a, h) . 

* For proofs, see 1. S. Sokolnikoff, Advanced Calculus, pp. 256-262. 
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Corollary. A discontinuous function cannot he represented 
by a uniformly convergent series of continuous functions in the 
neighborhood of the point of discontinuity. 

Theorem 2. If a series of continuous functions^ 

Ui{x) + U2{x) + • • • + Unix) + • ■ * , 


converges uniformly to Six) in ia^ b), then 



where a < a <b and a < 13 < b. 
Theorem 3. Let 


Uiix) + U2ix) + * * • + Unix) + • • • 

be a series of differentiable functions that converges to Six) in 
iaj b). If the series 

u[ix) + U2i^) + * • * + Unix) + • • * 

converges uniformly in (a, b), then it converges to S' ix). 

These theorems provide sufficient conditions only. It may be 
that the sum of the series is a continuous function when the series 
is not uniformly convergent. It is impossible to discuss neces- 
sary conditions in this brief introduction to uniform convergence. 
It may happen also that the series is differentiable or integrable 
term by term when it does not converge uniformly. In the 
chapter on Fourier series it will be shown that a discontinuous 
function can be represented by an infinite series of continuous 
functions. In that chapter, it is established that the series 

2 a; - + -3- 

represents the function x for —ir < x < tt. But, if this series 
be differentiated term b}^ term, the resulting series is 

2(cos X — cos 2a; -|- cos 3a; — * * * )> 

which does not converge in (— tt, tt); for the necessary condition 
for convergence, namely, that lim \un\ = 0, does not hold for any 

n— ♦ 00 

value of X. 

The series used in the first example of Sec. 7, 

sin a; sin 2a; sin 3a; sin nx 

H 22 ^ 32 ‘ 7^2 



(8-1) 


+ ■ ■ • , 
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is uniformly convergent in any interval (a, b) and as such defines 
a continuous function S{x). Moreover, the series can be inte- 
grated term by term to produce the integral of S{x). The 
term-by-term derivative of (8-1) is 

(8-2) cos X + cos 2x + cos 3a; + * • • , 

which is convergent in (0, tt), but the M series for (8-2) cannot 
be found since 1 + H 4- )'3 + * * * is divergent. This merely 
suggests that (8-2) may not converge to the derivative of S(x), 
but it does not say that it will not. 


PROBLEMS 

1. Test for unif jrm convergence the series obtained by term-by-term 
differentiation of the five series given in Prob. 3 of Sec. 7. 

2. Test for uniform convergence the series obtained by term-by- 
term integration of the five series given in Prob. 3, Sec. 7. 

9. Power Series. One of the most important types of infinite 
series of functions is the power series 


(9-1) ]£ anX^ = ao + aix + a^x^ + . . . + anX^ + * • • , 

n*0 

in which the ai are independent of x. Some of the reasons for 
the usefulness of power series will become apparent in the dis- 
cussion that follows. 

Whenever a series of functions is used, the first question which 
arises is that of determining the values of the variable for which 
the series is convergent. The ratio test was applied for this 
purpose in the examples discussed in Sec. 5. In general, for a 
power series. 


lim j 


= lim 

an 

X 

tl—* 00 

Un 

n-^ « 

^n— 1 


so that the series converges if 


and diverges if 


lim 


lim 


O^n 

1 

an 

an~l 


< 1 


> 1 . 


'Fherefore, the seiies %vill converge for those values of a: for which 


l.r| < lim 

n—* to 


Un I 
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If lim it follows that the series will converge when x 

w— > 00 I Ctji I 

lies inside the interval ( — r, r), which is called the interval of con- 
vergence^ the number r being called the radius of convergence. 
This discussion establishes the following theorem: 

ec 

Theorem. If the series 2? CnX”’ is such that 

n=0 

lim = r. 


then the series converges in the interval —r<x<r and diverges 
outside this interval. The series may or may not converge at the 
end points of the interval. 


Example 1. Consider the series 

/y*2 /».3 

1 +* + 1r + ^ + 


ffn 

+ - + 
n 


Since lim = lim I — = 1, the series converges for 
00 an n—*‘ oo \n — Ij 

— l<x< 1 and diverges for \x\> 1. At the end point x = —I the 
series becomes 




i + i_ 

3^4 


which is convergent. At the end point x = 1 the divergent series 

l + i + i + • • • 

is obtained. Hence, this power series is convergent for —1 < a; < 1. 
Example 2. The series 

1 + a; + 2!a;2 + • • • + n\x^ + ' * * 

will serve to demonstrate the fact that there are power series which 
converge only for the value x = 0, For 


lim = Um 


(n - 1)! 

n\ 


lim - = 0. 
71 — ► 00 n 


Obviously, the series converges for rc = 0, as does every power series, 
hut it diverges for every other value of x. 

Power series in x — h are frequently more useful than the 
special case in which the value of h is zero. A series of this type 
has the form 

^1^0 + ai{x — h) + a2{x — + • • • + anix — A)"' + * * * . 
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In this caso the test ratio yields 


lim 

00 




= lim 


lan-ij 


\x — h\. 


If this limit is less than 1, the series is convergent; if greater than 
1, the series is divergent; and if the limit is equal to 1, the test 
fails and the values of which make the limit equal to 1, must be 
investigated. Thus, if the series is 

(x 


1 +(x-l) + 


then 


lim 




V/n 


— lim 
00 


iT - 1)^ + 

, -t- 32 1- 


(x - 1)'‘ (n — 1)^ 




(x — 

Therefore the series converges if |x — 1| < 1, or 0 < x < 2, and 
diverges for |x — • 1| > 1, or x < 0, x > 2. For x — 1 == 1, or 
X = 2, the series becomes 

1 + 1+ ^ + ^+ • * * + ;^ + *' ■ j 

which is the p series for p = 2 and is therefore convergent. For 
X 1= — l,orx = 0, the series becomes 


^ -r 22 32 ^ 


• + (-1)"::^ + 




which is an alternating series of decreasing terms with lim Un = 0 

n—^ 00 

and is therefore convergent. Thus the series is convergent for 

0 ^ X < 2. 

PROBLEM 

Find the interval of convergence for each of the following series, and 
determine its behavior at the end points of the interval: 

(a) 1 + X + x^ + X* H- ' * * ; 


(c) 1 + (x + 1) 


(x + ly , (x + 1 )^ ..... 
2 3 ^ ’ 
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{d) i — 2x — 4a;-’* + * * * ; 


(/) {x - 2) -1{X - 2Y +^-{x - 2Y 

/v*3 


10. Properties of Power Series. The importance of power 
series in applied mathematics is due to the properties given in 
the theorems of this section, as will be evident from the applica- 
tions discussed in succeeding sections. 

Theorem 1. If r > 0 is the radius of convergence of a power 

CO 

series S then the series converges absolutely and uniformly for 

w = 0 

every value of x in any interval a < x ^ b that is inteHor to 
i-r,r). 

Since the interval (a, h) lies entirely within the interval (—r, r), it 
is possible to choose a positive number c that is less than r but greater 
than a and b. The interval (a, h) will then lie entirely within the 
interval ( — c, c); and it follows that, for a ^ x ^ 6, 

\anX^\ < \anC^l 

00 

The series of positive constants S \anC”'\ is convergent, for c < r, and, 

n = 0 

accordingly, can be used as a Weierstrass M series establishing the 

00 

absolute and uniform convergence of S anX’^ in (a, 6). 

n = 0 


Theorem 2. A power series 2 defines a continuous func- 

n = 0 

tionfor all values of x in any closed interval (a, b) that is interior to 
the interval of convergence of the series. 

This statement is a direct consequence of the preceding theorem 
and of Theorem 1, Sec. 8. 

Theorem 3. If the radius of convergence of the power series 
00 « 

2 UnX” is r, then the radii of convergence of the series 2 nanX'^~~^ 

n*0 rt=0 


and 


an 


ft “0 


n -h 1 


obtained by term-by-term differentiatio7i and 


integration of the given serieSj are also r. 
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If the radius of convergence can be determined from the ratio 
test, then the proof follows immediately from the fact that if 


lim 

n—* 00 


CE-n— 1 
an 


r, 


then 


lim 


(n X)(Xn—i 


nan 




lim 


and 
(n + l)an-i\ 


nan 


= r. 


Since the series obtained by term-by-term differentiation and 
integration are also power series, these processes can be repeated 
as many times as desired and the resulting series will be power 
series that converge in the interval ( — r, r). It follows from 
Theorem 1 that all those series are uniformly and absolutely 
convergent in any interval which is interior to (— r, r). How- 
ever, the behavior of these series at the end points x ^ —r and 
X = r must be investigated in each case. 

For example, the series 


/y»2 /y»3 

i+*+l+l+ 


+ 1 + 


has unity for its radius of convergence. The series converges 
iov X — —1 but is divergent for or = 1. The series obtained by 
term-by-term differentiation is 

1 -h a: 4“ + • • • -f + • * • , 

which has the same radius of convergence but diverges at both 
a; = 1 and a: = — 1. On the other hand, the scries obtained by 
term-by-term integration is 

/y»2 a«3 /y‘Th-j~X I 

which converges for both a; = 1 and x = —1. 

This discussion leads to the conclusion stated in the following 
theorem: 

00 

Theorem 4. A power series 2 anX^ may be differentiated and 

n — O 

integrated term by term as many times as desired in any closed 
interval (a, b) that lies entirely within the interval of convergence of 
the given series. 

00 

Theorem 5. If a power series 2 anXi^ vanishes for all values 

A “0 

of X lying in a certain interval about the point a- = 0, then the 



§11 INFINITE SERIES 

coefficient of each power of x vanishes^ that is, 
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ao = 0, ai == 0, ^2 = 0, • ‘ = 0, • * • . 


The reader may attempt to construct the proof of this theorem 
with the aid of Theorem 2 of this section. 

11. Expansion of Functions in Power Series. It was stated in 
Theorem 2, Sec. 10, that a power series defines a continuous 
function of x in any interval which lies within the interval of 
convergence. This theorem suggests at once the possibility of 
using such a power series for the purpose of computation. For 
example, the values of sin x might be obtained by means of a 
power series. Accordingly, it becomes necessary to develop 
some method of obtaining such a power series, and this section 
is devoted to a derivation of TayloFs formula and a discussion of 
TayloFs series. 

One of the simplest proofs of Taylor^s formula will be given 
here.* It assumes that the given function /(x) has a continuous 
nth derivative throughout the interval (a, 6). Taylor formula 
is obtained by integrating this nth derivative n times in suc- 
cession between the limits a and x, where x is any point in (a, 6). 
Thus, 




j: 

rr 




X r*x rx 


a Ja Ja 


/<")(^) (dxy = J (a:) dx - | /<»-'> (a) dx 
= /(»-« (a;) -/(»-« (a) - (a; - 
f’^yx) (dx) (a:) -/<»-» (a) - (x - «)/<“-« (a) 

(x - ay 


2! 




s:-i: 


f(-^ix) {dxY = fix) - fia) - (x - a)fia) 


(x dy .// 


2! 


r(a) - 




For other proofs, see I. S. Sokolnikoff, Advanced Calculus, pp. 291-295. 
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Solving for /(a;) givew 

(11-1) fix) = fia) + (x - a)f'ia) + /"(a) 

where 

(11-2) = X" ■ ■ ■ 

The formula given (H-l) is known as Taylor’s formula and 
the particular form of Rn given in (11-2) is called the integral 
form of the remainder after n terms. The foregoing can be 
stated in the form of a theorem. 

Tayloe’s Theorem. Any function f(x) that possesses a con- 
tinuous derivative in the interval (a, h) can be expanded in 

the form (11-1) for all values of x in (a, h). 

The term Rn, which represents the difference between f{x) 
and the polynomial of degree n — 1 in ic — a, is frequently more 
useful when expressed in a different form. Since* 

dx = {x — where a < ^ < x, 

repeated integration gives 

(11-3) B. = f'Kx) (dx)" = /’*'(?). 

The right-hand member of (11-3) is the Lagrangian form of the 
remainder after n terms. 

The special form of Taylor’s formula that is obtained by 
setting <x = 0 is known as the Maclaurin formula. In this case 

(11-4) fix) =/(0) -h/'(0)x +r(0) + • • • 

where 

A =/'">(!) 0<?<x. 

n 1 

The student will recall from elementary calculus that 
<p(x) dx ^ (f> — a)<p(^)j 


where a < ^ <h. 
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Taylor’s formula with the Lagrangian form of the remainder 
is often encountered in a somewhat different form, which results 
from setting x — a = h. Since a < ^ < x, ^ can be written 
in the form a + dh, where 0 < ^ < 1. Hence, (11-1) becomes 

(11-5) fia -f h) = f(a) +f(a)h+f"{a) + ' ' ' 

+ (a) + /‘“'(a -I- dh) where 0 < 0 < 1. 

In this derivation of Taylor’s formula, it was assumed that 
f{x) possesses a continuous nth derivative, and as a result it 
appeared that then f{x) could bo expressed as a polynomial of 
degree n in x — a. It should be noted, however, that only the 
first n coefl&cients of this polynomial are constants, for the 
coefficient of (rr — a)"- is a function of f and the value of J is 
dependent upon the choice of x. It may happen that f{x) 
possesses derivatives of all orders and that the remainder Rn 
approaches zero as a limit when n oo regardless of the choice 
of X in (a, b). If such is the case, the infinite series 

(11-6) /(a) +/'(a)(x - a) +f"{a) + • • • 

+ /<”’(«) + • • • 

is convergent and, in general,* it converges to f{x). 

The series given in (11-6) is called the Taylor’s series expansion, 
or representation, of the function f{x) about the point x a. 
The special form of (11-6) that is obtained when a = 0, namely, 

(11-7) m +f(.o)x+r{o)^ + • • • -h/<»)(o)g-i- • • • 

is called Maclaurin’s series. 

Example, Find the Taylor’s series expansion of cos x in powers of 

TT 

^ 2 ‘ 

Since 

fix) = cos z, -^(I)”®; 

fix) = - sin a:, f = -1; 

* For a further discussion of this point, see I. S. Sokolnikoff, Advanced 
Calculus, pp. 296-298. 
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fix) = - cos X, 

/■(I 

y-o; 

fix) = sin X, 

/"• 0 


fix) = cos X, 

rQ 

;)-o, 


it follows that the result is 


cos»= + • • ■ • 


Since it is often possible to obtain a power series expansion 
of a function f{x) by some other method, the question arises as 
to the relation of such an expansion to the Taylor’s series expan- 
sion for f(x). For example, a power series expansion for the 

function ^ — is obtained easily by division, giving 

1 — X 

_ 1 _ ^i + x + x^+---+x^+---. 

1 — X 


The reader can check the fact that the Maclaurin expansion for 
this function is identical with the power series obtained by 
division. That this is not an exceptional case is established in 
the following theorem: 

Uniqueness Theorem. There is only one possible expansion 
of a function in a power series in x — a; and, therefore, if such an 
expansion he found in any manner whatsoever, it must coincide with 
Taylor’s expansion about the point a. 

Suppose that f{x) could be represented by two power series in 
a: — a, so that 

f{x) = ao + ai{x — a) + a^ix — a)^ + • • • 

+ an{x — a)^ + • • * 

and 

f(x) = 6o + bi(x — a) + b 2 {x — a)^ + • • • 

+ bn(x — 

Since both these expansions represent f(x) in the vicinity of a, 
there must be some interval about the point a: = a in which 
both the expansions are valid. Then, in this interval, 
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^ o„(x - a)» = 2) ^r,{x - a)”, 

n=0 n=0 

00 

{pjn ^Ti)(^ ~ 0- 

71 = 0 


It follows from Theorem 5, Sec. 10, that 


or 


an — hn — 0, {n 
Qn ■ 


^ 0, 1, 2, • • • ), 
0 , 1 , 2 , • • • ). 


Hence, the two power series expansions are identical. 

Taylor^s formula is frequently more useful in a slightly modified 
form. Let 


so that 
Then 


X — a ^ h, 
X = a + h. 


/W = f(a) +f(a){x - a) - a)* + ■ ■ • 




becomes 

(11-8) fia + h)- m + /'(o)l. -I- ® »' -I- 


+ »A.) ,, 

(n — 1)! n\ 


in which 0 < 0 < 1, so that a<a'\-Bh<a-\-h. 


PROBLEMS 

1, Find the expansion of each of the following functions in power 
series in x: 

(a) e®, (6) sin x, (c) cos x, {d) tan"^ ic, 

(e) sin~^ X, (/) sec a;, (g) tan a;, (A) 

2. Expand 

(a) log a; in powers of a: — 1; 

w 

(b) tan X in powers of a; — 

(c) e® in powers of x — 2; 

(d) sin X in powers of x — 

(e) 2 + x^ ~ 3x^ + 7x® in powers of x — 1. 
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3, Show that sin x can be developed about any point a in a series 
(11-8) which converges for all values of h. 

4. Differentiate term by term the power series in x for sin x and thus 
obtain the power series in x for cos x. What is the interval of con- 
vergence of the resulting series? 

6* Divide the series sin a; s a; — ^ ^ * by the series 

cosxsl~^ + jj — and thus obtain the series for tan x. 

6. Differentiate the series for sin~^ x to obtain the expansion in powers 

of a; for (1 — Find the interval of convergence. Is convergence 

absolute? Investigate the behavior of the series at the end points of the 
interval of convergence, 

7. Establish with the aid of M^iclaurin’s series that 

(a + b)”‘’ ^ kil + x)''' = Ar j”l + mx H ^ x^ -f- * * • 

where m is not a positive integer. 

This series is convergent for |x| < 1 and divergent when |x| > 1. A 
complete discussion of this series will be found in Sokolnikoff’s Advanced 
Calculus. Some facts are: 

If X « 1, convergence is absolute if m > 0; 

If X ~ 1, convergence is conditional if 0 > m > ~1; 

If a; = —1, convergence is absolute if m > 0; 

If X = —1, series diverges when m < 0; 

If X = 1, series diverges when m ^ — 1. 

oo oo 

8. Let fiy)^ S hny^mdy- S a^x" be convergent power series. If 

ns=0 n»=0 

f(y) is a polynomial, then the powers of y in terms of x can be determined 
by repeated multiplications and thus the expansion for f(y) in powers of x 
can be obtained. But if /(^) is an infinite series, this procedure may not 
be vahd. Inasmuch as the power series in x is always convergent for x = 0 
and since the value of y for x = 0 is ao, it is clear that the interval of con- 

OQ 

vergence of S must include uq if the series for/(2/), in powers of x, 

is to converge. But if ao = 0, then f{y) surely can be expanded in 
power series in x by this method, for the point 0 is contained in the 

00 

interval of convergence of 2 

n»=0 

Apply this method to deriving the series in powers of x for * by 
setting 

X® x^ 

= sin X = X - - • ‘ • 
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e>' = l+2/ + | + |-;+ • • ■ . 

Explain why this method fails to produce the series in powers of x for 
log (1 + e»), where = y. 


12. Application of Taylor’s Formula. In this section two 
illustrations of the application of Taylor’s formula will be given, 
and in each case the remainder will be investigated to determine 
the error made in using the sum of the first n terms of the expan- 
sion instead of the function itself. 

1. Calculate the Value of sin 10°. Since 10® is closer to 0° 
than to any other value of x for which the values of sin x and its 
derivatives are known, the Maclaurin expansion for sin x will 
be determined and evaluated for = 10° = t/ 18 radian. Then 


fix) =/(0)+/'(0)a;+-®x* + 


where 0 < | < 




^ n! 


Since 


fix) = sin X, 
fix) = cos X, 
fix) = — sin X, 
f ix) = — cos X, 


m = 0 ; 

/'(O) = 1; 
fiO) = 0; 

r'(0) = -1; 


therefore, 
Here, 


fix) = sin (x + fiO) = sin 


/)»3 'T*r <7.71 


R.ix) = /«($) = ^ fiOx), O<0<1, 


If only the terms through (or x®) are used in computing 
sin 7r/18, the error will be 
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SO that 


<(f8h- 

• JL-JL- {iXIju (iXl - 1 

^^18 “18 VW 3!'*‘\18/ 5! V18/ 71 


Bw 

18 


with an error less than 


f-Y- 

\18/ 9! 


2. Comjnde the Value of e^-^. It can be established readily, by 
expanding e® in Maclaurin’s series and evaluating for x — I, that 
e — 2.71828 • • • . In order to compute the value of the 
expansion of e® about a: == 1 will be used. The expansion is 

/"(I) 


/(=»;) =/(!)+ f(l) (*-!)+• 


2 ! 


(x - ly + 




Since 


and 

therefore 


fix) = e®, 
fix) = e®, 


/(I) = e; 

fH) = e; 


f’‘^(x) = e®, 
/(«)(^) = 


/w(l) = e; 

I < ^ <x; 


e” - e + eix — 1) + ^^ix 


1)=“ + 


+ 


(n - 1) 


Here 


-J ix - I)”-! 

+ li <* - 


Rn 


nl 


(x ~ 1)-, 


so that the error made in using only four terms is 


If re - 1.1, 


== e 


K. - 5 (» - 1)‘. 

1 + 0.1 + fiW + 


2! 


3! 




1 IHKIAA ,0.0001 . 

== 1.1051666 H ^ — 6^ 

24 
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Thus, == 1.105166e with an error of (0.0001/24)e^. Since ^ 
lies between 1 and 1.1 and since is an increasing function, is 
certainly less than An approximate value of e- is 7, and the 
error is certainly less than 0.0007/24 = 0.00003. Therefore, 


ei-i = 1.1052e, 


correct to four decimal places. 

13. Evaluation of Definite Integrals by Means of Power 
Series. One of the most important applications of infinite series 
is their use in computing numerical values of definite integrals, 
such as JJ dx, in which the indefinite integral cannot be 
found in closed form. Moreover, the values of many tran- 
scendental functions are computed most easily by this method. 
Several examples of this use of infinite series are given in this 
vsection. 


Example 1. Consider 


dz. 


Since 


(1 4 - = 1 - 2 + ^2 _ ^3 + . . . 

for \z\ < 1, it follows that 

log (1 + =') = X" rfl = X" dz- fjzdz + fjz^dz- 

, x^ 


=*- 2 + 3 ■ 


Example 2. Since 


sin”^ X = 


dz 


VT 


Jo \ ^ 2 2-4 2-4-6 

if |«| < 1, therefore 


)dz, 


• 1 L 1 _L 1 * ^ 


It is evident that this method of obtaining the expansion of sin~^ x is 
much less complicated than the direct application of Taylor's formula. 
Example 3. In order to evaluate the integral 



2a dx 

\^2g{h — x){2ax — 
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express it as 


dx 




I g Jo ^/hx 

and then replace " by its expansion in powers of giving 


^ 2 • 4 • 6 \2a/ ^ J 


dx 


\/hx 


If this integral is expressed as 
la [~ 1*^^ dx 

L Jo ~ 


+ 


Jo 2\2a/ 


dx 


+ 


\/hx — x^ 

r^i-s/xy 
Jo 2-4V2a/ 


dx 


■s/hx — 


+ 


...] 


and each integral evaluated, there results 

+ 




This expression gives the period of the simple pendulum. By making 
the change of variable x ^ h sin^ the integral reduces to 


I = 2^^ (!-*=> sin“ dip, 


where = h/2a. 

This is the form used in the discussion of the simple pendulum given 
in Sec. 71. In this illustration, h denotes the height of the pendulum 
bob and a the length of the pendulum. 

j '*i 

Q dx cannot be evaluated by the 

usual method for evaluating a definite integral, for the indefinite integral 

QX Q—X 

cannot be obtained. Moreover, the expansion for 1 if obtained 

X 

directly with the aid of Maclaurin^s formula, would lead to an extremely 
complicated expression for each derivative. The expansion is most 
easily obtained by using the separate expansions for e® and e"®. Thus, 

e* = 1 + a; + + • • • , 


- 1 -a; + 


?! — 5! 

2! 3! 
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Hence, 

i‘^^*-2(> + 3V, + r-5i+ ■ 

Example 5. In order to evaluate the integral Jq ® dXy recall that 
e“ = l-}-'U. + * * * , 


so that 


Then 


* = 1 + sin X + 


sin^ X . sin** X 


21 


+ 


3! 


+ 


dx 


, , f" / . , . . sin^ X , sin^ x , ^ 

J„ = Jg 1^1 + sm a; + -jj- + + ■ ■ J 

TT 

^ ^ , . , sin^ X , sin^ x , \ , 

“ ^ jo (l + Rin a + + ■ ■ ■ )dx, 

which can be evaluated with the aid of the Wallis formula 


ir 

f 2 

L sin'‘ X dx 


TT 

COS" X dx 


(n — l)(n — 3) • • • 2 or 1 
w(n - 2) • • • 2 or 1 


where a = 1, if n is odd, and a = if n is even. 

In order to justify the term-by-term integration, it is sufficient to 
show that the series in the integrand is uniformly convergent. That 
such is the case is obvious if one considers 

1 + 1 + + |j + • • • 

as the Weierstrass M series. 

PROBLEMS 

1. Calculate cos 10°, and estimate the maximum error committed 
by neglecting terms after x®. 

2. Find the interval of convergence of the expansion of in power 
series in x. Determine the number of terms necessary to compute 
accurate to four decimal places from this expansion, and compare the 
result with illustration 2, Sec. 12. 

3. Compute sin 33°, correct to four decimal places. 
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j ’*x 

0 1 power series in x, and 

integrate term by term. Compare the result with that of Prob. 

Sec. 11. 

6. Compute ->^35 = 2(1 + correct to five decimal places. 

6. Develop the power series in x for sin~^ x and hence establish that 

6 ~ 2 2 3 V2/ '^2-4 5 V2/ 

7, Show, by squaring and adding the power series for sin x and 
cos Xj tliat 

sin*^ X 4- cos^ a; = 1 . 

8. Evaluate by using series expansions of the integrands 


(a) J 

ri 

^ sin (x2) dx; 

(6) 

« 

sin X dx 

fo Vl - 

( 0 ) J 

sin X , 

dx; 

0 X ’ 

id) 

• 


(e)J 

rx 

Q cos (x2) dx; 

(/) 

« 

(2 — cos x)"!"* dx 


[ 2 -( 1-2 »■!)]■” 
i‘0 + 2“*i)'’‘ 


dx 


. , p logg _ r°'^ iog(i - z) r- 

J0.9 1 - a: ^ “ Jo 0 Jo 




dx; 

* ^ dx 

yfx 


gtanx * 


9. Show", by multiplication of series, that 

il + x + x^+ * • • )' = 1 + 2a; -h 3x2 + 

= (1 - x)-2. 

10. Expand to terms in x® 

(a) \/ cos x; 
sin X 


(&) 

W 


e» — 1' 


1 +e® 

11. Determine the magnitude of a, if the error in the approximation 
sin a == a is not to exceed 1 per cent. 

^ o: — sin a ^ . a® . or® 

tL%ni: = 0.01 and sino: = Q:~7n + -? 7 ~ ‘ * * * 

OL 3! 5! 

* See form 787, B. O. Peirce, A Short Table of Integrals. 
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§14 


14. Rectification of Ellipse. Elliptic Integrals. In spite of its 
importance and apparent simplicity, the problem of finding the 
length of an elliptical arc is not usually considered in elementary 
calculus. This is because the integral that arises is incapable 
of evaluation in terms of elementary functions. However, the 
evaluation can be effected by means of series expansion of the 
integrand function, as will be shown in this section. 

Let the equation of the ellipse be 


— + ^ = 1 
a2 ^ 


a > 6. 


The length of arc from (0, b) to (xi, yi) is given by the integral 

Computing dy/dx and substituting its value in (14-1) gives 


= I = I 


¥ 


dx. 


Recalling the fac t that the numerical eccentricity of the ellipse 
isk ^ integral given above can be written as 


(14-2) 




- , 


where /c^ < 1. 

Let X = a sin d; then dx = a cos 6 dS, and (14-2) becomes 


(14-3) s = a Jj -v/l — gin2 0 

The series expansion of the integrand function is most easily 
obtained by writing it as (1 — k^ sin^ and expanding by 
use of the binomial theorem. Then (14-3) is replaced by 

s = ~ 5 ^ g sin^ B — • * dd, 


and term-by-term integration* gives 

* Term-by-term integration is valid here, for the series 


I + ■ ■ ■ + 


1 ■ 3 • ■ • (2n - 8) 
2 • 4 • • '2n 




serves as a Weierstrass M series. 
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(14-4) 


s = a 



sin* 6 dd — sin* ddd — • • • 


_ P sin*" B 

2 • 4 ■ (i • • • 2n Jo 


dd 


If (14-4) is used, it is possible, to evaluate s for particular 
values of h and <p. However, the integral in (14-3) is so impor- 
tant that there are extensive tables* giving its value for many 
choices of k and <p. This integral for the value of a = 1 is 
called the elliptic integral of the second kind and is denoted by 
the symbol E{k, tp). 11 (p = x/2, the integral is called the com- 
plete elliptic integral of the second kind, which is denoted by the 
S3'’mbol E. 

The elliptic integral of the second kind having been defined, it 
seems desirable to mention the elliptic integral of the first kind, 
although the latter arises in considering the motion of a simple 
pendulum and will be discussed in more detail in Sec. 71. The 
elliptic integral of the first kind, F{k, p), has the form 


( 1 «) 

The complete elliptic integral of the first kind, which arises 
when (p = t/2, is denoted by the symbol K, Values of <p) 
and of K are also tabulated, but the evaluation can be obtained 
from (14-5) by means of series expansion of the integrand. 
Thus, one has the expansion 

(14-6) F{k, p) = ¥> -h I A:* sin* (? de + I k* sin^ B dB 

+ • • • + ^ T - X) k2n P BdB + ■ ■ ■ . 

' 2 • 4 • ■ • 2n Jo 

16. Disqussion of Elliptic Integrals. The elliptic integral of 
the first kind is a function defined by the integral 

(15-1) Fik, p) ^ P - -tr- iv 

Jo V 1 sm^ 0 

* See the brief table in B. 0. Peirce, A Short Table of Integrals, pp. 
121-123. 
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If sin 6 is replaced by z, (15-1) becomes 

dz 




< 1 . 


Z ^){1 - /C2^2) 

This is an alternative form of the elliptic integral of the first kind. 

Similarly, the same change of variable transforms the integral 
of the second kind 


(15-3) 

into 

(15-4) 


E{hy sin^ B dd, < 1, 


E(k, 


dz, 


k^ < 1 . 


It will be recalled that any integral of the type 
J R{x, '\/ax^ + hx c) dx, 
where JS is a rational function of the variables x and 


V ax^ + bx + c, 

is integi'able in terms of the elementary functions, i.e., power, 
trigonometric, and logarithmic functions. It can be shown that 
the integration of integrals of the type 

(15-5) J E{x, \/ax^ + hx^ •+• cx + d) dx 

and 

(15-6) J R(x, V ax^ + bx^ + cx^ + dx + e) dx 

requires, in general, the introduction of new functions obtained 
from the elliptic integrals. 

The evaluation of (15-5) and (15-6) can be reduced to the 
evaluation of integrals of the elementary types and the following 
new types : 

a. Elliptic integral of the first kind: 

° -i' 


V(1 - z")(l - k^z^) 

F{k,<p) 

h. Elliptic integral of the second kind: 


dB 


V 1 “ sin^ B 


or 


EQc, <p) = VI - k^ sin® d dd. 
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c. Elliptic integral of the third kind; 

- f ® dz 

^ * Jo (1 + nz^) V(1 — 

or 

i'f’ dd 

iK’i, k, <p) = (1 + ^'sina 0) _ ki 

The problem of reducing the integrals of expressions involving 
square roots of cubics and quartics to normal forms is not difficult, 
but it is tedious and will be omitted here.* Integrals involving 



square roots of polynomials of degree higher than the fourth lead, 
in general, to more complicated functions, the so-called hyper- 
elliptic functions. 

The graphs of the integrands of the integrals of the first and second 
kinds are of some interest (see Pig. 4). Tor /c = 0, 


^6 s Vl ~ fc® sin^i9 


and 


1 ^ 1 

\/l — ^2 gjn2 6 


both become equal to 1, and the corresponding integrals are both equal 
to ip. For 0 < ft < 1, the curve y = 1/A0 lies entirely above the line 
y = 1 and the curve y = A0 lies entirely below it. As (p increases, 


*For a detailed account see Goursat-Hedrick, Mathematical Analysis, 
vol. 1, p, 226. A monograph, Elliptic Fvmctious by H, Hancock, may also 
be consulted. 
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F(kj ip) and E{k^ ip) increase continuously, F being always the larger. 
As k increases, (p being fixed, the value of F{k, ip) increases and that of 
E{kj ip) decreases. Also F{ky tt) — 2K and E{k, w) = 2E, for the curves 
are symmetrical about 6 = t/ 2. If t/2 < (^ < tt, it is obvious from 
the figure that 

(15-7) F{k, ip) = 2/v - F(k, TT - ip), 

E(ky ip) = 2E — E(ky TT — ip). 

Moreover, 

(15-8) F(kj niT + ip) = 2niK + F{k, ip), 

E(kj mr + <^) = 2mE + E(k, ip). 


where m is an integer. 

Since the values of K and E, and of F{k, ip) and E{k, ip) for cp < 7r/2, 
are tabulated, the relations (15-7) and (15-8) permit the evaluation of 
F{k, ip) and E{h, <p) for all values of tp. 

The discussion* above was restricted to values of < 1. If = 1 , 
y = Ad becomes 2/ = Icos and y = 1/A^ becomes y = |sec ^|. 

Consider 


(15-9) 


u 





V (1 - 2‘^)(1 - kH ‘^) 



dd 

\/ 1 — sin^ d 


where x = sin ip. 

For a fixed value of k, (15-9) defines u — F{x) or w = F(^). The 
function resulting from the solution of (15-9) for ip in terms of u is 
called the amplitude of u and is denoted by am (w, mod k), or more 
simply by v? = am u. It will be assumed that the equation u = F{ip) 
can be solved for tp. Since ip == am u. 


X = simp ^ sin am u ^ sn u. 

Moreover, 

cos ip = Vl — x^ ^ \/l — u = cn u. 

Finally, 

A<p s V 1 ~ ^ dn u. 

The functions sn u, cn u, and dn u are called the elli'ptic functiom. 
From the definitions, it is obvious that 

am (0) = 0, sn (0) = 0, cn (0) = 1, dn (0) = 1 ; 
am (— “m) = —am u, sn {—u) = — sn u, cn (—u) == cn u, dn (—u) 

= dn u. 


The elliptic functions are periodic functions and in some respects 
resemble the trigonometric functions. There exists a complete set of 

* See Prob. 1, at the end of this section. 
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formulas connecting the elliptic functions analogous to the set for the 
trigonometric functions. * 


An interesting application of elliptic integrals to electrical 
problems is found in the calculation of the magnetic flux density 
in the plane of a circular loop of radius a carrying a steady 
current 7. 

Upon applying the law of Biot and Savartf to a circular loop of 
radius a, the flux density B at any point P in the plane of the 


wire is given by 
(15-10) 


47r Jc 


where C is the circumference of the loop, r is the radius vector 



Fig. 5. 


from P to an element of arc 
dSj and (r, s) is the angle 
between r and this element 
(Fig. 5). 

If the point P is at the 
center of the loop, then (r, s) 
= 90®, r = a, and the integral 
is easily evaluated to give 

R — jL — — 

47r 2a 

a familiar result. 

If, however, the point P is 
not at the center, the evalua- 
tion of the integral is not so 


easy. Consider the triangle RQSj where the side RQ = r dd 


makes an angle a with ds. It is clear that ds cos a = rdd; and, 


since a == 90® — (r, a), it follows that 


cos a = sin (r, s). 

Hence, 

ds = 

sm (r, s) 

* See Appel, P., and E. Lacotjb, Fonctions elliptiques; Peibce, B. 0., A 
Short Table of Integrals; Gbeenhill, A. G., The Application of Elliptic 
Functions. 

t This formula is known to engineers as Ampere^s formula. See, for 
example, E. Bennett, Introductory Electrodynamics for Engineers, The 
system of units used here is the rational'^ system of units used in M. Mason 
and W. Weaver, Electromagnetic Field. 
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The substitution of this value in (15-10) yields 


(15-11) 


4^ Jo r 


for the magnetic flux density at P. 

Now, from triangle OQAy it is evident that 

■\/a^ — (r sin oy = r cos 6 + h, 
which, after squaring both sides and simplifying, becomes 
+ 2rh cos d + (h^ — a^) = 0. 

Solving for r gives 

r == —A cos 6 + \/h^ cos^ 6 + — h^] 

and, since r is always positive, the radical must be taken with the 
positive sign. Substituting this value of r in (15-11) gives 


Jo —h cos 6 + cos^ ^ 
or, upon rationalization of the denominator, 

7 cos 8 — \/h^ cos^ ^ 

^ = 4^ Jo ¥~=^ 


^(r 


h cos 6 dS + 


r2ir 

j. 


V sin^ 6 dd 


The first of these integrals is zero, and the second is an elliptic 
integral of the second kind, so that 


4^(a2 - h^) 


1 — ^ sin2 8 d8 




sin2 0 ^0 


where k = h/a. This integral can be evaluated for any k with 
the aid of the tables of elliptic integrals. 


PROBLEMS 


1. Prove that 


d(p 

\/l — P sin2 


zr = - P 

(p i Jo 


— /“2 giji2 


Hint: Change the variable by setting P sin^ <p = sin^ a. 
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2. Plot, with the aid of Peirce^s tables, F{Jz^(p), where k = sin a, 
using a as abscissa and <p) as ordinate. Draw 10 curves on the 
same sheet of rectangular coordinate paper for = 0, ^ = 10, (p = 20, 
(p = 30, ip = 40, ip = 50, * • ' j ip = 90. 

3. Plot four curves representing F(kj <p) on the same sheet of rectan- 
gular coordinate paper. Use p as abscissa and the values of ^ as 0, 

V3/2, and 1. 

J ^ip dip 

— 7 ====== for the values oik == 0, 

0 y/l-k-‘ sin^ ip 

and 1. Use p as abscissa. The areas under the curves give the 
values of the elliptic integrals. 

5. Compute the value of i^(0, 7r/2). 

6. The major and- minor axes of an elliptical arch are 200 ft. and 
50 ft., respectively. Pind the length of the arch. Compute the length 
of the arch between the points where rr = 0 and x = 25. Use Peirce^s 
tables. 

7. Plot with the aid of Peirce^s tables E{k^ p)^ where k = sin a. 
Use Qj's as abscissas and Eijk^ p) as ordinates. Draw 10 curves on the 
same sheet of rectangular coordinate paper for p — 10, 20, • • ’ , 

90. 


8. Plot on a sheet of rectangular coordinate paper the four curves 
representing E{k^ p). Use p as abscissa. The four curves are for A; = 0, 
H, V3/2, and 1. 

9. Plot the integrand of y/l — V' sin® tp dp for the values of 

^ = 0, Hj and 1. Uvse p as abscissa. Compare the result with that of 
Prob. 4. What can be said about the relative magnitudes of F{k, p) 
and E{k, ^)? 


10. Show that jT' 


kind. 




\/l + sin^ p 


is an elliptic integral of the first 


Hint: Change the variable by setting sin ^ ^ tan x. 

11. Show that 



= V2 


TT 

!: 


Vi 


dp 

— sin^ p 


Hint: Set a/ cos x == cos p. 

Note that the integral is improper but that it is easy to show its 


convergence. 

12, Show that 


TT 

r 


sin^ 6 d$ 


•v/l — sin^ 


? - F. - *>■ 
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Hint: sin^ ^ ^ p ^)* 

13. Show that 


K s 


'\/l — sin^ 6 


■// 


14. Find the length of one arch of the sine curve. 

15. Find the length of the portion oi y ^ sin x lying between x ^ I 
and x = 2 . 

16. Given: 

Find K and sn %K. 

/ d>0 

— 7 ===? where a > 1 , is an elliptic integral. 
\/ a — cos 6 

18, Show that the length of arc of an ellipse of semiaxes a and h is 
given by 

V 

$ = ia *>/! — sin^ 8 dd 

( e^ 3 \ 

1 — ^ — • • • j, where e is the eccentricity. 


16. Approximate Formulas in Applied Mathematics. It is 

frequently necessary to introduce approximations in order to 
make readily usable the results of mathematical investigations. 
For example, an engineer seldom finds it necessary to use the 
exact formula for the curvature of a curve whose equation is 
y = f{x)y namely, 


(16-1) 



since in most applications the slope dyfdx is small enough to 
permit the use of the approximate formula 


(16-2) 



Many such approximations are obtained by using the first few 
terms of the Taylor's series expansion in place of the function 
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itself. Thus, the formula (16-2) is obtained from (16-1) by 
neglecting all except the first term in the expansion of [1 -|- 
{dy/dxy]~^^ in powers of dy/dx. 

1. Small Errors. The values of physical quantities determined 
by experiment are subject to errors due to inaccuracies arising in 
the measurements of the quantities involved. It is often neces- 
sary to know the size of such errors. 

Let a capillary tube contain a column of mercury. The radius 
R of the tube can be determined by measuring the length L and 
the weight W of the column of mercury. Let L be measured in 
centimeters and W in grams. Since the density of mercury is 
p = 13.6, 


The principal error arises in the measurement of L. Let L be the 
true value, and. let = L "h € be the observed value. Then, 
if S is the true value of the radius, let iJ' ~ + ?? be the com- 

puted value. The error in measuring W is negligible because of 
the high accuracy of the balance. It follows that 



Since e is small compared with L, it follows that tj is approxi- 
mately given by “ | Clearly, « can be either positive or 
negative. 

2. Crank and Connecting Rod. If one end of a straight line 
PQ (see Fig. 6) is required to move on a circle, while the other 
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end moves on a straight line which passes through the center of 
the circle, the resulting motion is called connecting-rod motion. 
This kind of motion arises in a steam engine in which one end of 
the connecting rod is attached to the crank PB and therefore 
moves in a circle whose radius is the length of the crank, while the 
other end is attached to the crosshead and moves along a straight 
line. 

Let r be the length of the crank, I the length of the connecting 
rod, and s the displacement of the crosshead from the position A, 



Fig. 6. 


in which the connecting rod and crank lie in a straight line. 
Then, 

AJ5 = J + r, 

and 

AB = AQ + QD + DB = s -|- Z cos ^ + r cos d. 
Moreover, 

so that 

and 

Therefore, 

or 

s 


PD = Z sin ^ = r sin 


T 

sin <p ^ j sin B 


cos 0 — ^ 1 — 17 sin^ B, 


s + Z ^1 — sin^ BJ + r cos B = I + r 
= l 1 - ^1 - ^ sin* + r(l - cos 8). 


If 
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be replaced by its expansion, it follows that 


,rir2 . 


1 (r 


sin^ ^ + o I 72 ) ^ + 


8 VZ' 


+ r(l — cos B) 


sin^ ^ sin^ B + 


) 


+ r(l — cos B), 


if r is small compared with Z, the displacement of the crosshead 
is given approximately by r(l — cos B ) . 

3. Surveying. In railroad surveying, it is fre- 
quently useful to know the amount of difference 
between the length of a circular arc and the 
length of its corresponding chord. 

Let r be the radius of curvature of the arc* 
AB (Fig. 7), and let a be the angle intercepted 
by the arc. Then, if s is the length of the arc 

AB and c is the length of chord AB, s r a and c = 2r sin 

Since 

sin a: = a; — ^ cos 



where 0 < | < a-, the error in using only the first two terms of the 

Lt*’ 

expansion is certainly less than ♦ Then, 

fe)- 


with an error less than 
2r 

Therefore, 


ra° 


a'T aT 

S-c = ra-ra + ^= -^ 


with an error that is less than ?'o:^/1920. 

4. Vertical Motion under EartKs Attraction. Let it be required 
to determine the velocity of a body of mass m that is falling from 
a height So above the center of the earth and is subject to the 
earth^s attraction alone. 

Let F be the attraction on the earth’s surface and F' be the 
attraction at a distance h from the surface (Fig. 8). Then 
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F = 


km-mf 


and F' = 


kmm' 

(r + hy 


where m' is the mass of the earth, k is the gravitational constant, 
and r is the radius of the earth. Hence, 


F 

F' 


(r + hy 

m2 


Also, let g be the acceleration at the surface of the 
earth and g' be the acceleration at a distance h above 
the surface, so that F = mg and = mg'. It 
follows that 

F' ^ g' ^ 



and, therefore, 


S^ 

But 


dh 


dt^’ 

so that 

^ _ 

_ ill 


Fig. 8. 


dt^ 


This equation can be solved for v = ds/dt by the following 
device : Multiplying both members by 2 ds/ dt and integrating 
give 

where C is the constant of integration. If the initial velocity 
(ds/dt ) is zero, then C = —2gr^/so and hence 

(s) 

But s r + h and ds/dt = v, so that the equation becomes 

This formula can be used to calculate the terminal velocity 
(i.e.y the velocity at the earth's surface) when the body is released 
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from any height. Thus, setting h = 0 gives 

(IM) »< - V 0 - i;)- 

Upon denoting by ho the initial height above the earth’s surface, 
so that So = r + ho, (16-3) can be written as 

or 

(IW) 

N'ow — = ( 1 + — ) ; and if — < 1, then series expansion 
r + ho \ »■ / 

is permissible, so that 

r _ . ^0 j_ { _ 

r-l-fio r '*■ V/ 

Hence, if ho/r < 1, (16-4) can be replaced by 


hi — (i 

-)' + (- 


. , 

.r \ 

r/ 

r / 

- 


Moreover, if ho is very small compared with r, then the powers 
of ho/r higher than the first can be neglected* and 

= 2gho, 

which is the familiar formula for the terminal velocity of a body 
falling freely from a height ho that is not too great. 

It follows from (16-3) that the square of the terminal velocity 
wiU be less than 2gr^{l/r) = 2gr. Moreover, for large values of 
So the terminal velocity will be very close to y/ 2gr. Accordingly, 
if a body falls from a very great distance it would attain a ter- 
minal velocity (air resistance being neglected) of approximately 

y/2gr = 6.96 miles per second. 

The results stated in the last paragraph may receive a different 
interpretation. Suppose a body were projected outward from 
the earth’s surface with a velocity of more than ■\/2gr = 6.95 
miles per second. The previous discussion shows that, if air 

* Since the series is alternating, the error wiE be less than 2gr(ho/r)‘. 
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resistance is neglected, the body would travel an infinite dis- 
tance. This velocity is called the critical velocity or the velocity 
of escape. 

It may be recalled that the earth’s rotation exerts a centrifugal 
force on a particle which is falling toward the earth and that this 
force diminishes the effect of the force due to the earth’s attrac- 
tion. For a particle of mass m on the surface of the earth at the 
equator, this centrifugal force is 


mv^ 

r 


__ = mwV = ^ dynes, 


where co = 0.00007292 radian per second is the angular velocity 
of the earth, r = 6,370,284 m., and g = 980 cm. per second per 
second. At a distance s from the center of the earth, this force is 




__ mgs 
” 289 ?^* 


But the earth’s attraction at this distance is F = mg', 

g' = gr^/s\ 


F = 


mgr^ 


Since 


If the particle is to be in equilibrium, 

mgs _ mgr^ 

so that 

s® = 289r® or 5 = 6.6r = 26,000 miles approx. 

Thus, if all other forces are neglected, a particle would be in 
equilibrium at approximately 22,000 miles above the earth’s 
surface. This gives a very rough approximation to the extent 
of the earth’s atmosphere. The actual thickness of the atmos- 
pheric layer is supposed to be considerably smaller. 


PROBLEMS 

1. The mass of the moon is nearly one-eighty-first that of the earth, 
and its radius is approximately three-elevenths that of the earth. 
Determine the velocity of escape for a body projected from the moon. 
Acceleration. of gravity on the surface of the moon is one-sixth that on 
the surface of the earth. 
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2. Show that the time required for a body to reach the surface of the 
earth in Illustration 4, Sec. 16, is 

. Vso / / . So 2s - so\ 

t = [Vsos - + 2 cos — ^ y 


Hint: 




3. If the earth is considered as a homogeneous sphere at rest, then 
the force of attraction on a particle within the sphere can be shown to 
be proportional to the distance of the particle from the center. Let a 
hole be bored through the center of the earth, the air exhausted, and 
a stone released from rest at the surface of the earth. Show that the 
velocity of the stone at the center of the earth is about 5 miles per 
second. 

Hint: 


dt^ ~ 


r 


s, 


where b is the distance of the stone from the center of the earth and r 
is the radius of the earth. 



CHAPTER II 


FOURIER SERIES 

17. Preliminary Remarks. It is frequently necessary to find 
the equation of a curve that passes through a certain number of 
given points lying in the rc^Z-P^ane. This can be accomplished in 
an infinite number of ways. Thus, if there are three given points, 
the coefficients of 

(17-1) y = gp + aix + cl 2 X ^ 

can be chosen so that the resulting parabola will pass through the 
three given points. This is accomplished by solving the three 
linear equations, in ap, ai, and a^j that arise when the coordinates 
of the given points are substituted in (17-1). If there are four 
given points, it is impossible, in general, to determine ap, ai, 
and a2 so that the parabola (17-1) will pass through all four 
points, since the four linear equations in ap, ai, and 02 will be, in 
general, incompatible. However, it will be possible to determine 
the coefficients of 

(17-2) y = cbQ + a\x + 

so that the curve defined by (17-2) passes through all four points. 

The determination of the equation of a curve passing through 
a set of given points is not unique. Thus, if four points are 
given, it is possible to determine a curve whose equation is (17-2) 
which passes through them. But it is also possible to determine 
the coefficients of 

y — io + hix + 62 sin X + 

so that the curve defined by this equation will pass through the 
given points. Obviously this curve wiU not coincide with that 
defined by (17-2) . The type of curve can be varied at will, but the 
number of co e fficie nts toJ).ejdetermined m ust equal t h e numb er of 
give n poin ts. 

If a curve is defined by the equation y = f{x)^ it is possible, 
as indicated above, to make the curve whose equation is 

63 
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(17-3) 2 / = ao + ai COS X + a2 COS 2a; + • * * + cos nz 

+ hi sin a; + 62 sin 2a; + * * * + bn sin nx 

pass through any 2n + 1 points of 2/ = f{x) in the interval from 
a; = 0 to a; = 2 t. The question arises as to whether it is possible 
to make the curve y ^ fix) coincide with that defined by (17-3) 
at all points of the interval (0, by increasing indefinitely the 
number of terms in (17-3) . It is already known that it is possible^ 
under rather severe restrictions, to represent f{x) by an infinite 
series in powers of x. This was accomplished with the aid of 
Taylor^s series. The analogous problem of representing fix) by 
an infinite trigonometric series was developed by Fourier and 
will be discussed in the succeeding sections. 

Whereas the representation of a function /(a;) in Taylor’s series 
demands that /(a;) possess derivatives of all orders, the develop- 
ment in a trigonometric series 


(17-4) 


{an cos nx -f hn sin nx) 


y-fCx) 


Xo-e Xo^e 


is possible for a much larger group of functions. In fact, many 
y p eriodi c* functions having a 

finite number of ordinary dis- 

c‘5'n6’nuities can be represented 

! infinite series of trigonomet- 

^ I ric^^J^cti ons. The term or- 

III ^ dinary (or finite) discontinuity 
/ 'll! describe the situation 

^ i that arises when the function 

Xo € x^ Xo e suffers a finite jump at some 

point X — Xo (see Fig. 9). 
Analytically, this means that the two limiting values of /(a;), as 
X approaches xo from the right-hand and the left-hand sides, exist 
but are unequal; i.e., 

lim/(a;o + e) 5 ^ lim/(a;o — e). 

€ — >0 e — ^0 

In order to economize on space, these right-hand and left-hand 
limits are written as/(a;o+) and/(a;o — ), respectively, so that the 
foregoing inequality can be written as 

f{Xo + ) 9^ f{XQ-), 

* A function is said to be periodic of period a i(f{x) =» f(x + a). 
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Inasmuch as each term of (17-4) is a periodic function of 
period 2t, it is necessar}^ to restrict the discussion of the repre- 
sentation of functions by series of the t 3 ’'pe (17-4) to those func- 
tions which have period 2t, Or, what amounts to the same 
thing, the problem of representing a non-periodic function can be 
restricted to some interval of width 2x, and the function defined 
outside this interval so that it is periodic. For the present, it 
will be assumed that the interval in which /(rr) is considered is 
the interval (— tt, t) and that outside this interval the function 
is defined by the equation f(x + 2x) = f{x). Of course, any 
interval (a, a + 2x) would do equally well. 

The theory of Fourier series is one of the most beautiful 
developments of analysis, and it serves as an indispensable instru- 
ment in the treatment of nearly evory physical problem. Solu- 
tions of such important problems as sound vibration, propagation 
of electric currents and wireless waves, heat conduction, and 
mechanical vibrations give but a mere indication of its value. 

The following section contains the celebrated theorem giving 
conditions 07if(x) that are sufficient to permit its representation 
by a Fourier series, and also a derivation* of the formulas for 
the Fourier coefficients (that is, the coefficients in the trig- 
onometric series). 

18. Dirichlet Conditions. Derivation of Fourier Coefficients. 

Theorem. Let f{x) be a function defined arbitrarily in the 
interval —tt ^ a; ^ tt, and outside this interval defined by the 
equation f{x + 2x) — f(x). If f(x) has a finite number of 'points 
of ordinary discontinuity and a finite number of maxima and 
minima in the interval — tt < a; tt, then it can be represented by 
the series 

ao 

with 

1 f’" 

== *- I fit) cos kt dt, 

re j —Tf 

6s, = - I /(f) sin kt dt, (Jc = 0, 1, 2, • • • ), 

J-T 

* For a more extended treatment, see I, S, Sokolnikofi, Advanced Calcu- 
lus, Chap. XI, 



66 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §18 


which converges at every point x = Xq of the interval to the value* 

/(a:o+) + f(xQ — ) 

2 

The restrictions imposed upon the function f{x) in this theorem 
are known as the Dirichlet conditions. 

~The following demonstration that the Fourier coefficients ah 
and hh have the form given in the theorem assumes that the 
Fourier series development of the function /(a.*), namely, 


(18-1) fix) = ^ + 2 

fc = ] 

can be integrated term by term in the interval (-“tt, tt). The 
proof that if a function J{x) satisfies the Dirichlet conditions 
then its Fourier series expansion actually converges to f{x) is 
too involved to be given here.f 

In order to determine ao, multiply (18-J) by dx and integrate 
term by term from —tt to r. Sinc(^ 

/ cos nx dx — \ sin 7ix dx = 0 foi* //. = 1 , 2, • • • 

-■TT J —ir 


and, hence, 

J*’" f{x) dx = aox. 

there results 

(18-2) 

1 

ao = - 1 f{x) dx. 

X ^—Tr 


The coefficient of the general cosine term can be obtained 
by multiplying both members of (18-1) by cos nx dx and per- 
forming term-by-term integration from — x to x. Since, for all 
integral values of m and n. 


and 



sin mx cos nxdx ^ 0 
cos mx cos nx dx = 0, 


for m n, 


* If fix) is continuous at the point x = a;o, then/(a;o+) = /(a:o*~) = /(a^o), 
so that at all points of continuity the series converges to f{x). At the 
points of ordinary discontinuity, it converges to the arithmetic mean of the 
values of the right- and left-hand limits. 

t Knopp, K., Theory and Application of Infinite Series, p. 356; Caesiaw, 
H. S., Fourier’s Series and Integrals, p. 207. 
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Therefore, 

(18-3) 


cos nx dx = an 



cos 2 nx dx 




cos nx dx. 


anTT. 


It should be observed that (18-3) becomes (18-2) for n = 0. 

Similarly, by multiplying (1*8-1) by sin nx dx and performing 
term-by-term integration from — x to x, one obtains 


(18-4) hn — - \ f(x) sin nx dx. 

J-ir 

It can be shown that if the values of the function are not equal 
at the end points of the interval ( —x, x), that is, if /( — x) /(x), 
then at these end points the Fourier series expansion for f(x) 
converges to +/('^)]- 

The student will convince himself that, if the function f(x) 
is defined in the interval from 0 to 2x, then the coefficients an 
and hn in (18-1) are given by the formulas 

1 1 

a, I = - f{x) cos nx dx and bn — - I f{x) sin nx dx. 

X Jo TT Jo 

19. Expansion of Functions in Fourier Series. This section 
contains some illustrative examples of expansion of functions, 
satisfying the Dirichlet conditions in the interval (—x, x), in the 
series 

so 

(19-1) ^ sin nx), 

7I. — 1 

where the coefficients an and bn are given by the formulas 

1 r*' 

(19-2) Un = - I f(x) cos nx dx 

TT J -IT 

and 

(19-3) bn = - I f(x) sin nx dx. 

J —T 

Illustrative Example 1. Expand f{x) = x in Fourier series in 
the interval ~x < x ^ ir. Calculating the coefficients a« and 
bn gives 
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and 


1 r 

an = - I 
TT J-x 

i.-ir 


X cos nx dx = 0^ 


X sin nx dx — cos nir. 

n 


Hence, 

X = 2[( — 3l tt) sin X + ( — }4 cos 2Tr) sin 2x 

+ ('“M cos St) sin 3a; + 
or 

sin 2a; . sin 3a; 


-2(1 


^sin a; - ^ 


+ 


)■ 


In this particular case, only the sine terms remain. It may be 
noted that whenever the function /(a;) is an odd function, that is, 
when /(—a;) = then = 0, for ^ = 0, 1, 2 • • • , since, 

for such a function, 

fix) cos nx dx — f(x) cos nx dx. 

Similar^, if f(x) is an even function, that is, when/( — x) = fix), 
then bn == 0, for n == I, 2, 3, * • * , since 

fix) sin nx dx == /(^) 


so that the function would be represented by a series of cosine 
terms. 

If in the foregoing illustration the first four terms be plotted by 
composition of 


?/ — 2 sin a:, y = ^ sin 2a:, y — % sin 3a;, y — — 
the curve 

y — 2 sin a; — sin 2a; + % sin 3a; — sin Ax 

is obtained. It is represented on Fig. 10. As the number of 
terms is increased, the approximating curves approach «/ = a; as a 
limit for all values of a:, — tt < x < t, but not for x — ±t. 
Since the series has period 2nr, it represents the discontinuous 
function shown in Fig. 11 by a series of parallel lines. It should 
be noted that each term of the series is continuous and the func- 
tion from which the series was derived is continuous, but the 
function represented by the series has finite discontinuities at 
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X = ± {2k + l)7r. At such points the series converges to zero, 
which is one-half the value of the sum of the right- and left-hand 
limits. 



Illustrative Example 2. Develop f{x) in Fourier series in the 
interval (— tt, tt), if 

f{x) = 0, for —TT < rc < 0, 

= TT, for 0 < a; < TT. 

Now 

^0 = ~ ^ ® Jo ^ ~ 

1 

= - I X cos nx dx == 0, 

^ Jo 
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1 1 

&» = “ I TT sin nx dx = - {1 — cos mr). 

TT JO ^ 

The series is then 

tt . ^ /sin j , sin Sa- , sin 5a* \ 

2 + 2(^-^- + -^ + — -+ • • •;• 

The graph of f(x) from — ir to tt consists of the o^-axis from 
— TT to 0, and the line AB from 0 to r (see Fig. 12). There is a 
finite discontinuity for a: = 0. For a; = 0 the series reduces 



to Tr/2, which is equal to half the sum of lim /(O — e) and 

6-^0 

lim/(0'+ e). It may be obsei*ved from the series that every 

approximation curve will pass through the point (0, Tr/2), The 
figure shows the first, second, third, and fourth approximation 
curves, whose equations are 

TT 1 o • ^ I O / • I 1 

y ^2' y ^ y = — r“ / 

TT , ^ . , sin 3r , sin 5^ 

y = 5 + 2(^sma: + -— + 

as well as the graph of f{x). 

At X == ±T the series reduces to t/ 2, and again every approxi- 
mation curve gives this same value for the ordinate at ±7r. 
This value is one-half the sum of /(--x+) and/(';r — ). 

Illicstrative Example 3, Let f{x) be defined by the relations 

fix) = — TT, if — TT < X < 0, 

= X, if 0 < X < t; 
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ao = i J* f{z) ^ ^ Jo ^ 


1 f" 

an = - 
TT 


/(o;) cos nx dx 


-k{L- 


COS nx dx 


+ 


X cos nx do^ 


_ 1 cos rnr 1 \ 
TT n2 ny 

O' 




n" 

cos nx — 


if’" 1 / 

bn = - I f(x) sin na: (ix = - 1 I — x sin nx dx 
xj-x x\J_^ 

r 

_ 1 /x _ X 
X \n n 


+ I X sin nx dx . 


cos nx cos nx 

n n J 


= - (1 — 2 cos nx). 
n ^ 


Therefore, 


= ____cosx-^ 3 ,- 
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+ 3 sin X 


sin 2x , 3 sin 3x sin 4x , 3 sin 5x 


+ 


2 ' 3 4 

ViTien X = 0, the series i-educes to 

_I_2fl + l + i+. 

4 t\12^32^62^ 

which must coincide with (see Fig. 13) 


+ 


) 


/(0+) +/(0-) ^ _ L 

2 2 


Thus, 


^ 2/l l l N_ IT 

“4“.Ar2 + 3'2+^+ J-~2 
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Hence, 


V ^ 3- ^ 52 ^ 


* 8 * 


Also, for x = ±7r, the series gives 

-1+1(12 + 55 + ^+ • • • ) = o> 

/(—• 7r+) +/(^--) 


since 


= 0. 


This example suggests the use of Fourier series in evaluating 
sums of series of constants. 



PROBLEMS 


1. Show that 


TT" , , ^ ^ . cos ACC , ^ ^ , 

= -3 + 4 ^ < a; ^ tt) 


n = 1 


2. If 


then 

3. If 

then 


fix) - —X for — TT < cc < 0, 

= 0 for 0 < a; < TT, 

^ ^ cos (271 — l)a; ^ ( — 1)^^ sin nx 


^ TT cos - i)x , ^ 

“ 4 “ ^ A (2n - 1)^" + L 

n « 1 n =a 1 


/(cc) = 0 for — TT ^ re 0, 

== sin X for 0 ^ cc tt, 

^ 1 2 cos 2 acc , 1 

rt «= 1 
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4. lif{x) = e® in the interval (0, 2^), then 

_ I y I ^ cos nx An sin nx\ 

{2 + Z ~ Z 

n= 1 n=l 

6. Deduce from Prob. 1 that 




n2 


T2* 


6* Show that 


cos ax — 


sin Tra 
Tra 


+ X (-1)” 


2a sin wa 
7r(a^ — n^) 


cos na;, 


if —TT ^ X ^ T. 

7. Deduce from Prob. b that 



8. Deduce from the expansion of fix) = a? + in Fourier series in 
the interval (— t, tt) that 

V i. == -. 

n = 1 

9. Expand a; sin x and x cos x in Fourier series in the interval (0, 27r). 

10. Find the Fourier series expansion fov fix), if 

fix) =1 for — ^ < a; < 

= 0 for g < a; < T. 

20. Sine and Cosine Series. The Fourier expansion for f(x) 
in (— T, tt) has the form (19-1), in which the coeflScients an and bn 
are given by (19-2) and (19-3). As previously observed (Sec. 
19), if fix) is an even function, (19-1) reduces to a series contain- 
ing only cosine terms; and if fix) is an odd function, (19-1) 
reduces to a series containing only sine terms. Now suppose 
that it is desired that /(a;) be expanded in a Fourier series which 
will be used for the interval 0 to tt only. In that case, it is 
frequently convenient to obtain the expansion in terms of sines 
alone or in terms of cosines alone. For this purpose, define 

Fix) = fix) for 0 < x < T 
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and 

F(x) s /(— ir) for -t < x < 0, 

so that F(x) is an* even function identical with/(a:) in 0 < a: < tt. 
For an even function: 


F(x) sin nx dx 
0 


i f 

TT J-r 

= i - J* F(—x) sin (-nx)i—dx) + F{x) sinwajd^x 


F{x) sin nxdx- + I F(x) sin nx dx 


/: 


c 


r 

T [ Jo 


/>'< 


F(x) sin nxdx + I F{x) sin nx dx 


= 0, 


and 


1 n 

an ^ \ 

TT 


F(x) cos nx dx 




(x) cos nx dx + I F{x) cos nx dx 


--f 

TT Jo 


F(x) cos nx dx + F(x) cos nx dx 
F(x) cos nx dx. 


r 


] 


Hence, in the expansion of F(z) in the interval -tt < a: < ir, onlj- 
the cosine terms appear. Moreover, F(x) is identical with f(x) 
for 0 < a: < x. Therefore,* 


(20-1) / (a;) = ^ •+■ cti cos a: + a 2 cos 2a; -h • • • + a„ cos na; -(- • • • 
in the interval (0, t), where 

2 n 

(20-2) an = - i f(^) cos nx dx. 

TT Jo 

Similarly, if F(x) be defined so that 

F(x) - f(x) for 0 < a; < TT 

and 

F(x) - for -x<x <0, 

* If f(x) has a finite discontinuity at the point x = xq, then the left-hand 
member of (20-1) is defined to be M[/(^o4“) 
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then the a„ all vanish and 

(20-3) f(x) = b: sinoj + 62 sin 2 x + • • • + bnsinnx + • * • , 
where 

(20-4) 6n == ~ I fix) sill nx dx. 

TT Jo 

Thus, fix) can be represented in the interval 0 < a* < -tt by eitluu* 
(20-1) or (20-3). Frequently, one series is more desirable than 
the other. 

Example. As has been determined already (see Illustrative Example 
J, Sec. 19), the expansion iov fix) = jc in a sine series is 

^ . sin 2a: . sin 3a: * \ 

a: = 2 \^sin x ^ 1 3 ' ' ’ 

This series represents /(x) = a: in the interval (— tt, t). If one is inter- 



ested in the values of the function in the interval (0 , tt), the same func- 
tion can be expanded in a series of cosines. 

In fact, in the interval (0, tt), 

TT 4 / cos a; , cos 3a: . cos 5x , \ 

since 

xdx =T 

and 

2 2 
== - Jq X QOS nx dx = [(-I)” - ll- 

The sine series represents the odd function shown in Fig. 14 and the 
cosine series the even function in Fig. 15. The two graphs are identical 
in the interval (0, tt). 

PROBLEMS 


1. Show that if c is a constant, then, in 0 < a: < tt, 


c 


4 / . si 
; - I sin .x H — 

TT \ 


sin 3a: sin 5x 

“T K T" 



3 


5 
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2. Give sine and cosine developments of 2/ = a; sin a: in the interval 
(0,ir). 

3. Show that, in (0, ir), 


^ [(t “ p) ^ § sin 2x + (l - I) sin 3x 


— sin 4x + 


4. Prove that, if fix) is any function of a;, it can be expressed as the 
sum of an even function of x and an odd function of x. 

6. Show that, if fix) = a; for 0 < a; < it 12 and fix) = t - a; for 
7r/2 < re < TT, then 


fi^) 


TT 2 / cos 2a; cos 6a; cos 10a; 

4 “ ? V P 32 52 ■ 



6. Show that 

, ( ^ , x\ ^ cos nx n ^ ^ 

log( 2sin^j = - ^ ~Y-> if0<x<7r. 

7. Find the expansion in the series of sines, if 

/(a:) = I X, for 0 ^ X ^ 

= I (tt — re), for ~ < n; ^ 


8. Expand /(re) = e* in the series of cosines in the interval (0, tt). 

21, Extension of Interval of Expansion. The methods devel- 
oped up to this point restrict the interval in which fix) can be 
expanded in a Fourier series to (— tt, t). In many problems, 
it is desirable to develop /(rr) in a Fourier series that will bo 
valid over a wider interval. In order to obtain an expansion 
that will hold for the interval ( — Z, 0, change the variable by 

replacing x hy ^z. Then fix) = / ^ can be developed in a 

Fourier series in 2 , 


(21-1) / 2 ) = -f + 2 + 2 


sin nZi 


in which 



cos nz dz 
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sin nz dz. 


The expression (21-1) will be valid for —t < z < t] but 
z = Tx/l SO that (21-1) becomes 

(21-2) fix) = ^ + 2 ^ + 2 


f ( — 1 cos nz dz 


!)™ = - r /(- 


sin nz dz 




f(x) cos dx 


. riTTO^ , 

sin -j- aa;. 


Exaviple^ Develop /(a:) in Fourier series in the interval ( — 2,2), 
if f{x) = 0 for —2 < a; < 0 and /(a;) = 1 for 0 < a; < 2. Here 


1 / /*o ^ mrx j I /*2 - 7WI tif T \ X • 
f J 0 * cos dx + J 1 * cos 1 ” m 


1 . nirxf 


UT 2 lo 


^ 0 • sin da; + 1 • sin da;^ = — (1 — cos mr). 

2\J-2 2 Jo 2 J nr ^ 


Therefore, 


V 1,2/. Tra; , 1 . 3ara; , 1 ^ttx , 

/(.) - J + J («n ^ + 3 »n -J- + 5 sm -y + 




PROBLEMS 


1. The expansion of f{x) is desired iov 0 < x < 1. If Fix) ^ fix) 
ior 0 < x < I and Fix) = ~/(—a;) for —l<x<0 [that is, Fix) is 
defined as an odd function], show that the expansion of Fix) and fix) 
for 0 < a; < Zis 


hn = 7 J^V(a^) sin ■ 


If (pix) ^ fix) for 0 < a; < Z and <pix) = fi’-x) for — Z < a; < 0 [that 
is, (pix) is defined as an even function], show that the expansion of <p{x) 



78 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §22 


and f[z) for 0 < a; < Z is 


where 




an cos 


nirx 


2 /•z -/ V nirx , 

= 7 I fW cos ~ 7 ~ ax. 

I JO I 

2. Using the results of the preceding problem, obtain the sine and 
cosine expansions of the following functions: 


(a) fix) = t in the interval (0, 2) ; 
ih) fix) = X ill the interval (0, 1); 
(c) fix) = in the interval (0, 3). 


3. Expand /(a;) = cos Tra; in the interval ( — 1, 1). 

4. Expand 

fix) H- X, if 0 < a; < K, 

== a; — ^'4, if H < X < 

in the seriOvS of sines. 

5. Find the expansion in the series of cosines, if 

fix) =0, if 0 < a; < I, 

= 1, if 1 < a; < 2. 


6. Expand /(a;) = |.r| in the series of cosines in the interval (~1, 1). 

7. Show that the series 



2n« 

■ T“ 


represents }ril — x when 0 < x < 1. 

8. Find the expansion in the series of covsines, if 

fix) = I when 0 < a; < x, 

= 0 when x < a; < 2x. 


22. Complex Form of Fourier Series. The Fourier series 

00 

(22-1) fix) = ^ + 2 (fln cos nx + bn sin nx), 

n« 1 

with 


if"" I 

a» = - I fit) cos nt dty 5 » ~ - I fit) sin nt dt, 
^ J — TT TT J —ir 

can be written, with the aid of the Euler formula* 

(22-2) = cos u + i sin u, 


* Sec Sec. 73. 
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in an equivalent form, namely, 


(22-3) 


fix) = Cnei' 


where the coefficients c„ are defined by the equation 


(22-4) 




dt 


The index of summation n in (22-3) runs through the set of all 
positive and negative integral values including zero. 

The equivalence of (22-3) and (22-1) can bo established in 
the following manner: Substituting from (22-2) in (22-4) gives, 
for n > 0, 


- 5 J - 


fit) (cos nt — i sin nt) dt 


fit) cos nt dt 


_± r 

27r 


fit) sin nt dt 


dn • hn 
'2 2 


A similar calculation for n < 0 gives 

c-n- 2+^2' 


Now (22-3) can be written in the form 

90 90 

/(a-) = C() -|- 2) ^ c-ne"*'"*. 

n = 1 n = 1 

Making use of the expressions for the Cn just found gives 


Six) = 1 + 2 + 2 


O/n + 


fflo , e*”* -1- , e''" — 

— " 7 " dn — ~ 2 ^ 2 



80 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §23 
Recalling that 

— 2 cOvS u and c"' — = 2i sin u 

gives 

OCi 

f{x) = ^ + 2 (an cos m- + 6„ sin nx), 

W =1 

which establishes the identity of (22-3) with (22-1). 


PROBLEM 


Show that the Fourier series in the interval ( — /, 1) can be written in 
the form 

s= + 00 imcx 

fix) = 2 C„e * 

/i = — 00 


\vhei*<‘ 



imrl 

T' (it 


23. Differentiation and Integration of Fourier Series. Some 
general rules concerning differentiation and integration of infinite 
series were given in Sec. 8. It may be added here that, if the 
Fourier series represents a function /(a:), then the term-by-term 
integral of the series will converge to the integral of /(x). Thus, 
in Sec. 20 it was found that the function x can be expanded in a 
cosine series in (0, x) to give 


(23-1) x = 

L T 


cos X , cos 3x , cos 5x 
I -rr- + + 


) 


The term-by-term integral of this series gives 

no o^ f" TT , 4 / r cos X , , Y 3x 

(23-2) tUo 3’“~ 


dx 


+ 


/: 


cos 5x 


-dx + 


)-r 


4 /sin X , sin 3x 


t\ !•’ 


+ 


jL 5x 
f 53 


)■ 


On account of the presence of the term 'jrx/2 in the right mem- 
ber of this equation, the resulting series u not a Fourier series. 
However, if the sine series development for x (Illustrative Example 
1, Sec. 19) be substituted in this term and the like terms collected, 
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the resulting series will be the development of x^/2 in (0, tt) in a 
sine series. 

The series resulting from term-by-term differentiation of a 
Fourier series converges more slowly than the original series, 
and, in fact, it may diverge. Thus, term-by-term differentiation 
of 

^ / . sin 2x , sin 3a; \ 

re = 2(^smre - + -y- _ • • • j 

gives the series 

2(cos X — cos 2x + cos 3a; — * * * )? 

which is divergent, as was observed in Sec. 8. Accordingly, great 
caution must be exercised in differentiating Fourier series 
termwise.* 

24, Orthogonal Functions. A set of continuous functions 
(24-1) U2(x)j • * • , Unix), • • • , 

which do not vanish identically in the interval a < x ^ b, is 
said to bo orthogonal with respect to the interval (a, h) if the 
functions Uiix) satisfy the relations 

(24-2) Uiix)ujix) da; = 0, if ^ 5*^ j. ■ 

For i = jj (24-2) becomes 

r dx ^ c?, 

«/a 


where c\ certainly ifs not zero. 

If each of the orthogonal functions Ui{x) be divided by c„ 
there will be obtained a system of norTtial orthogonal functions, 


vi(x) = 


uijx) 

Cl 


viix) = 


Uiix) 

, 

C2 



that are characterized by the property that 
(24-3) P Viix)vjix) da; = 0, Hi 7^ j, 

Ja 

= 1, if i = j. 

Consider a set of normal orthogonal functions Viix), and 
assume that an arbitrary function fix) can be expanded in a 
series 

* Some important theorems in regard to this will be found in I. S. Sokol- 
nikoff, Advanced Calculus, Sec. 108. 
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(24-4) f(x) = aiVi{x) + 02 ^ 2 ( 35 ) ■+■•••+ a^Vnix) + • ■ • 

00 

= ^ XiPiix), 

which can be integrated term by term. Multiplying both sides 
of (24-4) by Vi(x) and integrating term by term between the 
limits a and b yield 

£ fixMx) dx = £ Viix)vj(x) dXf 

which, by virtue of (24-3), gives the formula 

(24-5) ai = fix) Oiix) dx^ (i = 1, 2, 3, * * * )• 

The numbers ai are known as the Fourier coeflScients of the 
function/(a;) associated with the system of normal and orthogonal 
functions 

Vlix)j Viix), • • • , Vnix), • • • . 

The set of functions 

1 cos X sin x cos 2x sin 2x c^os nx sin nx 



is obviously a normal orthogonal set in the interval (—tt, tt), 
and the development of a function fix) with the aid of this 
particular set of orthogonal functions is precisely the Fourier 
development of fix). Among many other useful sets of orthog- 
onal functions are the functions of Bessel and Legendre, which 
are of frequent occurrence in applied mathematics and will be 
used in the discussion of. some important problems in Secs. 101, 
113, and 114. 



CHAPTER III 
SOLUTION OF EQUATIONS 


Students of engineering, physics, chemistry, and other sciences 
meet the problem of the solution of equations at every stage of 
their work. This chapter gives a brief outline of some of the 
algebraic, graphical, and numerical methods of obtaining the 
real roots of equations with real coefficients, of types that occur 
frequently in the applied sciences. It also contains a short 
summary of those parts of the theory of determinants and the 
theory of matrices that are immediately applicable to the solution 
of systems of linear equations. 

25. Graphical Solutions. The subject of the solution of equa- 
tions will be introduced by considering a simple problem that 
any engineer may be called upon to solve. 

It is required to design a hollow cast-iron sphere, 1 in. in 
thickness, that will just float in water. It is assumed that the 
air in the cavity is completely exhausted. The specific gravity 
of cast iron will be denoted by p, for convenience. 

By the law of Archimedes, the weight of the sphere must 
equal the weight of the displaced water. This gives the con- 
.dition on the radius of the sphere, namely, 

= %Tp[x^ - {x - 1 )*]. 

Simplifying gives 

(25-1) + 3prr - p = 0. 

It will be convenient to remove the second-degree term in (25-1). 
To accomplish this, let a; = y -h fc, giving 

,/ ; . , « t ‘ 

^ ^yjQ 2 _ zp{y^ -f 2yk -h -1- Zp{y + k) — p - 0, 

or 

V I ^ ' / 

2/8 + {Zk - Zp)y^ -H (3A;2 - 6pk -h Zp)y^ + k^ - Sp/fc® + Sp/b - p = 0. 

Choosing k = p makes the equation reduce to 

(25-2) + (3p - Sp^)y — 2p® + Sp^ — p = 0, 

83 
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For cast iron, p = 7.5, and (25-2) becomes 

(25-3) ~ 146.25^ - G82.5 = 0. 

If (25-3) is solved, the solution of (25-1) is also determined, since 
X = y + 7.5. 

A graphical method of solution will be used. The solution 
of (25-3) is equivalent to the simultaneous solution of the systcnn 


(25-4) 


z 

z = 146.252/ + 682.5. 


The accompanying figure (Fig. 16) represents the graphs of the 
two functions of (25-4) ; since they inter- 
sect at 2 / = 14.0, this value gives an 
approximate solution of (25-3). The cor- 
responding solution of (25-1) is x = 21.5. 
From the graph, it is clear that there is 
only one real solution of (25-4) and hence 
of (25-3), 

This graphical method can applicnl to 
any cubic equation. The general fourth- 
degree equation (quartic) can also be reduced to a form that is 
convenient for graphical methods of solution. 

Consider the quartic 



2 






-.v / 

> 

H 

682^ 

/ y 


‘C 

14 



Fio. 10. 


-h ax^ + bx^ + cx + d = 0. 

Let X = y + kj as in the cubic equation. This substitution 
gives 

yi ^ 2/^(4^ + a) -h y^((5k^ + Zak + h) 

+ 2/(4fc3 + 3a/c2 + 2bk + c) + k^ + ak^ + bV- + cA; + d = 0. 


In order to remove the term in 2/^ choose k — This reduces 

4 

the equation to the form 

y^ + Ay^ + By + C ^ 0, 

If A >0, the further transformation y == y/A z is made, and tlu^ 
equation is reduced to 

AV + A22;2 + .8 \/Aa: + C = 0, 


2;4 -j- 2;2 + g =: 0. 


or 
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The solutions of this equation are the same as the solutions of 
the simultaneous system 

u = 

u = —pz — q. 

The graphs of these two functions arc easily plotted, and thb 
solutions can be read from the graph. In case A < 0, the 
transformation would be ^ = V — A z, which leads to the equation 

z-^ - z'^ + pz + q = 0 

t 

and the graphical solution of the system 

u = z"^ — Z-, 

u = —pz — q. 

This method of solution for the real roots of an equation is 
also applicable to many transcendental equations, in order to 
solve 

Ax — B sin X = 0, 

write it as 

ax — sin rr = 0, 

and plot the curves of the simultaneous system 

y = sin Xj 

y = ax. 

Similarly, the equation 

= 0 

can be solved graphically by plotting the curves of the equivalent 
simultaneous system 

y = a% 

y = x^, 

PROBLEMS 

1. Solve graphically 

>(a) 2® — = 0, 

(6) - x - 1 = 0, 

(c) a;' - X ~ 0.5 - 0, 

(d) e® + X = 0. 

2. Find, graphically, the root of 

tan X — X = 0 


nearest ^^tt. 
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26. Algebraic Solution of Cubic. The graphical method of solution 
is perfectly general, but its accuracy depends upon the accurate con- 
struction of the graphs of the equations in the simultaneous systems. 
This is often extremely laborious and, at most, yields only an approxi- 
mate value of the roots. 

In the case of tlie linear equation ax + h = 0, where a 0, the solu- 
tion is X = —b/a. For the quadratic equation + bx + c = 0, 


where a 0, there are two solutions given by x 


— 6 ± ~ 4ac 

2a 


The question naturally arises as to the possibility of obtaining expres- 
sions for the roots of algebraic equations of degree higher than 2. 
This section will be devoted to a derivation of the solutions of the 
general cubic equation 


aox^ aiX^ -f- OoX -f- as = 0, ao 0. 


Dividing througli by ao gives 
(26-1) A- bx‘^ -j- cx A- (^ = 0, 

and the term can be removed by making the change of variable 


b 


The resulting equation 

(26-2) 

+ PU + ? = 0, 

where 



p = c-j 

and 

, bo , 263 


« = - -3 4 - 2f • 


In order to solve (26-2), assume that 
(26-3) u = A-hB, 

so that 

+ IP H- 3AB(A + B). 

Substitute in this last equation for A + from (26-3), and there is 
obtained the equation 

(26-4) - SABy - (A" + J5») = 0. 

A comparison of (26-4) 'with (26-2) shows that 

SAB = -p and A® -f- = — g, 
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or 

(26-5) 


- 


27 


and 


^3 + ^3 == 


If is eliminated by substituting from the second of Eqs. (26-5) into 
the first, there appears the quadratic equation in A®, 


= 0 , 
± V 


whose roots are 


A3 = 


^ ^ 27 


The solution for yields precisely the same values/ However, in 
order to satisfy Eq. (26-5), choose* 


+ W + 


(26-6) 


= 




4p® 

27 


-4 


q^ + 


4^3 

27 


If the values of y are to be determined from (26-3), it is necessary to 
find the cube roots of A® and H®. Recall that if = a®, then the solu- 

1 Vs . 

tions for x are given by a, and o)\ where a; = — 2 H — ^ i and 
1 \/3 

CO® = — 2 ^ complex roots of unity. Hence, if one cube 

root of A® be denoted by a and one cube root of R® by /3, the cube roots 
of Jl® are 


OLf 

whereas those of R® are 

caa, 

and 

w^oc, 


£ 0 ^, 

and 

«3/3. 


It would appear that there are nine choices for y, but it should be 
remembered that the values must be paired so that ZAB = — p. The 
only pairs that satisfy this condition are a ^nd jS, coa and co®iS, and co®a 
and co/S. Hence, the values of y are 

(26-7) = Of + jS, yi- <jia + yz = •+ cojS, 

where 


uw 


. 4?! 

3+27 


and iS 5 = 


L,-4 


<73 + ^ 
3+27 


* The opposite choice for the values of and B^ simply interchanges 
their role in what follows. 
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The solutions of (26-1) can be obtained from the values given iii 
(26-7) by recalling that x — y — hjS. 

The expressions for a and ^ are quite complicated, and when the 
quantity under the square-root sign lias a negative value the values of 
a and ^ cannot, in general, be determined. This is the so-called 
irreducible case of the cubic, which can, however, be solved by using a 
trigonometric method. This method will be 
described later in the section, but first it is im- 
I portant to find a criterion that -will determine 

/ in advance which method should be used. 

/ In order to determine the character of the 

/ roots of (26-2), whose coefficients are assumed 

O ~ ^ consider the function 

/ ikii) = 2 /' -Yvv^Q. 

Fig. 17. and its maximum and minimum values. Since 


i\y) = + V. 

it appears that, if p > 0, then fiy) is always positive and /(yy) is an 
increasing function. In this case the graph of /(//) has the form shown 
in Fig. 17, and there is evidently only one real value for w hich / (?/) = 0. 

If p<0, however, j\y) is zero when ?/ = ± \/-p/3. Since 
f\y) = 6?/, it follows that y/ = + ?>/3 gives a minimum value to 

/( 2 /), whereas y - — furnishes a maximum value. The cor- 
responding values of /(2/) are * 


.2 . 
3 + 3P 

'i-l 

2 A 

J-f. 


Fig. 18. 


The graph of ’/(y) will have the /h'\ 
appearance of one of the curves in /; 

Fig. 18. 

It is evident that f{y) = 0 will 
have only one real root if the graph 

off(y) has the appearance shown by (1) or (5), that is, if the maxiiniiru 
and minimum values of f{y) are of the same sign. Hence, 

(«+ipVl)G-iW-i)>o, 


> 0 , 
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is the condition that (26-2) have only one real root. It may be observed 
that this condition is automatically satisfied if 2? ^ 0. It should be 
noted that, if p = 0, Eq. (26-2) reduces to + O' = 0, which obviously 
1ms only one real root. 

If (26-2) has three real and distinct roots, then the graph of f{y) must 
have the appearance shown in (3), and it follows that the maximum 
and minimum values must be of opposite sign. Hence, 

<1^ + Hi P® < 0 

is the condition for three real and unequal roots. 

If = 0, either the maximum or the minimum value of 

J{y) must be zero [see (2) and (4)], and (26-2) will have three real roots, 
of which two wiU be equal (a so-caUed double root). 

The expression 

(26-8) A = -21 

is called the discriminant of the cubic equation (26-2), for its value 
determines the character of the roots of the equation. The discriminant 
for (26-1), obtained by replacing p and q in (26-8) by their values in 
terms of 6, c, and d, is 

(26-9) A s IShcd - AbH + - 27d\ 

It may be worth noting that the discriminant of any algebraic equa- 
tion, with leading coefficient unity, is the product of the squares of 
the differences of the roots taken two at a time. Inasmuch as 

(a^i - - a;3)‘-^(a;s - XiY = (?/i - ?/2)‘‘^(2/2 - 2/3)Hy3 ~ ^/l)^ 

the discriminant has the same value for (26-1) and (26-2). 

In view of the definition of A, it follows that 

if A < 0, one root is real and two are complex; 
if A = 0, all the roots are real and two are equal; 
if A > 0, the three roots are real and unequal. 

Example. Consider the cubic equation 

-j- 9a; - 1 = 0. 

From (26-9), it follows that A = —2592, and hence there will be one real 
root and two complex roots. Setting a; = ?/ — 1 yields the reduced cubic 

2/3 -j- 62/ - 8 = 0, 

and substituting p = 6 and q - —8 in (26-6) gives A® = 4 4-2 \/6 and 
4 _ 2 v^. Therefore, the solutions for y are 

■^4: + 2 + -^4 -2 Ve, u -^4 +2 V6 + 0.2 •'^^4 - 2 V6, 

and 0)2 ■^4 + 2 \/6 + « ^4-2 V 6 . 
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The solutions of the original equation can now be obtained by recalling that 
X = y - 1, 


The discussion of the solution of the cubic equation will be con- 
cluded by giving the derivation of the expressions for the roots in the 
ease where the roots are real and unequal (that is, when A = —27q- 
- 4p3 > 0). 

Let 


5 = r cos 0 


and 


Then** 


and 


( d d\ 

COS ~ sin I j 


jS = (r cos 0 — ir sin OyA = rA ^ 
If it is noted that 


cos ~ ^ 


. . d\ 

ism 5 ). 


and 


27r I . . 2 t 

03 = cos -q" + ^ sin — 

O fj 


2 27r . . 2w 

03^ = COS t Sin 

o O 


it is easily checked that the expressions for 

2/1 S a + jS, 'i /2 = OJQJ + 03'^P, 2/3 = 03 ‘^<X + COjS 

become 

(26-10) yi = 2 r^ cos ^2 = cos > 

o O 

2/3 “ 2 r^ cos ♦ 

Since 

r = 

^ 27 

and 

cos5=-§V— 

the values of 2 / 1 , 2/3 can be obtained directly from the coeffi- 

cients of (26-2) or (26-1), 

* By De Moivre's theorem (cos 0 -f i sin d)*^ == cos nS + i sin n0. 
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Example, Determine the real roots of 

+ 3 = 0. 

Here 

A = -4(-27)(3) - 27(9) > 0, 

and the roots are all real and unequal. Since p = — 3 and q = 1, it follows 
that r — 1 and cos ^ Hence, 



and 

2-7r Stt ^ Stt 

2 / 1=2 cos -Q-j 2/2 = 2 cos 2 / 8=2 cos -y 

The solutions of the general quartic equation 

A' hx^ + cx^ A- dx + ^ ^ 

can be found, but the methods of obtaining the expressions for the 
roots depend upon the solution of an auxiliary cubic equation. More- 
over, these expressions are, in general, so involved that they are prac- 
tically useless for computation.* It has been shown that the ordinary 
operations of algebra are, in general, insufficient for the purpose of 
obtaining exact solutions of algebraic equations of degree higher than 4. 
However, it is possible to obtain the expressions for the solutions of the 
general equation of the fifth degree with the aid of elliptic integrals. 

The reader should not confuse the problem of obtaining expressions 
for the exact solutions of the general algebraic equation with that of 
calculating numerical approximations to the roots of specific equations 
which have numerical coefficients. The latter problem will be dis- 
cussed in Secs. 28 and 29, and it will be shown that the real ropts of 
such equations can be computed to any desired degree of accuracy. 
Moreover, if the roots are rational they can always be determined 
exactly. 

PROBLEMS 

Determine the roots of the following equations: 

(а) 2/® - 22/ - 1 = 0 ; 

(б) - 146.252/ - 682.5 = 0; 

(c) a;® — — 5a; — 3 = 0; 

{d) a;® — 2a;2 — a; + 2 = 0; 

(e) a?® — 6a;2 + 6a; — 2 = 0; 

CO a;® + 6a;2 -t- 3a; + 18 = 0; 

{g) 2a;® + Sa;^ + 3a; -f- 1 = 0. 

* See Dickson, L. E., First Course in Theory of Equations, pp. 50-54; 
Burnside, W. S., and A. W. Panton, Theory of Equations, vol. 1, pp. 121-142. 
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27, Some Algebraic Theorems. The student of any applied 
science is usually interested in obtaining numerical values, 
correct to a certain number of decimal places, for the roots of 
equations. Unless the roots are rational, the expressions for the 
exact roots, provided that they can be found at all, are usually 
complicated and the process of determining numerical values 
from them is tedious. Accordingly, it is distinctly useful to 
consider other methods of finding these numerical values. 
Horner's method, Newton'vS method, and the method of inter- 
polation are the ones most frequently used; they will b(‘ dis- 
cussed in Secs. 28 and 29. However, all these methods are 
based on the assumption that a root has first been isolated, that 
is, that there have been determined two values of the variable 
such that between them lies one and only one root. In many 
practical problems the physical setup is a guide in this isolation 
process. This section contains a review of some theorems* from 
the theory of equations that provide preliminary information as 
to the character and location of the roots. 

Theorem 1. (Fundamental Theorem of Algebra.) Every 
algebraic equation 

f{x) s aox'*' + Un^ix -f = 0 

has a root. 

It should be noted that this theorem docs not hold for non- 
algebraic equations. For example, the equation = 0 has 
no root. 

Theorem 2. (Remainder Theorem.) If the polynomial 

f(x) ^ + * ’ ’ + an-ix -f- 

is divided hy x — b until the remainder is independent of x, then 
this remainder has the value fifoi). 

Theorem 3. (Factor Theorem.) If f{b) — 0, then x — b is 
a factor of the polynomial f{x) and b is a root of f{x) = 0. 

This theorem follows directly from Theorem 2. In many 
cases the easiest way to compute the value of f{b) is to perform 
the division of f(x) by x — b. This is a particularly useful 

* Those students who are not already familiar with these theorems and 
their proofs will benefit by referring to H. B. Fine, College Algebra, pp. 
425-463, and L. E. Dickson, First Course in the Theory of Equations, Chap. 
II. 
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method when the factor theorem is being used for the purpose of 
determining the roots of f{x) = 0. For ii x — h is sl factor of 
f(x)j it follows that f{x) = (x — b) g(x), where g(x) is a poly- 
nomial of degree one less than that of f{x). Obviously the roots 
of g{x) = 0 will be the remaining roots of f(x) = 0, so that only 
g(x) = 0 need be considered in attempting to find these roots. 
Moreover, when f{x) is divided by a: — 6 the quotient is g{x). 
If synthetic division is used, the computation is usually quite 
simple. 

Example. If fix) = x^ 2x^ + 2x + I is divided by a; + 1, the 
quotient is + a? + 1 and the remainder is zero. Hence, x — — 1 is 
a root of fix) = 0 and the remaining roots are determined by solving 

+ a: + 1 = 0. 

Theorem 4. Every algebraic equation of degree n has exactly 
n roots if a root of multiplicity m is counted as m roots. 

A root b of fix) = 0 is said to be a root of multiplicity m if 
ix — is a factor of fix) but ix — b)^"^^ is not a factor of fix). 

It follows from Theorems 2 and 4 that the polynomial of 
degree n can be factored into n linear factors, so that 

fix) ^ aox^'’ + aix^^^ + * * * + an-^ix + an 
= aoix — xf)ix — a;2) • * * (a; — x^. 

Theorem 5. If 

fix) = aox^ 4 - aix'^-^ + * * * + (Xn^iX + a^ 

has integral coefficients and if fix) == 0 has the rational root b/c^ 
where b and c are integers without a common divisor, then b is an 
exact divisor of an and c is an exact divisor of ao. 

Example. Consider the equation 

fix) = + a; - 1 = 0. 

The only possible rational roots are ±1 and ±H. Since /(I) = 3, 
jf( — 1 ) = —3^ fi — H) = — M; and/(3^) = 0, it foUows that H is the 
only rational root. As a matter of /fact, if fix) is divided by a; — H the 
quotient is 2x^ -h 2a; + 2 whose factors are 2, a; — co, and x — 
where co and are the complex roots of unity.* 

Theorem 6. Given fix) ^x^ + aix^~~^+ • • * -\-an^ix + an 
== 0. If f (a) and fib) are of opposite sign, then there exists at least 

* See Sec. 26 and the example following Theorem 9 of this section. 
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one root off{x) = 0 between a and b. Moreover, the number of such 
roots is odd. 

Graphically this means that y = f{x) must cross the rc-axis 
an odd number of times between a and b. 

Example, li f{x) = 8a:« - 12a:2 - 2a: + 3 = 0, 

/(-!)= -15, /(O) = 3; /(I) = -3, /(2) = 15. 

Since /( — I) is negative and /(O) is positive, there is at least one root 
between —1 and 0. Similarly, there is a root between 0 and 1, and 
another between 1 and 2. 

V Theorem 7. (Descartes’ Rule of Signs.) The number of 
positive real roots of an algebraic equation f(x) =0 wUh real coeffi- 
cients is either equal to the number of variations in sign of f{x) or less 
than that number by a positive even integer. The number of negative 
real roots of f{x) = 0 is either equal to the number of variations in 
sign of f{—x) or less than that number by a positive even integer. 

Example. f{x) = 8a:’ - 12a:* - 2a: + 3 has two changes in sign, and 
therefore there are either two or no positive roots of fix) = 0. Also, 
/(-*)= -8a:’ — 12a:* + 2a: + 3 has only one change in sign, and/(ar) 
must have one negative root. 

Theorem 8. Every algebraic equation of odd degree, with real 
coefficients, and leading coefficient 'positive has at least one real root 
whose sign is opposite to that of the constant term. 

Example. Since fix) = Sx^ - 12x^ - 2a; + 3 = 0 is of odd degree 
and the constant term is positive, it follows that there must be at least 
one negative root. 

/Theorem 9. If an algebraic equation fix) = 0 with real coeffi- 
cients has a root q + hi, where b 9 ^ 0 , and a and b are real, it also has 
the root a — bi. 

Example. Thus, - 1 = 0 has the root - M + M V3 i, and there- 
fore it has the root — M — M VB i- This theorem states that imaginary 
roots always occur in pairs. 

PROBLEMS 

1. Find all the roots of the following equations: 

(a) x^ + 2x^ — 8 — 0; 

(b) 2x^ - - 5a;'- 2 = 0; 

(c) ix^ + 4x^ + - a; - 1 = 0; 

id) 2x^ - 3x3 - 3a; - 2 = 0. 
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2. Isolate the roots of the following equations between consecutive 
integers : 

(а) — 2x^ — X + 1 = 0; 

(б) 2x^ + 4a;2 — 2a; — 3 = 0; 

(c) a;3 -j- 5a;2 -f 6a; + 1 = 0; 
id) a;4 - 5a;2 + 3 = 0. 


28. Homer’s Method. Many readers are already familiar with 
Horner’s method of determining the value, to any desired number of 
decimal places, of the real roots of algebraic equations. However, the 
development given here is somewhat different from that used in the 
texts on algebra, in that it depends on Taylor’s series expansion. 
Suppose that the equation is 

(28-1) fix) = aox^ + aia;^-^ + ‘ ‘ * + a^^ix -f = 0 


and that it is known that the equation has a root between c and c + 1 , 
where c is an integer. If fix) is expanded in Taylor’s series in powers of 
X — Cj there will result* a polynomial in a; — c, namely, 


fix) -/(c)+/’(c)(a;-c) + 


f'ic) 

21 


ix - c)2 + 




Now, let a; — c = a;i and 


f^^Kc) 

rl 


^ An 


Then (28-1) is replaced by 


(28-2) fiixi) = + An-iXi -!-•••+ AiXi^''^ + AoXi^ = 0. 

Since (28-1) had a root between c and c + 1 and since Xi — x — 
it is evident that (28-2) has a root between 0 and 1. By the use of 
Theorem 6, Sec. 27, this root can be isolated between d and d + 0.1, 
where d has the form a/10 and 0 ^ a < 9. Moreover, fiixf) = fixi -f- c ) ; 
and it follows that, if /i has a root between d and d -1-. 0.1, then / has a 
root between c -h d and c + d + 0.1. It should be noted that c may 
be negative but that d will always be positive or zero. 

The function fiixi) can be expanded in Taylor’s series in powers of 
Xi — d] and, if x^ — Xi d, there will be obtained an equation 

f^ixf) == + Bn-.\X^ + * * * + + B^xf' = 0 . 


But /i(a;i) = 0 had a root between d and d + 0.1; and since xi — Xi — d, 
it follows that/ 2 (a; 2 ) = 0 will have a root between 0 and 0.1. 

This process can be continued as long as desired, each step deter- 
mining another decimal place of the root of the original equation (28-1). 

* Since fix) is a polynomial of the nth degree, the derivatives of order 
higher than n are all zero. 
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The solution of a specific equation may help to clarify the procedure. 
Let it be required to find the values of the real roots of the equation 

Fix) ^ ^ 6a; - 3 = 0. 

Since there is only one variation in sign, F(x) has at most one positive 
root. F{—x) has three variations, and so there will be at most three 
negative roots. The only possibilities for rational roots are ±1 and 
±3. Since J^( — 1) = 0, it follows that x - —1 is a root. Moreover, 
if F(x) is divided hyx+ly the quotient is /(a;) = a;^ — 3a; — 3. ‘Hence, 
the remaining roots of F{x) =0 are the three roots of 

f(x) = a;^ — 3a; — 3 = 0. 

It is easily checked that f(x) = 0 has no rational roots. Also, 
A = 108 -- 243, so that'there is only one real root which, since /(2) = — 1 
and /(3) = 15, must lie between 2 and 3. Therefore, f{x) will ]>e 
expanded in powers of x — 2. Since 

f(x) = — 3a; — 3, 

fix) ^ ~ 3, 

f'(x) = 6i, 

/"'W = 6, 

the expansion becomes 

12 6 

fix) = --1 + 9(a; - 2) + (a; - 2)2 + ^ (X ~ 2)^. 

Replacing a; — 2 by a;i gives 

fiixi) = — 1 + 9a;i d- 6a;i2 + xp ~ 0. 

Since the real root of this equation lies between 0 and 1, the Xi^ and Xi^ 
terms do not contribute very much to the value of fi{xi). Hence, a 
first approximation to the root can be obtained by setting 9a;i — 1 = 0. 
This gives a;i = = 0.111 * • • , and suggests that the root probably 

lies between 0.1 and 0.2. It is easy to show that/i(0.1) = —0.039 and 
/i(0.2) = 1.048; there is thus a root between 0.1 and 0.2, and it is 
evidently closer to 0.1. Therefore, f(x) = 0 has a root between 2.1 
and 2.2. 

Expanding /ifa;i) in powers of a;i — 0.1 gives 

/,(*,) = -0.039 + 10.23(a;, - 0.1) + ^ (si - 0.1)^ + | (», - 0.1)», 

and replacing x\ — 0.1 by x^z yields ‘ 

/2(x 2) = -0,039 + 10.23a;2 + (ISx^P + == 0. 

Now 10.23a;<> — 0.039 = 0 gives the approximation — 0.0038, and 
testing 0.003 and 0.004 reveals that /2(0.003) == —0.008253273 and 


/(2) = -1, 
/'(2) = 9, 
/”(2) = 12. 
/' "( 2 ) = 6 , 
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/2(0.004) = +0.002020864. Thus, the root lies between 0.003 and 0.004 
and is closer to 0.004. If it is desired to determine the root of J{x) = 0 
to three decimal places only, this value will be 2.104. If more decimal 
places are desired, the process can be continued. It should be noted 
that in each succeeding step the terms of the second and third degree 
contribute less, so that the linear approximation becomes better. 


PROBLEMS 


1. Apply Horner's method to find the cube root of 25, correct to three 
decimal places. 

2. Determine the real roots of — 2a; — 1 = 0 by Horner's method. 

3. Determine the root of a;'^ + a;^ — 7x^ — a; + 5 = 0, which lies 
between 2 and 3. 

4. Determine the real root of 2a;® — 3a;‘^ + a; — 1 = 0. 

6. Determine the roots of a;® — Sa;® + 3 = 0. 

6. Find, correct to three decimal places, the value of the root of 
x^ + 3a;® — 2x^ + a; + 1 =0, which lies between — 1 and 0. 

7. A sphere 2 ft. in diameter is formed of wood whose specific gravity 
is J3. Find to three significant figures the depth h to which the sphere 

' - 5)] 

The volume of the submerged segment is equal to the volume of the 
displaced water, which must weigh as much as the sphere. Since water 
weighs 62.5 lb. per cubic foot. 


win sink in water, The volume of a spherical segment is ^ 


and, since r = 1, 


(r - g) 62.5 = I TIT’ I 62.5 
- 3A=“ + % = 0. 


29. Newton’s Method. Horner’s method of obtaining a 
numerical solution of an equation is probably the most useful 
scheme for solving algebraic equations, but 
it is not applicable to trigonometric, ex- 
ponential, or logarithmic equations. A 
method applicable to these types as well as 
to algebraic equations was developed by Sir 
Isaac Newton sometime before 1676. 

Newton applied his method to an alge- 
braic equation, but it will be introduced 
here in the solution of a problem involving 
a trigonometric function. 

Ijct it be required to find the angle subtended at the (tenter of 
a (drele by an arc; whose length is double the length of its chord 



Fui. 19. 
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(Fig. 19). Let the arc BCA be an arc of length 2BA. Let 2x 
be the angle (measured in radians) subtended at the center of the 
circle. Then, arc BCA = 2a:r and BA = 2 DA = 2r sin x. If 
arc BCA = 2BA , then 2xr = 4r sin Xj or x — 2 sin a; = 0. 



Fig. 20. 


The graphical solution of equations 
of this type was discussed in Sec. 25. 
A first approximation can be obtained 
by graphical means. If y — x and 
2 / = 2 sin a: are plotted, it appears 
from the graph (Fig. 20) that they 
intersect for a; lying between 108° and 
109°, or, expressing this in radians, 

1.8850 < a: < 1.9024. 


If xi = 1.8850 be chosen as the first approximation, the question 
of improving this value ^ill be discussed first from the following 
graphical considerations. 

If the part of the curve 2 / = — 2 sin in the vicinity of the 

root be drawn on a large scale, it will have the appearance' shown 
in Fig. 21. It is clear from the graph that adding to x\ the 



Pig. 21. 


distance AEj cut off by the tangent line to the curves at xi = 
1.8850, will give a value X 2 which is a better approximation to the^ 
actual root xo. But AE is the subtangent at Xi and is equal to 

where /(a;) = a; — 2 sin x. Thus,* 


X2 = a:i 


/(^i) 

fixi) 


See, in this connection, Prob. 8, at the end of this section. 
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Similarly, upon using X 2 as the second approximation and 
observing that - is the subtangent EF, the third approxi- 
mation is found to be 


777 — 

/ (^ 2 ) 

and ill general the nth approximation Xn ts given by 
(29-1) (n = 2, 

Jf yXn—l) 

Since Xi = 1.885, the formula gives 


Xn Xn—l 


(n = 2, 3, 


= 1.8850 - 


Xi — 2 sin Xi 
1—2 cos xi 

1.8850 - 1.9022 
1 -f 0.6180 


= 1.8956. 


In a similar way, 

» - r 

^3 — X2 M/ \ 


1.8956 - 


1.8956 ~ 2 sin 1.8950 
1 - 2 cos 1.8956 


= 1.8955. 


It follows that the angle subtended by the arc is 3.7910 radians. 

The use of Ne\\d;on^s method requires some preliminary 
examination of the equation. It may happen that the equation 
is of such a character that the second approximation to ajo will be 
worse than the first. A careful examination of the following 
sketches of four types of functions, 
sketched in the vicinity of their 

roots, reveals the fact that some b 

care must be exercised in applying /\ 

Newton’s method. For all four ^ 1 

figures, it is assumed that x^ has j 

been isolated between Xi and x[. ^ 

The graphical interpretatton of the 

correction — subtan- ^ yiq. 22 . 

gent must be kept in mind throughout this discussion. / If Xi is 
used as the first approximation, then X 2 will be obtaiplfed as the 
second approximation by using Newton’s method is used, 
then X 2 will be obtained. / 

In Fig. 22, both X 2 and x^ are closer to xq than Xi or x[. In this 
case the method would work regardless of which value is chosen 
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as the first approximation. In Fig. 23, X 2 is better than the 
first approximation xi, but X 2 is worse than x[. It appears from 



the figure that this occurs because the curve is concave down 


between xi and x[, and hence f 


fCx)t 




\A 


/ 

jV 

/ 

X2 

j \ 

^ : 



1 


B 

Fig. 24. 


(x) < 0, whereas f(xi) < 0 and 
f(x[) >0. A similar situa- 
tion would obtain if the curves 
is concave up, so that/"(r) 
> 0 (Fig. 24). The reader 
will readily convince himself 
from an inspection of Fig. 23 
that caution must be ex- 
ercised in the choice of the 
first approximation if the 
curve has a maximum (or a 


minimum) in the vicinity of xq. 

If the curve has the appearance indicated in Fig. 25, then it is 
evident that the choice of either Xi or x'l as the first approximation 
will yield a second approxima- 
tion which is worse than the 
first one. This is due to the 
fact that the curve has a point 
of inflection between xi and 

From the foregoing discus- 
sion, it is apparent that New- 
ton’s method should not be 
applied before making an investigation of the behavior of the first 
and second derivatives of f(x) in the vicinity of the root. The 
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conclusions drawn from this discussion can be summarized in the 
following practical rule for determining the choice of the first 
approximation; If f(x) andf"{x) do not vanish in the given interval 
(xij x'l) and if the signs of f{xi) and f{x[) are opposite, then the first 
approximation should he chosen as that one of the two end points for 
which f(x) andf'(x) have the same sign. 

It can be proved* that if the single- valued continuous function 
f(x) is of such a nature that /(a;) 

= 0 has only one real root in foc)| 

{xi,x'^ and both /'(a;) and /"(a;) 
are continuous and do not 
vanish in (a:i, rr'i), then repeated 
applications of Newton's 
method will determine the value 
of the root of f(x) = 0 to any 
desired number of decimal 
places. 

The cases to which Newton's 
method does not apply can be 
treated by a method of interpolation {regula falsi) that is appli- 
cable to any equation. 

Let X be the value of x for which the chord AB intersects the 
x-axis. From similar triangles (Fig. 26), 

^ — Xi _ x[ — X 
-fix!) Kx[) ' 

Solving for x gives 

_ xjfixQ - x'Jjxi) 

The value x is clearly a better approximation than either xi 
or x[, 

PROBLEMS 

1. Solve Prob. 7, Sec. 28, by Newton's method. Also, apply the 
method of interpolation. 

2. Determine the angle subtended at the center of a circle by a chord 
which cuts off a segment v/hose area is one-quarter of that of the circle. 

3. Find the roots of e® — 4.r = 0, correct to four decimal places. 

4. Solve ic — cos a; = 0. 

* See Webeb, H., Algebra, 2d ed. v’ol. 1, pp. 380-382; Coate, G. T., On the 
Convergence of Newton's Method of Approximation, Amer. Math. Monthly, 
vol. 44, pp. 464^66, 1937. 
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5. Solve X = tan x in the vicinity of a; = Htt, 

6 . Solve a; -f e® = 0. 

7. Solve — oj — 1 = 0. 

8. Show with the aid of Taylor's series that, if a; = a; i is an approxi- 
mate root of f{x) = 0, then the nth approximation is, in general, 
determined from the formula (29-1). 

^(n) i) 

Hint:f(x) = f{xi) -\-fixi)(x - a;i) + • • • d {x - Xi^ + * * ,* 

and if f(x 2 ) = 0, then 


0 = f(xi) +f(xi)(x 2 - xi). 

30. Determinants of the Second and Third Order. The solu- 
tion of systems of linear equations involves the determination of 
the particular values of two or more variables that will satisfy 
simultaneously a set of equations in those variables. Since the 
discussion is simplified by using certain properties of deter- 
minants and matrices, the remainder of this chapter is devoted 
to some elementary theory of determinants and matrices and its 
application to the solution of systems of linear equations. 

Consider first a system composed of two linear equations in 
two unknowns, namely, 


(30-1) 


j aix + hi!/ = 

I a^x + b2y = /C2. 


If y is eliminated between these two equations, there is obtained 
the equation 

(30-2) (ai62 — ci2h^x = ^162 — 

and if a; is eliminated, there results 


(30-3) (<2162 — = aih^ — ajci. 

If the expression — ajji is not zero, the two equations 
(30-2) and (30-3) can be solved to give values for x and y. That 
the values so obtained are actually the solutions of the system 
(30-1) can be verified by substitution in Eqs. (30-1). 

The expression — ajbi occurs as the coefficient for both 
X and y. Denote it by the symbol 


(30-4) 


ai&2 — ct2&i = 


ai hi 
0/2 &2 


This symbol is called a determinant of the second order. It is 
also called the determinant of the coeflScients of the system 
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(30-1), for the elements of its first column are the coefficients of 
X and the elements of its second, column are the coefficients of y. 
Using this notation, (30-2) and (30-3) become 


(30-5) 


Ui 61 
^2 62 

X = 

. i 

ki bi 
hi bi 

) 

ai bi 
di bi\ 

y = 

di ki 
a2 ^2 


The definition (30-4) provides the method of evaluating the 
symbol. If 


D = 


ai hi 
\Cl2 2>2 


5*^ 0, 


the unique solution of (30-1) can be written as 



ki 61 


ai ki 

X = 

^2 62 

y = ■ 

CS2 ^2 

D 

D 


If D = 0, aibi = <2261 or ai/a2 = 61/62. But if the correspond- 
ing coefficients of the two equations are proportional, the two lines, 
whose equations are given by (30-1), are parallel (if ai/a^ 9 ^ 
ki/ka) or coincident (if ai/a^ = 61/62 = ki/k^. In the first 
case, the determinants appearing as the right-hand members of 
the equations in (30-5) will be different from zero and there will 
be no solution for* a: and y. In the second case, these deter- 
minants, as weil as D, are zero and any pair of values x, y that 
satisfies one equation of the system will satisfy the other equa- 
tion, also. 

Example L For the system 


2a; — Zy 
Zx - y 


X == 



-2 + 9 = 



7, 


Example 2. 


but 


For the system 

2a; - = 4 ^ ^ 2 

6a; - 92/ == 5, ^ 6 

2 -3^4 

6 “ ^ 5' 


-3 

-9 


0, 


The two lines whose equations are given are parallel. 
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Example 3. Por the system 

2x - 32/ = 4 n _ ^ ^ 0 

iSx - 92 / = 12 , ^ 6 -9 

? _ - A 

6 -9 12 ' 

The two lines are coincident. 

Consider next the system of three linear equations in three 
unknowns, 

( aix + biy + ciz = h, 

( 30 - 6 ) } a^x -f h^y + = ^2, 

azx + hzy + = hz ^ 

If these equations are multiplied, respectively, by 

b^Cz — bzc^ij bzCi — biCz, biCz ^> 2 ^ 1 , 

and the resulting equations are added, the sum is 

( 30 - 7 ) (ai&2C3 — o,ibzC 2 H" ct^bzCi — ci^bicz + <236102 a 362 <^i) 3 ; 

= kibzCz — kibzC2 k^zOi — kJ)iCz “h kzbiC2 kzb2C^. 

The coefficient of x in ( 30 - 7 ) can be denoted by the symbol 

<2l bi Cl 

( 30 - 8 ) 2) = a2 62 <^2 = ^16203 ciibzC 2 + ^26301 — <226103 

az 63 C3 + <236102 — <236201. 

This symbol is called a determinant of the third order. It is 
also the determinant of the coefficients of the system ( 30 - 6 ), 
Using the notation of ( 30 - 8 ), Eq. ( 30 - 7 ) can be written as 

<2i 61 Cl ki 61 0i 

Dx ^ a2 62 C2 ir = ^2 62 02 
^3 63 Os kz bz 03 

Similarly it can be shown that 

<2i 61 Oj Cti ki Cl 

0/2 62 <^2 y 0/2 ^2 O2 y 
Oz bz Cz Oz kz Cz 

and' 

<2i 61 0i ai 6i ki 

0/2 62 O2 = 0/2 62 ^2 
^3 63 O3 <23 63 kz 
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If D 0, the unique solutions for x, y, and z can be obtained as 


(30-9) 


fci bi Cl 
A /2 ^2 C2 
kz bz Cz 

D ' 


di ki Cl 
0/2 ^2 C2 
Oz kz Cz 

D ' 


Oi bi ki 

0,2 ^2 ^2 
Q/z bz kz 

D 


In order to show that the values of rr, and given in (30-9), 
actually satisfy Eqs. (30-6), these values can be substituted in 
the given equations. 

If D = 0, the three equations (30-6) are either inconsistent or 
dependent. A detailed analytic discussion of these cases will be 
given in Sec. 35. Since the three equations of (30-6) are the 
equations of three planes, a geometrical interpretation will now 
be given. 

If the three equations are inconsistent, the three planes are 
all parallel, or two are parallel and are cut by the third plane in 
two parallel lines. In either case, there is obviously no solution 
for X, y, and z. If the equations are dependent, all three planes 
intersect in the same line or all three planes coincide. In either 
case there will be an infinite number of solutions for x, y, and z. 

Example. For the system 

Zx — y — z - 2, 3—1—1 

x - 2?/ - 32 ; = 0, D = 1 -2 -3 = 2. 

4a; 4- 2 / + 22 = 4. 4 1 2 

Therefore, 



PROBLEMS 

1. Evaluate 


1 

2 

3 

2 

0 

-3 

4 

-2 1 

2 

-1 

4, 

1 

4 

2 , and 

5 

0 -1 , 

3 

-1 

-2 

-1 

1 

-2 

2 

3 -3 


2. Find the solutions of the following systems of equations by using 
determinants: 
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(а) 5a; — 47/ = 3, 

2x + Sy = 7; 

(б) 2x + By -2z=^ 4, 

X + y - z == 2, 

3a; ~ 57/ + 325 = 0; 

(c) 3a; - 27/ = 7, 

32 / + = 6 , 

2a; + 325 = 1; 

(d) Sx + 2y + 225 = 3, 
a; — 42/ + 225 = 4, 

2a; + 2 / + = 2. 

31. Determinants of the nth Order. Determinants of the 
second and third orders were defined in the preceding section. 
These are merely special cases of the definition of the determinants 
of any order n. Instead of a symbol with 2^ or 3^ elements, the 
determinant of the nth order is defined as the symbol, with n 
rows and n columns, 


(^11 0,12 * 

Oln 

0,21 0,22 * 

* ‘ 02n 



0,nl 0,n2 

0>nn 


which stands for the sum* of then! terms 2 • * * CLkn, 

where ki, k 2 , ' ' • , kn are the numbers 1, 2, • • * , n in some 
order. The integer k is defined as the number of inversions of 
order of the subscripts fci, k 2 , ‘ ‘ , kn from the normal order 

1, 2, • * • , n, where a particular arrangement is said to have k 
inversions of order if it is necessary to make k successive inter- 
changes of adjacent elementsf in order to make the arrangement 
assume the normal order. There are n! terms since there are n! 
permutations of the n first subscripts. Moreover, it is evident 
that each term contains as a factor one and only one element from 
each row and one and only one element from each column. 

* This sum is sometimes called the expansion of the determinant. 

t It should be noted that it is not necessary to specify that the inter- 
changes should be of adjacent elements, for it can be proved that, if any 
particular arrangement can be obtained by k interchanges of adjacent 
elements and also by^fc' interchanges of some other type, then k and ¥ are 
always either both even or both odd. Hence, the sign of the term is inde- 
pendent of the particular succession of interchanges. 
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Example, Consider the third-order determinant 

an ai2 a'ls 

D = azi a^ a^z • 

azi az% azz 

The six terms of the expansion are, apart from sign, 

ana2^azz^ anaz2a2z, a2\.ai2azz, 

tt2ict32<2i3j azia\2a2Zi aziao^a^z- 

The first term, in which the first subscripts have the normal order, is 
called the diagonal term, and its sign is positive. In the second term 
the arrangement 132 requires the interchange of 2 and 3 to make it 
assume the normal order; therefore, A; = 1 , and the term has a negative 
sign. Similarly, the third term has a negative sign. The fourth term 
will have a positive sign, for the arrangement 231 requires the inter- 
change of 3 and 1 followed by the interchange of 2 and 1 in order to 
assume the normal order. Similarly, it appears that the fifth term will 
have a positive sign. In the sixth term, it is necessary to make three 
interchanges (3 and 2, 3 and 1, and 2 and 1) in order to arrive at the 
normal order; hence, this term will have a negative sign. As a result of 
this investigation, it follows that 

T) = anaz^Cizz an'^zzO/zz a2xa\2azz "b aziazzaxz "b aziax20'2z ■“ ^ 31 ^^ 22^13 

It is evident that if k is equal to zero or an even number the 
term will have a positive sign, whereas if A; is odd the term will 
be negative. 

PROBLEM 

Find the signs of the six terms involving an in the expansion of the 
determinant 

an ai2 aiz au 
(^22 0>2Z 0)2A 

azi az2 azz clza 
a^i a 12 0^43 0^44 

32. Properties of Determinants. 1. The value of a determi- 
nant is not changed if in the symbol the elements of corresponding 
rows and columns are interchanged. 


If 


0,11 0,12 * ' 

’ • 0,in 


D s 

<^21 0^22 ’ ' 

' ■ 0,2n 



\0,nl Ofn2 

Onn 
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then the determinant formed by interchanging the corresponding 
rows and columns is 



an a2i * 

a^i 

D' = 

an ®22 ‘ 

an2 


axn a2n 

Onn 


Any term ( — * * ‘ ak^n oi D, where ki^ k 2 j • * * , fcn are 

the numbers 1, 2, • * • , in some order, will correspond to a 
term of for each determinant must 

contain every possible term that is a product of one and only 
one element from each row and each column. But the number 
of inversions is the same for the term of D as it is for the term of 
D', owing to the fact that the corresponding first subscripts are 
the same. It follows that each term of D occurs also in D', and 
conversely each term of Z)' occurs also in D. 

Example. If 

2 5 3 

£>= 1 4 = - 66 , 

-3 -2 1 

then 

2 1 -3 

D' = 5 -1 -2 = -66. 

3 4 1 

2. An interchange of any two rows or of any two columns of a 
determinant will merely change the sign of the determinant. 

If D is the original determinant and D" is the determinant 
having the ith andjth rows of D interchanged, then the expansion 
of D" will have the first subscripts of each term the same as those 
of the corresponding term of D, except that i and j will be inter- 
changed. Since it requires one interchange to restore i and j to 
their original order in each term, the sign of every term will be 
changed. Thus, D" = — D. 

Example. If 

2 5 3 

D- 1-1 4 = -66, 

-3 -2 1 

then 

2 5 3 

D" = -3 -2 1 - 66. 

1 -1 4 
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3. If any two rows or any two columns of a determinant are 
identical, the value of the determinant is zero. 

For, by property 2, if these two rows (or columns) were inter- 
changed, the sign of D should be changed. But since these two 
rows (or columns) are identical, D remains unchanged. There- 
fore, D = — D, and hence D = 0. 

Example. If 


then 


D = 


2 -1 2 
3 4 3 

~2 5 -2 


Z) = 0. 


4. If each element of any row or any column he multiplied by 
ni, the value of the determinant is multiplied by m. 

This follows from the definition of the determinant. Since one 
and only one element of any row or column occurs in each term', 
each term will be multiplied by m and therefore the value of the 
determinant is multiplied by m. 


Example 1. If 


and 



which has each element of the last row twice the corresponding element 
of the last row of D, then 


D = —132 and 5 = 2D. 


Example 2. If 


D = 


6 

9 

-6 


4 8 
2 1 
3 -1 


then 



3 

2 

4 


1 

2 

4 

III 

C; 

9 

2 

1 

- 2-3 

3 

2 

1 


-6 

3 

-1 


-2 

3 

-1 


5. From properties 3 and 4, it follows that the value of a deter- 
7 ninant is zero if any two rows or any two columns have corre- 
sponding elements proportional. 
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6. The product of two determinants D and D', both of order n, 
is the nth'-order determinant D" which has as the element in its 
ith row and jth column the sum 


a 

7, CLikbkj ^ anhij + aiJo^i + * * * + ainhnj, 


which is formed by multiplying each element ark of the ith row of D 
by the corresponding element of the jth column of D' . 

Thus, if 


D = 


ail ai2 

a2i a22 


and 



11 

012 

'21 

622 


then 


D-D' ^ D" = 


\aiibii + ^ 1^12621 
\a21b11 + <222621 


<211612 + ^12622 
a2ibi2 + 0^22622 


Example. The product of the following determinants is easily found 
by expanding the product determinant: 


sin X cos X 1 


sin X 

sec X CSC X 


sec X tan x 1 


cos X 

— tan X — cot X 


CSC a; cot a; 1 


- 1 

- 1 - 1 


0 


tan a; — sin a; — 1 

— cos X cot X 

tan X + sin x 

- 

1 

0 

sec a? CSC a; — 2 

cos X cot X 


sec a; esc a; — 2 

0 


- 2 cos^ x{2 — sec x esc a;). 

33. Minors. The method of evaluating a determinant by the 
use of the definition of Sec. 31 is exceedingly tedious, especially 
if n ^ 4. There are other schemes for this evaluation, and these 
require the definition of the minors of a determinant. The 
simplest of these schemes will be described and used here. 

If, in the determinant D, the zth row and the jih column be 
suppressed, the resulting determinant Ai^, (which is of order one 
less than the order of D) is called the minor of the element aj,-, 
which is in the ^'th row and jth column. 

Example. If 

<2ii a\2 <2i 3 ai4 

a2\ a2% a2z a^A 

> 

azi az 2 <233 au 
<X4l ^42 CI 43 aAA 


D s 
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then 


A 23 


an ai2 au 

«3l ^32 ^34 
(l4i 0,42 a44 


From the definition of a determinant, it is evident that aijAa is 
composed of all the terms of D which contain the element a^i as a 
factor, except for the possibility that all the signs may be reversed. 
Then the expression ( — is composed of all the terms of 
D containing an as a factor; { — is composed of all the 

terms containing a 2 i as a factor; ( — l)*®a3i.43i is composed of all 
the terms containing a^i as a factor; etc. But D is composed of all 
the terms containing an, a 2 i, asi, • • • , ani as a factor, and so 


D = ( — l)^^an.4n + ( — l)*“a2iA2i + • • • + l)^^aniAni^ 


It can be proved* that = 1 -4- 1. ^2 = 2 + 1, ^3 = 3 + 1, 
• • • , fcn = n + 1, so that 


D = aiiAii — anA^i -[-***+ ( — 

In the above development for D the elements an, ^ 21 , * • ' , ani 
are the elements of the first column of D. Similarly, the value 
of D can be formed by taking the elements of any other column 
or of any row. 

Using the ith column gives 

D = ( — l)^^ai^Aii + ( — l)*^a2tA2i -[-**• + ( — l)*"aniAm, 

where i + 1, A 2 = ^ + 2, * • • , hn — i + n. Similarly, 
using the ^th row gives 

D = ( — l)*^aiii4.n + ( — I)**ai24i2 + ’ * * + { — lY^ainAinj 

where &i = i + 1, ^2 = ■^‘ + 2, • • • , fcn = ^ + ^. It may be 
observed that each hr is equal to the sum of the subscripts of its 
aij and is thus equal to the sum of the number of the row and the 
number of the column in which this element occurs. This 
development is known as the expansion hy minors, or the simple 
Laplace development. 

Since the term cofactor is frequently used in applications of 
this type of development, it will be defined here. The cofactor 
Cii of an element aij is defined as the signed minor, that is, 

Cij = (-ly^^Aij. 

* Dickson, L. E., First Course in Theory of Equations, pp. 101-127; 
Fine, H. B., College Algebra, pp. 492-519. 
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Thus, the expression for D can be written as 


or as 


i=l 

D = aifiii = ^ aifiii. 


i=l 


y=i 


Example. 

3 4 0 6| 

0 5 2 1 
0 3 4 0| 
12 7 1 


6 2 1 
!3 4 Oi 
2 7 1 


= 3 

= 3[- 


4 0 6 


4 0 

6 


4 0 6 

3 4 0 

+ 0 

5 2 

1 

1 

5 2 1 

2 7 1 


2 7 

l| 


3 4 0 


2 1 
7 1 


+ 4 


5 1 
2 1 


- 0 


5 2 
2 7 


L^4 01 


- 0 


5 1 
3 0| 


+ 6 


5 2 
3 4- 


= -9(2 - 7) + 12(5 - 2) - 4(0 - 4) - 6(20 - 6) 
= 13. 


Here, the first expansion is made by using the elements of the first 
column, for it contains two zeros (the third row is an equally good 
choice). The expansion of the first third-order determinant is made by 
using the elements of the second row, but the third column could be 
used to equal advantage. In the expansion of the last third-order 
determinant the first row was chosen, but the third row and the second 
and third columns provide equally good choices. 


The following theorem is given here because of its frequent use 
in many fields of pure and applied mathematics: 

n 

Theobem. The sum S aijCki is zero, li k 9 ^ i. 
y-i 

Each term of this sum is formed by taking the product of the 
cofactor of an element of the kth row by the corresponding 
element of the zth row. This is the expansion of a determinant 
whose ^th and kth rows are identical and whose value is accord- 


ingly zero. 
Example. 


n 

Similarly, it follows that S aijCiic 0, U k 9 ^ j. 

i = 1 


Let 



Cii = —7, C 12 = —2, 


Then, 


Cu = “”11 
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and the sum 

^ 3 

2 ) == —28 + 6 + 22 = 0 . 

3 -I 

Similarly, 

3 

5 / = —7 — 4+11 = 0 . 

i = i 

By using the theory of determinants, the solution of a system 
of n non-homogeneous linear equations in n unknowns can be 
obtained. The rule for effecting the solution will be stated but 
not proved.* The proof for the cases when n = 2 and n = 3 has 
already been given in Sec. 30. 

Cramer^ s Rule. Let 

^*■ 11^1 + 0,12X2 + • • • + ainXn — hli 

(33-1) a2\Xi + a22X2 + * * * + a^nXn = k2, 


(^nlXi + CLn2X2 + • * * + (XnnXn — 

be a system of n equations in the unknowns xi, a; 2 , * • * , x^ 
such that the determinant 



ail ai2 * ‘ 

aiti 

D = 

(Z 21 a22 * ‘ 

’ • a2n 


0,nl an2 

CLnn 


of the coefficients is not zero. The system (33-1) has a unique 
solution given by 

Di __ D 2 __ -D» 

Xl jy J X 2 > * * , Xn J 

where Di is the determinant formed by replacing the elements 
ait, a 2 i, ast, •••, a^i of the ith column of D by fci, fc 2 , fcs, • ’ * , 
km respectively. 

Example. Solve, by Cramer's rule, the system 

3a; + y + 2« = 3, 

2a; — 3y — 2 == —3, 
a; + 22/ + - 4. 

* Dickson, L. E., First Course in Theory of Equations, pp. 114-116, 
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Here 

and 

X 



PROBLEMS 

1. Evaluate 



2. Solve, by Cramer^s rule, the systems 


{a) X + 2y + Sz — Sf (b) 2x V + Sz == 2, 

2x - y + 2 = 6, 3a; - 22/ - 22 = 1, 

3a;4-2/ — 2 = 4. a; — ?/4-2=— 1. 

(c) a; + 22/ = 1, {d) 2x + y + + w = -2, 

2a; - 2 / “ 22 = 3, 5a; + Sy - 2! - -ir = 1 , 

— a; + 2 / + 3^2 = 2. a; - 2?/ + 4« + 3w = 4, 

^x — y + z - 2. 

34. Matrices and Linear Dependence. In order to discuss 
the systems arising in the succeeding sections, it is convenient to 
give a short introduction to the theory of matrices.* 

An mX n matrix is defined as a system of mn ciuantitios a,/ 
arranged in a rectangular array of m rows and n columns. If 
m = n, the array is called a square matrix of order n. The; 
qtiantities are called the elements of the matrix. Thus, 


(34-1) 


ikll 

Ctl2 * 

• ain 


fan 

ai2 * 


a2i 

^22 * 

* <X2n 

or 

a2i 

^22 * 

• (i2n 1 






0>m2 * 


1 



(I'fun 1 


* For detailed treatment see M. Bocher, Introduction to Higher Alg(4)ra, 


pp. 20-53; L. E. Dickson,. Modern Algebraic Theories, pp. 39-63. 
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where double bars or parentheses are used to enclose the array of 
elements. If the order of the elements in (34-1) is changed or if 
any element is changed, a different matrix results. Any two 
matrices A and B are said to be equal if and only if every element 
of A is equal to the corresponding element of B, that is, if 
aij = bij for every i and j. 

If the matrix is square, it is possible to form from the elements 
of the matrix a determinant whose elements have the same 
arrangement as those of the matrix. The determinant is called 
the determinant of the matrix. From any matrix, other matrices 
can be obtained b}^ striking out any number of rows and columns. 
Certain of these matrices will be square matrices, and the 
determinants of these matrices are called the determinants of the 
matrix. For an m X n matrix, there are square matrices of 
orders 1, 2, • • • , p, where p is equal to the smaller of the 
numbers m and n. 

Example, The ^ X 3 matrix 

_ /a\\ ai2 aj3\ 

\<Z21 ^3^22 ^23/ 

contains the first-order square matrices (an), (a^i), etc., obtained 
by striking out any two columns and any one row. It also contains 
the second-order square matrices 

( Uii ai2\ /an ai3\ /an ai3\ 

a2i a22/ \a2i a^z) \a22 a23/ 

obtained by striking out any column of A, 

In many applications, it is useful to employ the notion of the 
rank of a matrix A, This is defined in terms of the determinants 
of A. A matrix A is said to he of rank r if there exists at least 
one r~rowed determinant of A that is not zero^ whereas all deter- 
minants of A of order higher than r are zero* 

Example. If 

/ 1 0 1 3\ 

A^[ 2 1 0 - 2 , 

\-l -1 1 5/ 

* In case an w X w matrix contains no determinants of order higher than r, 
obviously r is the smaller of the numbers m and u, and the matrix is said 
to be of rank r. 
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the third-order determinants are 


1 

0 

1 


1 

0 

3 


1 

1 

3 

2 

1 

0 

= 0, 

2 

1 

-2 

= 0 , 

2 

0 

-2 


-1 

1 


-1 

-1 

5 


-1 

1 

5 


0 I 3 

1 0 -2 

-1 1 5 

Since 


1 

2 



0 , 


= 0 . 


there is at least one second-order determinant different from zero, 
whereas all third-order determinants of A are zero. Therefore, the 
rank of A is 2. 


It should be observed that a matrix is said to have rank zero 
if all of its elements are zero. 

The notion of linear dependence is of importance in connection 
with the study of systems of linear equations, and it will be con- 
sidered next. 

A set of m 2, quantities fi, / 2 , /a, * * * , fm {which may be 
constants or functions of any number of variables) is said to he 
linearly dependent if there exist m constants Ci, Ca, • * * , which 
are not all zero, such that 

(34-2) Cifi + C 2/2 "!"’**+ Cnfm = 0. 

If no such constants exist, the quantities are said to be linearly 
independent 

Example, If the /,* are the polynomials 

y, z) = 2x^ - Sxy + 4z, 

Mx, y, z) = H- 2xy - 3z, 
fsix, y, z) s 4x2 ^ 2z, 

and if the constants are chosen as Ci = 1, C2 == 2, C3 = —1, then 

Ci/i + Cifi + C3/3 — 0 . 

Therefore, these three polynomials are linearly dependent. 

It is evident that, whenever the set of quantities is linearly 
dependent, at least one of the fi can be expressed as a linear 
combination of the others. Thus, from (34-2), if ci ^ 0, then 

fi = <^ 2/2 + cizfz -j- • • • -f amfmj 



§36 

where 


SOLUTION OF. EQUATIONS 


117 


C2 C-i , 

02= — — I cis = ) etc. 

Cl Cl 

The definition of linear dependence requires the existence of at 
least one constant Ci 9^ 0, and therefore the solution for is 
assured. 

Obviously, in most cases it would be extremely difficult to 
apply the definition in order to establish the linear dependence 
(or independence) of a given set of quantities. In case the 
quantities fi are linear functions of n variables, there is a simple 
test which will be stated without proof.* 

Theorem. The m linear functions 


fi = anXi + ai2X2 + * * * + ai^Xny (i = 1, 2, • • • , m), 


are linearly dependent if and only if the matrix of the coefficients 
is of rank r < m. Moreover ^ there are exactly r of the fi that form 
a linearly independent set. 

If m > n, obviously r < m,^'and it follows that any set of m 
linear functions in less than m unknowns must be linearly 
dependent. 

The fact that the polynomials 


/i = 2a; — 32/ + 4^, 

/2 = a; + 22/ - 82, 

/s = 4a; +■ 2/ “ 22, 


are linearly dependent can be determine'd by observing that the matrix 
of the coefficients, 


A = 



is of rank 2. 


35, Consistent and Inconsistent Systems of Equations. A set 

of equations that have at least one common solution is said to 
be a consistent set of equations. A set for which there exists no 
common solution is called an inconsistent set. 

The question of consistency is frequently of practical impor- 
tance. For example, in setting up problems in electrical net- 
works, there are often more conditions than there are variables. 

* Dickson, L. E., Modern Algebraic Theories, pp. 55-60; Bochee, M., 
Introduction to Higher Algebra, pp. 34-38. 
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This leads to a system in which there are more equations than 
there are unknown^. It is important to have a method for 
testing whether all the conditions can be satisfied simultaneously. 

Theorem 1. Consider a system of m linear equations in n 
unknownSj 

^ -4- ai^X^ “f* * * * "f" OUnXn — ^1) 

^21^1 "H ^22^*2 “b * ‘ * "h ^2nXn ~ ^2, 


(35-1) 


amiXi |~ ajn2X2 I ” 


~f“ amnXn k- 


'ftij 


where at least 07ie hi 7^ 0 . If the matrix of the coefficients is of 
rank r, Eqs. (35-1) are consistent provided that the rank of 


fcbii ai2 • * 

* ain ki 

— 1 

' a2n ^2 

\aml a’fn2 

Omn 


is also r. 

The matrix K is called the augmented matrix. The proof of 
this theorem will be found in any standard work on higher 
algebra. 


Example 1. Consider the system 

2 x^Zy ^ 1 , 
a; - 22/ = 4, 
Ax — y ^ 9. 

Since 



is of rank 2, the equations are consistent if 

/2 3 1 \ 

1 -2 4 

\4 -1 9 / 

is also of rank 2. This condition is satisfied; for the determinant of K 
is zero, and there exists a second-order’ ‘determinant of K that is dif- 
ferent from zero. 

Example 2. The system 

2 x^Zy 1 , 

X — 2y ^ A, 

4a: — 2 / = 6 
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is inconsistent, because 



is of rank 3, whereas the matrix A is of rank 2. 

In the case in which there are n equations in^n unknowns, the 
theorem on consistent equations shows that if the determinant of 
A is zero, so thdt the rank of A is r < n, then the rank of K must 
be r also, if the set of equations is to be consistent. If the rank of 
K is greater than r, the set of equations is inconsistent. This 
provides the analytic discussion that should accompany the 
geometric discussion given forn = 3 in Sec. 30. 

If the set of equations is consistent and the rank of A is r, 
then it can be shown that n — r of the unknowns can be given 
arbitrary values, and the values of the remaining r unknowns are 
determined uniquely in terms of those n — r arbitrary values. 
These n — r unknowns cannot be chosen at random, for the 
m X r matrix of the coefficients of the remaining r unknowns must 
have rank r if these unknowns are to be uniquely determined. 

Example 3. Solve the system 

X - y A- 3, 

X A- y — 2z ^ 1, 

X -h 3^/ — 62 = —1. 

Since A and K are both of rank 2, the equations are consistent. If 
either y or z is chosen arbitrarily the matrix of the coefficients of the 
remaining variables wiQ have rank 2. If 2; = the equations to 
be solved are 

X — y = d — 2kj 
X + y ^ 1 + 2A;, 

X ^y = — 1 + 6A;. 

Solving the first two for x and y gives x = 2 and y ^ 2k — 1, These 
values are seen to satisfy the third equation. Therefore, the solutions 
X — 2j y — 2k — Ij z = k satisfy the original system for all values of k. 

The preceding discussion has dealt with non~homogeneous 
linear equations. In case the ki are all zero, the system becomes 
the set of homogeneous equations 

(IhXl + Ui2X2 + * ’ ‘ + (llnXn = 0, 

(l2lXi + (l22Xtl "t" * ' * 4“ Cl2nXn = 0, 


fljnlXi “b “h * ' * "b ““ 0, 


(35-2) 
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Obviously, xi = X 2 * * * = Xn = 0 is a solution of (35-2). 
It may happen that there are other solutions. If ai, a 2 j * cin 
is a solution of (35-2), it is evident that kai, kaz, • * * , kan, where 
& is an arbitrary constant, will be a solution, also. The condition 
for solutions different from the = 0^2 = * * ‘ = = 0 solu- 

tion will be stated without proof. 

Theobem 2. *The system (35-2) will have a solution different 
from the solution Xi ^ X 2 * * * = == 0, if the rank of the 

matrix of the coefficients is less than n. 

It follows that if the number of equations is less than the 
number of unknowns, that is, if m < n, there are always solutions 
other than the obvious zero solution. If m — n, there exist 
other solutions if the determinant of the square matrix of the 
coefficients is zero. As in the case of the non-homogeneous 
system, if the m Y, n matrix of the coefficients is of rank r, then 
n — r of the unknowns can be specified arbitrarily and the 
remaining r unknowns will be uniquely determined, provided that 
the rank of the matrix of the remaining unknowns is r. 

• Example 4. Consider the system 

2x — 2 / + 32 = 0, 

X j^2y — 2 = 0 , 

Zx + Ay + 2 = 0. 

Here 

2-1 3 

1A|- 1 2 -1 = 10. 

3 4 1 

Therefore, a; = 0, 2 / = 0, 2 = 0 is the only solution. 

Example 5. Consider 

3x — 2^ = 0, 
a: + 4^ = 0, 

2a; - 2 / = 0, 

for which the matrix of the coefficients is of rank 2. Since the number 
of unknowns is 2, a; = 0, 2 / — 0 is the only solution. 

Example 6. Consider 

2a; — -h 32 = 0, 

3a; -}- 2y + 2 = 0, 
a; -h 32/ -- 22 = 0, 

5a; -j- 2 / -|- 42 = 0. 
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Here, 



which is of rank 2. Since the number of unknowns is 3, the system 
has solutions other than a; = 0, 2 / == 0, = 0. Let z — and solve 
any two of the equations for z and y. If the first two are chosen, 
X — —k and y — k. By substitution, it is easily verified that x — --k, 
y = kj z — k satisfies all four equations for any choice of k. 

Example 7. Consider 

2a; — 42/ + = 0, 

3a; + 2 / ~ 20 = 0. 

For this system, 



which is of rank 2. Since the number of unknowns is greater than the 
number of equations, there exist other solutions. Let z — k, and solve 
the two equations for x and y. There results x = }4k and y = Hlo. 
Thus, X = y = Hh 2 ! = A is a solution for any choice of h. 
Example 8. Consider 

a; - 2/ + = 0, 

2a; + 32/ + 25 = 0, 

3a; -j- 22/ -f- 20 = 0. 

Here, 

1 -1 1 

m = 2 3 1=0. 

3 2 2 

» 

Since the determinant of A is zero, there are solutions different from 
a; = 0, 2 / = 0, 0 = 0. Let z = k, and solve any two of the equations. 
If the first two are chosen, x — —HK V = HK « = A;. It is verifiable 
by substitution that these values satisfy all three equations, whatever 
be the choice of k. 

PROBLEMS 

1. Investigate tne following systems and find solutions whenever the 
systems are consistent: 

(a) a; - 22/ = 3, (b) 2x + y - z ^ 1, 

2x + y = 1, X — 2y + z === 3y 

3a; — 2 / = 4. 4a; — 32/ + 2 == 5. 

(c) 3a; + 22/ = 4, (d) 2x - y + 3z ^ i, 

a; — 32/ = 1, a? + 2 / ^0 = — 1, 

2a; + 52/ = — 1. 5a; — 2 / + ^0 = 7. 
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2. Investigate for consistency, and obtain non-zero solutions when 

they exist. 


(a) X + Zy — 2z = 0, 

(6) X - 2y = 0, 

2x — y + « = 0. 

3a; -h y = 0, 


O 

11 

1 

(c) Zx ~2y + z = 0, 

(d) 2x ~ 4y + Zz = 0, 

X + 2y - 2z = 0, 

a: -h 2y - 2z = 0, 

2x — y + 2z = 0. 

Zx — 2y + z = 0. 

(e) 4x -2y+ z = 0, 

Cf) a; -f 2y + 2g = 0, 

2x — y + Zz = 0, 

3a; - y + z = 0, 

1 

1 

M 

II 

o 

2x + 3y + 2z = 0, 

6a; — 32/ + 42! = 0. 

X + 4y — 2z = 0. 



CHAPTER IV 

PARTIAL DIFFERENTIATION 


36. Functions of Several Variables. Most of the functions 
considered in the preceding chapters depended on a single 
independent variable. This chapter is devoted to a study of 
functions depending on more than one independent variable. 

A simple example of a function of two independent variables 
X and y is 

z = xy, 

which can be thought to represent the area of a rectangle whose 
sides are x and y. Again, the volume y of a rectangular parallel- 
epiped whose edges are Xj y, and z, namely, 

V — xyZj 

is an example of a function of three independent variables x^ 
y, and z, A function of n independent variables Xij X 2 y * * • , 
Xn can be denoted by 

U = f{Xij X2j ‘ ' y Xn). 

A real function of a single 
independent variable x, say 
y = /(^)? can be represented 
graphically by a curve in the 
a^^z-plane. Analogously, a real 
function z = f{x, y)j of two 
independent variables x and 
2 /, can be thought to represent a surface in the three-dimen- 
sional space referred to a set of coordinate axes x, y, z (Fig. 
27). However, one must not become too much dependent 
on geometric interpretations, for such interpretations may 
prove to be of more hindrance than help. For instance, 
the function v = xyZj representing the volume of a rectangular 
parallelepiped, depends on three independent variables Xy 

123 
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and z and hence cannot be conveniently represented geometrically 
in a space of three dimensions. 

Corresponding to the definition of continuity of a function 
of a single independent variable x (see Sec. 7), it will be said that 
a function z = f{x, y) is continuous at the point (a:o, ^o) provided 
that a small change in the values of x and y produces a small 
change in the value of z. More precisely, if the value of the 
function z = /(x, y) at the point (xo, 2 / 0 ) is 20 , then the continuity 
of the function at the point (xo, 2 / 0 ) means that* 

(36-1) lim /(x, y) = /(xo, 2/0) = Zo. 

x—*xo 

y—^ya 

In. writing the left-hand member of (36-1), it is assumed that the 
limi t, is independent of the mode of approach of (x, y) to (xo, 2 / 0 ). 

The statement embodied in (36-1) is another way of saying 
that 

f(^, y) = 2/0) + 

where lim e = 0; that is, if the function f{x, y) is continuous at 

(xo, 2/0), then its value in the neighborhood of the point (xo, 2/0) can 
be made to differ from the value at the point (xo, 2/0) by as little as 
desired. 

If a function is continuous at all points of some region li 
in the xy-plane, then it is said to be continuous in the region R, 
The definition of continuity of a function of more than two 
independent variables is similar. Thus, the continuity of tlie 
function u = /(x, y, z) at the point (xo, 2 / 0 , means that 

lim fix, y, z) = /(xo, 2 / 0 , zf), 

y-^ya 

g—*so 

independently of the way in which (x, y, z) approaches (xo, 2 / 0 ; zf). 

PROBLEM 

Describe the surfaces represented by the following equations: 

4_a) x + 2y = 3,~(b) x — y + z = \, (c) x = 2/(d) z = y, 

'(e) 2® - 32/ -h 72 = 1, (/) = 0, {g) + z^- = 25, 

' (h) = 2x, (i) x^ + y^- lOx = 0, (j) x^ ^ y^ ^ z'^ -= 1, 

(A:) x^ z^ — y, (2) x^ + 2if + z = 0, {vi) + ?/^ = z^, 

* For details, see I. S. Sokolnikoff, Advanced Calculus, Chap. ITT. 
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^ j_y_ * _ 1 / \ ® V 

(^) Q + 4. O ~ 1) (o) Q A 



(P) 

(r) 


^ _ i = 1 (a) 2cz 

„.2 7)2 /.2 „2 7,2 - ^‘=2) 


- + ^ - 2fZ 
o2 j2 - 


(,) ^ + I = ,2,2 


37. Partial Derivatives. The analytical definition of the 
derivative of a function'^/ = f(x), of a single variable x, is 


df Ay 

lira -f 
dX Ax-^0 


lim /fe±M 

Ax-J-O 


/(£). 


This derivative can be interpreted geometrically as the slope of 
the curve represented by the equation y = f{x) (Fig. 28). 



It is natural to extend the definition of the derivative to 
functions of several variables in the following way: Consider 
the function z = f(Xj y) of two independent variables x and y. 
If y is held fast, z becomes a function of the single variable x 
and its derivative with respect to x can be computed in the 
usual way. Let As* denote the increment in the function 
z = f{Xj y) when y is kept fixed and x is changed by an amount 
Aa;; that is, 

Azx = /(a; Ax, y) - S{x, y). 

Then, 

lim ^ = lim /(a: + Ax,y)- f{x, y) 

Ax — >0 Ax — >0 A 2 / 


is called the partial derivative of z with respect to x and is denoted 
by the symbol dzid'xj or 2 ;®, or/*. 
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Similarly, the partial derivative of z with respect to y is defined 
by 

^ = liin /(a;, y + Ay) - f(x, y) 
dy Ay-^o ^y 

In general, u = f{xiy 0:2, * * * , is a function of n inde- 
pendent variables Xi, X2, ‘ ‘ ‘ y Xnj then du/dXi denotes the 
derivative of u with respect to Xi when the remaining variables 
are treated as constants. Thus, if 

z = x^ x^y + y^y 

then 

= 3 x 2 + 2 xy and |^ = a:* + 
dx oy 

Also, if = sin (ax + by + cz), then 

a cos (ax + 2)2/ + (both y and z held constant) ; 

h cos (ax + 62/ + cz) (both x and z held constant) ; 

c cos (ax + 62/ + (both x and y held constant). 

In the case of 2 = f(x, 2/), it is easy to provide a simple geo- 

metric interpretation of partial derivatives (Fig. 27 ). The equa- 
tion z = f(Xy y) is the equation of a surface; and if x is given the 
fixed value xo, z f(xQ, y) is the equation of the curve AB on 
the surface, formed by the intersection of the surface and the 
plane x = xo. Then dz/dy gives the value of the slope at any 
point of AB, Similarly, if 2/ is given the constant value 2/0, 
then z = f(Xy 2 / 0 ) is the equation of the curve CD on the surface, 
and dz/dx gives the slope at any point of CD. 

PROBLEMS 

1 . Find dz/dx and dz/dy for each of the following functions: 

'<a) 2 = y/x] (b) z ^ x^y + tan-^ (y/x); (c) z = sin xy -f x] 

(d) 2; = e® log 2/; (e) z = x^y + sin"^ x. 

2 , Find du/dXj du/dy, and du/dz for each of the following functions: 

(a) u = x^y + yz — xz'^] (b) u = xyz -f log xy; 

(c) u - z sin”^ (x/y); (d) u (x^ + y^ + 

(e) u — (x^ + y^ A- z^)'-'^^. 


dx 

dy 

dz 
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38. Total Differential. In the case of a function of one 
variable, y = f{x), the derivative of y with respect to x is defined 
as 




SO that Ay /Ax = f{x) + e, where lim e = 0. Therefore, 

Ax— ►O 


f{x + Ax) — fix) = Ay = fix) Ax + € Ax, 
where € is an infinitesimal which vanishes with Ax. Then, 
fix) Ax = fix) dx 

is defined as the differential dy. 

For the independent variable x, the terms ^ increment and 
‘'differential’ are synon 3 ^mous (that is, Ax = dx). However, 
it should be noted that the differential dy (of the dependent 
variable y) and the increment Ay differ by an amount e Ax (see 
Fig. 28). 

The differential of a function of several independent variables 
is defined similarly. Let z = fx, y), and let x and y acquire the 
respective increments Ax and Ay. Then, 

Az = fix Ax, y + Ay) - fix, y). 

If z = fix, y) is a continuous function, then, as Ax and Ay 
approach zero in any manner, Az also approaches zero as a limit. 
It will be assumed here that fix, y) is continuous and that 
df/dx and df/dy are also continuous. 

The expression for Az can be put in a more useful form by 
adding and subtracting the term /(a:, y + Ay). Then, 

Az = fix + Aa;, y + Ay) - fix, y + Ay) + fix, y + Ay) - fx, y). 
But 

/(a; + Aa;, y + Ay) - fjx, y + Ay) ^ dfjx, y + Ay) ^ 
Ax-^o Aa: ' dx ^ 


so that 

fix + Ax, y + Ay) - fix, y +' Ay) == 
where lim ci = 0.’ Moreover, 

Ax— >0 


3/(x, 2/ + Aj/) , 
r «i 


Aa:, 


2/ + Ay) _ V) 

lim = — 5 y 

ox ox 
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since the derivative is continuous. Therefore, 


5/(a:, y + Ay) _ df{x, y) 

— Yx 


where lim €2 = 0. 

Ay—^0 

In like manner, 


fix, y + Ay) - fix, y) = + «' Ay, 


where lim e' = 0. It follows that 

Ay—^O 


^ Ax + Ay + € Ax + e' Ay, 

dx ay 

in which e = ci + € 2 . 

The expression 

^ Ax + ^ Ay = ^ dx + ^ dy 
dx dy dx dy 

is defined as the total differential of z and denoted by dz. In 
general, if = f{xi, iC 2 , • • • , Xn), the total differential is given by 


(38-1) 


du — ^dxi + dx2 + 
dxi 0X2 




The expression for the total differential is galled the principal part 
of the increment A^^, and is a close approximation to Au for 
sufficiently small values of dxij dx%, * * * , and dxn- As in the 
case of a function of a single independent variable, the differential 
of each independent variable is identical with the increment of 
that variable, but the differential of the dependent variable 
differs from the increment. 

If all of the variables except one, say Xi, are considered as 
constants, the resulting differential is called the partial differ- 
ential and is denoted by 


dxiU = dXi, 


The partial differential expresses, approximately, the change 
in u due to a change AXi = dxi in the independent variable Xi. 
On the other hand, the total differential du expresses, approxi- 
mately, the change in u due to changes dxij dx^, • * * , dx^ in all 
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the independent variables rci, 0:2, ‘ It may be noted 

that the total differential is equal to the sum of the partial 
differentials. Physically, this corresponds to the principle of 
superposition of effects. When a number of changes are taking 
place simultaneously in any system, each one proceeds as if it 
were independent of the others and the total change is the sum 
of the effects due to the independent changes. 

Example 1. A metal box without a top has inside dimensions 
6 X 4 X 2 ft. If the metal is 0.1 ft. thick, find the actual volume of 
the metal used and compare it with the approximate volume found 
by using the differential. 

The actual volume is AF, where 

A7 = 6.2 X 4.2 X 2.1 - 6 X 4 X 2 - 54.684 - 48 - 6.684 cu. ft. 



'giiJT 
Fig. 29. 


Since V = xyz, where a; = 6, y = 4, = 2, 

dV — yzdx + xz dy + xy dz 

= 8(0.2) + 12(0.2) + 24(0,1) = 6.4 cu. ft. 

Example 2. Two sides of a triangular piece of 
land (Fig. 29) are measured as 100 ft. and 125 ft., 
and the included angle is measured as 60®. If the 
possible errors are 0.2 ft. in measuring the sides and 1® in measuring 
the angle, what is the approximate error in the area? 

Since A = }ixy sin a, .. 

dA — sin <x dx + x &mady + xy cos ct da), 
and the approximate error is therefore 


dA=\ [125 (^) (0.2) + 100 (^) (0.2) 

+ 100(125) (5) = 74.0 sq. ft. 

PROBLEMS 

^ 1 . A closed cylindrical tank is 4 ft. high and 2 ft. in diameter (inside 
dimensions). What is the approximate amount of metal in the waU 
and the ends of the tank if they are 0.2 in. thick? 

y 2. The angle of elevation of the top of a tower is found to be 30®, with 
a possible error of 0.5®. The distance to the base of the tower is found 
to be 1000 ft., with a possible error of 0.1 ft. What is the possible error 
in the height of the tower as computed from these measurements? 
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l/3. What is the possible error in the length of the hypotenuse of a 
right triangle if the legs are found to be 11.5 ft. and 7.8 ft., with a 
possible error of 0.1 ft. in each measurement? 

t,/4. The constant C in Boyle's law pv = C is calculated from the 
measurements of p and v. If p is found to be 5000 lb. per square foot 
with a possible error of 1 per cent and v is found to be 15 cu. ft. with a 
possible error of 2 per cent, find the approximate possible error in C 
computed from these measurements. 

5. The volume v, pressure p, and absolute temperature of a perfect 
gas are connected by the formula pv — RT, where R is a, constant. If 
T == 500°, p — 4000 lb. per square foot, and v = 15.2 cu. ft., find the 
approximate change in p when T changes to 503° and v to 15.25 cu. ft. 

: 6. In estimating the cost of a pile of bricks measured as 6 X 50 X 4 
ft., the tape is stretched 1 per cent beyond the estimated length. If 
the count is 12 bricks to 1 cu. ft. and bricks cost $8 per thousand, find 
the error in cost. 

7. In determining specific gravity by the formula s = ^ 

where A is the weight in air and W is the weight in water, A can be read 
within 0.01 lb. and W within 0.02 lb. Find approximately the maxi- 
mum error in s if the readings are A = 1.1 lb. and W = 0.6 lb. Find 
the maximum relative error As/s. 

y 8. The equation of a perfect gas is pv = RT, At a certain instant 
a given amount of gas has a volume of 16 cu. ft. and is under a pressure 
of 36 lb. per square inch. Assuming R — 10.71, find the temperature 
T, If the volume is increasing at the rate of K cu. ft. per second and 
the pressure is decreasing at the rate H lb. per square inch per second, 
find the rate at which the temperature is changing. 

9. The period of a simple pendulum with small oscillations is 



If T is computed using Z = 8 ft. and g — Z2 ft. per second per second, 
find the approximate error in T if the true values are I = 8.05 ft. and 
g = 32.01 ft. per second per second. Find also the percentage error. 

J 10. The diameter and altitude of a can in the shape of a right circular 
cylinder are measured as 4 in. and 6 in., respectively. The possible 
error in each measurement is 0.1 in. Find approximately the maxi- 
mum possible error in the values computed for the volume and the 
lateral surface. 

39. Total Derivatives. Thus far, it has been assumed that x 
and y were independent variables. It may be that x and y 
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are both functions of one independent variable t, so that z 
becomes a function of this single independent variable. In 
such a case, z may have a derivative with respect to L 
Let z = y), where x — <p(t) and y = these functions 

are assumed to be differentiable. If t is given an increment At, 
then X, y, and z will have corresponding increments Ax, Ay, 
and Az, which approach zero with A^. As in the case when x and 
y were independent variables, 


Then, 

and 


Az-=--^Ax + -^Ay + eiAx + €2Ay. 
At^ dx~At^ dyU'^ 'At 'At 


(39-1) 

Moreover, 


— _ d/ da; df dy 
dt ^ dx dt'^ dy dt 

from (39-1) it appears that 


dz = ^dx+^dy 
dx dy ^ 

gives the expression for the differential in this case as well as 
when X and y are independent variables. 

The general case, in which 

2 = f{xi, a; 2 , • • * , Xy) 

with 

Xi = <pi(t'), X2 ~ ^2(0? ’ * ; ” ^Pn( 0 ; 

can be treated similarly to show that 

^ ^ ^ 4 - ^ 4 - ^ 

dt " dxi dt dx 2 dt dXn dt 

and 

dz ^ dxi + dx 2 + ‘ • • + -^ dxn^ 

dXi dX2 OXn 


In case t = x (39-1) becomes 

dx ~ dx dy dx ^ dx'^ dy dx 

This formula can be used to calculate the derivative of a func- 
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tion of X defined implicitly by the equation f{x, y) = 0. Let 
^ == f(^j y)y so that 

dx Sx dy dx 

Since z = f(Xj y) = 0, it follows that dz/dx = 0 and 

^ _ d//to 

dx df/dy 

provided that df/dy 9^ 0. 

As an example, let 

^^y + y^^ —1 = 0 

define y as an implicit function of x. Then, 

^ ^ _ 2xy + 
dx x^ + 2xy 

for all values of x and y for which the denominator does not 
vanish. 

It was noted that the total differential of a function 
2 = f{xi, X2, • • ' where Xi = <pi{t), 

is given by 

dz = ^ dxi + ^ dx 2 + • • • +4^ dxn^ 

0X1 0X2 OXn 

It will be proved next that the same formula can be applied to 
calculate the differential even when the variables Xi are functions 
of several independent variables ti, k, ' ' ' iUn- Thus, consider 

z = f{xi, X2, • • • , Xn), where Xi = ^2, * * * , im). 

In order to find the partial derivative of f{xi, X2, • • • ^ Xn) with 
respect to one of the variables, say 4, the remaining variables are 
held fixed so that f(xi, 0 : 2 , • * • , Xn) becomes a function of the 
single variable 4. Then, 


df . 
dh ■ 

= IL 

dxi 

dxi 

dti 

_+ 

d/ 

dX2 

dX2 

dtl 

+ • 

• • + 

df_ 

dxn 

dXn 

dh' 


. df 

dXi 

4_ 

df 

dX2 

4- • * 

. 4- 

df 

dXn 

dh 

dXi 

dt2 


dX2 

dh 



dXn 

dh' 

¥ _ 

-.11 

dxi 

4_ 

df 

dX2 

4- • • 

• 4- 

df 

dXn 

d«» ■ 

dxi 

dtm 


dX2 

dtm 



dXn 

dtm 


(39-2) 
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If the first equation of (39-2) is multiplied by dh, the second 
by dt^, etc., and the resulting equations are added, there results 


^^dt, + ^dU + 


or 

(39-3) 


+ 

+ 

+ 


M.I 

'dXi 

toi' 

Kdh' 

M.i 

( dXi 

dX2 

\dti' 


( dXn 


+ ^dL, 

dim 


dt2 


dti + dt2 + 
012 


dXji 


I dXn y . 




+ 

+ 


+ 


■ ) 


dxi 

dim 

dX2 

dtfn 




This establishes the validity of the foimula (38-1) in all cases 
where the first partial derivatives are continuous functions, 
irrespective of whether the independent variables are Xi, X 2 j 

, Xn or ^1, t2j * * * , tin- 

An important special case of’ the formula (39-3) arises in 
aerodynamics and other branches of applied mathematics. 
Consider a function u = f(Xj y, z, t) of four variables x, y, 2 , and t 
The total differential of is 


(39-4) 


du = ^dx + ^dy + ^dz +^.dt 
dx dy ^ dz dt 


du ^ , du . 


, du , 


Let it be supposed that x, y, and z are not independent variables, 
but functions of the variable t In such a case, u will depend on 
t explicitly, and also implicitly through y, and z- Dividing 
both members of (39-4) by dt gives 

_ dudx . dudy du dz du 

^ dt ^ dx dt"^ dy dt dz dt dt 


On the other hand, if the variables x, y^ and z are functions of t 
and of some other set of independent variables r, 5, * • • , one 
must replace dx/dtj dy/dt, and dz/dt in the right-hand member 
of (39-5) by dx/dtj dy/dt, and dz/dtj respectively, and du/dt in 
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the left-hand member by du/dt. The partial derivative with 
respect to t which appears in the left-hand member differs from 
that appearing in the right-hand member, since the latter is com- 
puted from u= f(Xj yj z, t) by fixing the variables Xj y, and z 
and differentiating the resulting function with respect to t. In 
order to indicate the distinction between the meanings of the 
two partial derivatives with respect to one can write 

Du __ du dx . du dy du dz du 

The fact that the total differential of a composite function 
has the same form irrespective of whether the variables involved 
are independent or not permits one to use the same formulas for 
calculating differentials as those established for the functions 
of a single variable. Thus, 

d(u + v) = du dVj 

^ du dv 

= V du + u dVj 
etc. 

Example 1, If u = xy + yz + zxj and x — t, y and z ~ covS 

du X dx 

+ + + + + 

= (e"* + cos 0(1) + (^ + cos + (i + sin i) 

= + cos t — 6“* cos i i sin t — e-^ sin t 

This example illustrates the fact that this method of computing du/dt 
is often shorter than the old method in which the values of a;, y, and z 
in terms of t are substituted in the expression for u before the derivative 
is computed. 

Example 2. If /(a;, y) — x^ + y% where x ^ r cos (p and y — r sin 
then 


df df dx df dy 

5? " aiaf ^ cos^ »? + 2r sin V = 2r, 

df df dx df dy . . > , „ . > 

^ = 2x(-r sin <p) + 2yir cos <p) 

= — 2r2 cos 9? sin ^ -h 2r^ cos ^ sin ^ — 0. 


df = 2r dr or df — 2xdx + 2y dy. 



PARTIAL DIFFERENTIATION 


135 


Then, 

dz 

- = ye^, 

Hence, 

Similarly, 


Let z 

= e^y, 

, where x 

= log {u + v) and y — 

tan"^ (w/?0- 

dz _ 


dx 

i 

1 

1 dy 

V 

dy 

■■ xB'^y, 

du ~ 

U + V 

and 

du 

v^ + u^ 

dz 

dz dx 


ye^y 

xe^yy . 


du 

dx du 

dy du 

' u + v~^ 

+ u'^ 




ye'y 

xe^^u 




dv 

~ u V 

v^ -j- u^ 




The same results can be obtained by noting that 
dz — dx + dy. 


But 


and 


Hence, 


But 


j dx j ^ dx , 1 , , 1 j 

dx = du dv == — i — du H ; — dv 

du dv u + V u. + V 


dy = ^ du + ^ dv — - 2 — 2 

^ du dv v^ + 


, du + di' V du ^ udv 

dz = ye^y — — - + xe^» 


=( 


u + V 
ye^y xe^yv 
u + v'^ v^ + ^2 


4 - 

yexy 


^ du + ^ 


xe^yu 


u + V v^ + u^^ 


dt;. 


dz , 

dz = ^du + ^^dv- 


and since du and dv are independent differentials, equating the coeffi- 
cients of du and dv in the two expressions for dz gives 


and 


dz __ ye^y xe^yy 

du~ u + V v^ 

dz __ ye^y xe^yu 

dv u + V v"^ + u^ 


PROBLEMS 

If -w = xyz and x = a cos 6^ y = a sin dj z — kS^ find du/dS. 
i?^2. If u — x^ — y^ and ^ = r sin ^ and x = r cos find du/dr and 
du/dd. 

3 . If u = xy — yz and x — r + y = r — s, z = find du/dr, 
du/ds^ and du/dt. 
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^ 4, li z ~ X — \og\/u^ v^, and y = tan“^ find dz/du and 

oz/dv. 

, 6. If z — f(x A- u, V v)^ show that dz/dx = dz/du and dz/dy 
= dz/dv. 

liu x^ + y‘^z + z% verify that 


|+| + £ = (- + ^ + ^>^- 


;/ 7. '^(a) Find du/dt, if u = sin yz and x = y = t — z = l/t. 
(6)idFind du/dr and du/dS^ iiu x^ — Ay^ and x = r sec 6, y = r tan 6. 
'S,^(a) Find du/dx and du/dXj if u = x^ + y^ and y == tan x. 
l,tb) Given V = f(x, y, z)^ where a; = r cos ^ = r sin 0 == t. Com- 
pute dV/dr, dV/dOj dV/dt in terms of dV/dx, dV/dy, and dV/dz. 

y 

/ 9. If / is a function of u and Vj where u = -y x"^ and v = tan~^ -> 

* X 

find df/dx, df/dy, and V (df/dxy + {df/dyy\ 


40. Euler’s Formula. A function /{xi, • • • , Xn) of n 

variables Xi, X 2 ) ’ ‘ ' j Xn is said to be homogeneous of degree m 
if the function is multiplied by when the arguments Xi, 
X 2 , ' ' ^ , Xn are replaced by Xxij Xx 2 j • • • , X^n, respectively. 
For example, /(a;, y) == x^/'\/ x^ + 2/^ is homogeneous of degree 
1, because the substitution of Xx for x and Xy for y yields 

Xx^/y/x^ + y^. Again, /(a:, y) = - + homo- 

y X 

geneous of degree —1, whereas J{x, y, z) == z^/^x^ Ar y'^ is 
homogeneous of degree 

There is an important theorem, due to Euler, concerning 
homogeneous functions. 

Euler?s Theorem. Ifu=f(xijX2, • • • , x^ is hoimgeneous 
of degree m and has continuous first partial derivatives^ theyi 


= 

The proof of the theorem follows at once upon substituting 
x[ = Xxij X 2 = Xa; 2 , • • * , x^n — Xrcn. 

Then, since /(xi, X 2 j • * * , Xri) is homogeneous of degree m, 

f(x[, x'^, ■ ■ • , O = X’fCaJi, X 2 , ■ • • , Xn). 
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Differentiating with respect to X gives 

^2 + * ■ * + V(^l) ^2, * * * , ^n). 

If X is set equal to 1, then xi = x[, 0:2 = Xg, * * • , .Tn = and 
the theorem follows. 

PROBLEM 

Verify Euler^s theorem for each of the following functions: 

(a) fix, y, z) = x^y + xy^ + 2xyz; 


’y\h) fix, y) = ^y^ - a;2 sin-^ 

««*•».')- VP=.^ 

(c) /(a;, 2 /, z) = (a;2 + ' 2 /' + 

if) fix, y) = 

/.N ..... .A _ VaJ + y. 


ig) fix, y) 

ih) fix, y) 


y 

x^ + y^ 


41. Differentiation of Implicit Functions. It was noted in 
Sec. 39 that the derivative of a function of x which is defined 
implicitly by the equation fix, y) = 0 could be calculated by 
applying the expression for the total derivative. This section 
contains a more detailed discussion of this method. 

The equation fix, 2 /) = 0 may define either a; or 2 / as an implicit 
function of the other. If the equation can be solved for y to 
give y == ipix), then the substitution of 2 / = <pix) in fix, 2 /) = 0 
gives an identity. Hence, fix, 2 /) = 0 may be regarded as 
a composite function of x, where x enters implicitly in y. If 
u = fix, y), then 

du = f^dx+^dy = 0, 

so that . 


(41-1) 


^ _ df/dx 

dx df/dy’ 



9^ 0 . 


It will be observed that this discussion tacitly assumes that 
/(*) J/) = 0 a real solution for y for eveiy value of x. If 
(41-1) is applied formally to x^ + y^ = 0, it is readily checked 
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that ^ This result is absurd for real values of x and y, 

ax y 

inasmuch as the only real values of x and y that satisfy + 2 /“ = 0 
are a? = 0 and y = 0. 

Example 1. Find dy/dx^ if H- x cos y = 0. Here, 

^ + cos y, ^ = &x^y - x sin y, 

SO that 

dy + cos y 

dx "" Qx^y — X sin y 

The relation /(x, 2 /, = 0 may define any one of the variables as 

an implicit function of the other two. Let x and y be independent 
variables. Then /(x, y, 2 ) = 0 defines 2 as an implicit function 
of X and ?/, and 

dz j X j 

But 

Therefore, by substitution, 

I <i« + 1 it/ + g (I * + g <i») - 0 . 

This can be written as 

\dx dzdx) \dy dzdy) 

Since dx and dy are independent differentials and the above rela- 
tion holds for all values of dx and dyj it follows that 

^ 4- = 0 

dx dz dx 

and 

dy dzdy 

If df/dz ^ 0, these equations can be solved to give 

^ df/dx ^ _ dZ/dy 

dx df/dz dy df/dz 

Example 2. If x^ + — 3x2 = 0, then, by (41-2), 

dz 2x — 32 dz 4:y 
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Frequently, it is necessary to calculate the derivatives of a 
function that is defined implicitly by a pair of simultaneous 
equations 


(41-3) 


2 /, 2 ) = 0 , 

I 2/, 2) = 0. 


If each of these equations is solved for one of the variables, say 
2 , to yield 

z = F(a:, y) and z — ^(a*, y), 

then one is led to consider the equation resulting from the 
elimination of 2 , namely. 

Fix, y) - y) = 0 . 

This equation may be thought to define y as an implicit function 
of X, and one can apply the method discussed earlier in this 
section to calculate dy/dx. 

However, the elimination of one of the variables from the 
simultaneous equations (41-3) may prove to be difficult, and it 
is simpler to use the following procedure: The differentiation 
of (41-3) gives 

df = ^ dx ^ dv + ^ = 0 

^ dx ^ dy ^ ^ dz 


These equations can be solved for the ratios to give 


dx:dy:dz 


dy dz ^ dz dx dx dy ^ 

d<p d(p dip d(p ' d(p d(p 

dy dz dz dx dx dy 


from which the derivatives can be written down at once. 
Example 3. Let 


dx:dy:dz 


, V, 2) 

W 

+ 

III 

+ - 

- 

- 0 

y, 2 ) 

1 

ill 

- 2^2 . 

- 

= 0. 

1 

2y 2z\\ 

2z 

2x1 

|2x 

“ |- 

-2y -Ml 

— 42 

2x|’ 

l2x — 

= - 

-4:yz:l2xz: 

Sxy. 
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Hence, 

dx —iyz dx —^yz 

Another important case arises from a consideration of a pair 
of simultaneous equations 


(41-4) 


fix, y, u, v) = 0, 
<pix, y, u, v) = 0, 


which may be thought to define u and v as implicit functions 
of the variables x and y. 

Differentiating (41-4) gives 


idf = ^dx-\^dy + ^du+^dv = Q, 
(41-5) I ^ dy du dv 

\ dip ^ dx + ^ dy ^ du ^ dv ^ 0. 

\ dx dy ^ du dv 

But, since u and v are regarded as functions of x and y^ 


and 


, du ^ , du j 

cu=^dx + ^^dy 


Substituting for du and dv in (41-5) gives 


(§L + + ^^\dx + (' 

Vaa: ^ dudx^ dv dx) ^ V' 


dip 

dx 


du ^dv 
dx dv dxj 

dw dip dv 

du dx dv dx 


dy du dy dv dy 


dy = 0, 




Since the variables x and y are independent, the coeifficients 
of dx and dy must vanish, and this leads to a set of four equations 
for the determination of du/dx, dujdy, dv/dx, and dv/dy. Thus, 
one obtains 
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and similar expressions for dujdy^ dvjdx, and dvjdy. It is 
assumed in the foregoing discussion that aU the derivatives 
involved are continuous and that 


Example 4. 


then 


If 


J ^ 


du dv 
d<p d<p 
du dv 


9 ^ 0 . 


X + 2/3 + ^^3 ^ t;3 = 

+ y — = 0, 



1 

Sv^ 

du __ j 

3a;2 

4^3 

dx 


'3v^ 


|— 4t£^ 4z;q 


l2{uV -{- vH^) 


PROBLEMS 

i/1. Obtain dv/dx^ du/dy, and dv/dy in Example 4, Sec. 41. 
i/2. Compute dy/dx, if x^ ^xy = 1. 

^ Find dy/dx if 

x2 ^ 2 /^ — — a'^ = 0 , 

X^y — y^z + XZ^ — = 0 . 

/ V .y 

^4. Obtain du/dx and dv/dy, if 

ue^ — xy + V = 0, 
yQV ^ XV -A u — 0. 

/ 6. If a; = f{u, v) and y = g{u, v), then differentiation with respect 
to X gives 

dx du dx dv 
dudx^ dv dx 
dy du dy dv 
^ ^ dudx^ dv dx 

from which du/dx and dv/dx can be computed. Consider the pair of 
equations 

X ^ ^ v^, 

/ , = 

and obtain du/dx, du/dy, dv/dx, and dv/dy. 

Apply the method outlined in Prob. 5 to find du/dx, dv/dx, 
du/dy, and dv/dy, if 
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i/7. If X — r (*()s 6 and y - r sin 6, find dr/dx and dd/dx. 

8. If w — nv and 

r 

d" X = 0, 


i Ur -f- V -i- X = 

(«) ] ,2 _ = 0, 


one can obtain dw/dx as follows: Differentiation of w with respect to 

X gives ^ values of du/dx and dv/dx can be 

calcul^ed from (a) bj’' the method of Prob. 5. Find the expressions 
for dw/dx and dw/dy. 

AH z = uv and 


find dz/dx. 

10. U z — -h and 


find dz/dx. 

11, If z - 4- v'^ and 


t^2 _j_ y2 __ X — y = 0, 

+ 3a; 4- 2 / = 0, 


X = 

y = ui\ 


u — r cos Sj 
y = r sin d. 


find dz/dr and dz/dS. 

12. If r = (x‘^ + ^2 ) ‘'2 and 6 = taii“^“> find dr/dx and dd/'Ox. 

13. *- (a) Find dy/dx, if x sec y A- x^y'^ = 0. 

(b) Find dz/dx and dz/dy^ if xHj — sin z A- — 0. 

C 14. Let ^^ = a;4-^/ + 2 : = 0 and y = a;'*^ 4- y^ 4- — or — 0. Find 

dxidy: dz. 

16. Find du/dx, dv/dx, du/dy, and dv/dy, if 

4 - V- 4 “ — 2x = 0, 

uA + 4 * 3 ^ = 0 . 

16. Find dw/dx and dw/dy, if w - u/v and 


X == u A- V, 
y = 3ti + 2r. 

. ^ 2 : da; , , dxdydz . 

17. Show that = 1 and 5 ^ 3 ^^=-^, if Mv,^) = 0. 

Note that, in general, dz/dx and dx/dz are not reciprocals. 

18. Find du/dx, if 

y;l — y2 __ ^3 _|_ 

u At V — y^ — 2x ^ 0. 

19. Prove that 

dx du dxdv * 
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if F{x, y, M, v) = 0 and G{x, y, u, v) = 0. 

20. Show that (g)' + (g)“ = (|:)‘ + (||)'. if = r cos 0 

and 2 / = ?* sin 


42. Directional Derivatives. The relation expressed in (39-1) 
has an important special case when x and y are functions of the 
distance s along some curve C, which goes through the point 
(:r, y). The curve C may be thought to be represented by a pair 
of parametric equations 

X = x(s), 

y = y{s), 


where x and y are assumed to possess continuous derivatives with 
respect to the arc parameter s. 

Let P (Fig. 30) be any point of 
the curve C at which f{x, y) is 
defined and has partial deriva- 
tives df/dx and df/dy. Let 

Q{x +Lx,y + Ay) 





be a point close to P on this 
curve. If As is the length of the 

arc PQ and A/ is the change in f due to the increments Ax and 
Ay, then 



lim ^ 

As~y0 As 


gives the rate of change of / along C at the point (x, y). But 


and 


ds dx ds dyds^> 


dx 


1 . UiJU 

lim — = cos a, 

A«->0 


dy 

dx 


T Ay 

hm = sin a. 
A«-.() As 


Therefore, 

and it is evident that df/ds depends on the direction of the curve. 
For this reason, df/ds is called the directional derivative. It 
represents the rate of change of / in the direction of the tangent to 
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the particular curve chosen for the point y). If a == 0, 

df ^ df 


ds dx 


If 


which is the rate of change of f in the direction of the x-axis. 

a = ir/2, 

ds dy^ 

which is the rate of change of f in the direction of the ^-axis. 

Let 2 = f(x, y), which can be inter- 
preted as the equation of a surface, be 
represented by drawing the contour 
lines on the xy-plane for various values 
of z. Let C (Fig. 31) be the curve in 
the r^z-plane corresponding to the value 
z = y, and let C + AC be the neighbor- 
ing contour line for z = y -h Ay. 
Then, Af/As = Ay /As is the average 
rate of change of / with respect to the 
distance As between C and C + AC. 





Fig. 31. 


Apart from infinitesimals of higher order, 


An 

As 


= cos 


where An denotes the distance from C to C + AC along the nor- 
mal to C at (x, y), and ^ is the angle between An and As; hence, 
dn/ds = cos \l/. Therefore, 


(42-2) 


ds dn ds dn 


This relation shows that the derivative of / in any direction may 
be found by multiplying the derivative along the normal by the 
cosine of the angle ^ between the particular direction and the 
normal. This derivative in the direction of the normal is called 
the normal derivative of /. Its numerical value obviously is the 
maximum value that df /ds can take for any direction. In applied 
mathematics the vector in the direction of the normal, of magni- 
tude df/dUj is called the gradient. 

Example. Using (42-1), find the value of a that makes df/d^ a 
maximum, considering x and y to be fixed. Find the expression for 
this maximum value of df/ds. 
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Since dj/ds = /x cos a + /?, sin a, 


da \ds 




The condition for a maximum requires that 

tan ai = '^* or a\ — taii“’^* 

Jx Jt 

Using this value of ai^ 

y‘ 

^ /j I ^ fit 

VU+U^ V7?T77' 

The relation (42-2) can be derived > 

directly by use of this expression for 
df/dn. If a (Fig. 32) gives any di- 
rection different from the direction 

given by ai, then F; 


Fig. 32. 


^ COS a + fy sin a. 


But a = oji — i/', so that 

Af 

L — fj.{co8 ai cos ^|/ -h sin ai sin ip) -|-/y(sin ai cos P — cos ai sin p). 


cos ai = 


vn+fy 


and sin ai = 


Vn+fy' 


= ^ cos ^ = vn +n cos Ip 

vn 

df , 

= ^ cos 

> PROBLEMS 

y L. Find the directional derivative of f{x, y) — + sin xy at 

(l,7r/2), in the direction of the line making an angle of 45* with the 
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2 . Find 


I-VCIOT. 


ii X = r dj y — r sin 6, and / is a function of the variables r and 6. 

3. Find the directional derivative of /(a?, y) == x^y -f in the 
direction of the curve which, at the point (1, 1), makes an angle of 

30° with the a;-axis. 

4. Find the normal derivative of 
fix, y) = x^ + y\ 

43. Tangent Plane and Normal 
Line to a Surface. It will be re- 
jc called that 



Ax By + Cz D 


Fig. 33. 


is the equation of a plane, where 
the coefficients A, B, and C are called the direction components 
of the normal to the plane. If a, 0, and 7 (Fig. 33) are the direc- 
tion angles made by the normal to the plane from the origin, then 


cos a = 


cos 7 = 


cos IS = 


B 


VA^ + £2 + C' 


VA^ + B^ + C^ 


Therefore, 


cos a:cos /S:cos 7 = A:B:C. 


If the plane passes through the point (xo, 2 / 0 , ^o), its equation can 
be written as 

Aix - Xq) -h B(y ~ yo) -h C{z - Zq) = 0. 

There is also a normal form for the equation of a plane, entirely 
analogous to the normal form for the equation of the straight 
line in the plane. This form is 


or 


X cos a + y cos P + z cos 7 = p, 
B 


+ 


+ b^ + c^ + c^ 


+ 


Va^ + b^ + c^ 

- -D 

° VA- + B^ + C'^’ 
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in which p = D/ is the distance from the origin 

to the plane. 

Consider a surface defined by 2 ; = f{x, y), in which x and y 
are considered as the independent variables. Then, 


(43-1) 


dz = 






If Xq and yo are chosen, zo is determined by 2 ; = f(x, y). Let 
Ax = X — Xo and Ay — y — y^, and denote dzhy z — Zq. Then 
(43-1) becomes 


(43-2) 


2 : “ 2:0 = ^ 
dx\ 


(aro, 2 / 0 ) 


{x 


-)+|| 


(xo, yo) 


(y - yo), 


which is the equation of a plane. If this plane is cut by the 
plane x = xo, the equation of the line of intersection is 


2 ; — 250 


dy 


(aro, yo) 


(y - yo), 


and this is the tangent line to the curve z = /(xo, y) at the point 
(xo, yo, zq). Similarly, the line of intersection of the plane defined 
by (43-2) and the plane y — yo is the tangent fine to the curve 
z = fix, yo) at (xo, yo, 2:0) • The plane defined by (43-2) is called 
the tangent plane to the surface z = /(x, y) at (xo, yo, 2^0). 

The direction cosines of the normal to this plane are propor- 
tional to 

^ y 

dx (xo, yo) 


j — 1. 

(*0, yo) 


The equation of the normal line to the plane (43-2) at (xo, yo, Zo) 
is therefore 


(43-3) 


X 

- Xo y 

— yo z — Zo 


^1 

-1 

dx\ 

(0:0, yo) ^y 

(aro, yo) 


This line is defined as the normal to the surface at (xo, yo, Zo)> 
Figure 34 shows the difference between dz = RP' and Az == RQ, 
P(xo, yo, Zo) is the point of tangency and Rixo + Ax, yo + Ay, Zo) 
is in the plane z = Zo, PP' is the tangent plane. 
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In case the equation of the surface is given in the form 
F{x, y, z) = 0, 

the tangent plane and the normal line at (aro, i/o, ^o) have the 
respective equations 


(43-4) f I 


and 

(43-5) 


{x - Xn) + ^ 

(xo, VO, 2 o) ^1/ 


(xo, Vo, Zo) 

+ 


(y - yo) 


dF 


X — Xq 


y - Vo 


I (a*o, 2/0, zo) 
Z — Zo 


(z — Zo) = 0 


dF 


dF 


dF 


dx\ 

(xa, yo, zo) 

9y\ 

[(to, yo, zo) 

dz 

(ro, yo, zo) 


These equations follow directly from (41-2). 



Example 1. At (6, 2, 3) on the surface x^ -\r == 49, the 

tangent plane has the equation 


2x\ 


1(6, 2, 3) 


(x-Q) + 


or 


6x + 2y + 32 = 49. 


2) + 2z (« - 3) = 0 

(6, 2, 3) 


The normal line is 


X — Q y — 2 0 — 3 

12 “ 4 6 ■ 


Example 2. For (2, 1, 4) on the surface 0 = + 2/^ — 1, the tangent 

plane is 

0 — 4 = 2a;| (x — 2) + 2y\ (y - 1) 

1 ( 2 , 1 ) 


or 


1 ( 2 , 1 ) 

4a; + 2?/ — 0 = 6. 
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The normal line is 

X — 2 y — I — 4 

■“X" " ~2~ “ 

PROBLEMS 

1. Find the distance from the origin to the plane x -p y z — 1 . 

2. Find the equations of the tangent plane and the normal line to 

(a) 2x^ + 4- = 6 (1, l, %); 

^2 ni"! g2 

W 4 +|-I6 = 

(c) + 62 + ^ ^ *«); 

(d) + 2^/2 - 3^ = 0 at (1, 2, 3). 

3. Referring to (43-4), show that 

. dF dF dF 

cosa:cos/3:cosT 

where cos a, cos jS, cos y are direction cosines of the normal line. 

4. Show that the sum of the intercepts on the coordinate axes of any 
tangent plane to + yH + zA = is constant. 

44. Space Curves. It will be recalled that a plane curve C 
whose equation is 


(44-1) y = f{x) 

can be represented in infinitely many ways by a pair of parametric 
equations 

(44-2) X = x{t), 

y = y(t) 

SO chosen that when the independent variable t runs continuously 
through some set of values h < t < U the corresponding values 
of X and y, determined by (44-2), satisfy (44-1). 

For example, the equation of the upper half of a unit circle 
with the center at the origin of the cartesian system, 

y == VI - 

can be represented parametrically as 

X = cos tj 

y = sirit, (0 < t < tt ), 
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X = t, 

y = (0 ^ 1), 

or 

a: = 2t, 

y = VT^t\ {0^t< H)- 

Similarly, a space curve C can be represented by means of a 
set of equations 

i x = x{t), 

(44-3) <y = y{t), 

I z = z{t) 

so selected that when t runs through some set of values the 
coordinates of the point P(x, y, z), defined by (44-3), trace out 
the desired curve C. 



It wiU be assumed that the functions in (44-2) and (44-3) 
possess continuous derivatives with respect to t, which implies 
that the curve C has a continuously turning tangent as the point 
P moves along the curve. 

Let P(a;o, yo, Zo) (Fig. 35) be a point of the curve C defined by 
(44-3) that corresponds to some value io of the parameter t, 
and let Q be the point (xo + Ax, yo + Ay, Zo -h Az) that cor- 
responds to i = fo + At. The direction ratios of the line PQ 
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Ac'Ac'Ac”" At^'M‘~Ai 

If A^ is allowed to approach zero, AXj Ay, and Az all tend to zero, 
so that the direction ratios of the tangent line at P{xo, yo, Zq) 
are proportional to (dx/dt)t^to'^ {dy/dt)t=^to- (dz/dt)t^to- Hence, the 
equation of the tangent line to C at P is 


X - xq ^ y — yo ^ z — zq 
x'(to) y'{U) z'(to) ' 

where primes denote derivatives with respect to L 

Example. The equation of the tangent line to the circular helix 

X — a cos t, 

2 / == a sin t, 
z = at, 

at t = tt/G, is 

's/s a 

a 's/s 
”2 

The element of arc ds is given by 

{dsy = {dxy + (dyy + (dzy, 

so that the length of a space curve C can be calculated from 

The length of the part of the helix between the points {a, 0, 0) and 
(0, a, 'ira/2) is 



45. Directional Derivatives in Space. There is no essenlial 
difficulty in extending the results of Sec. 42 to any number of 
variables. Thus, if u == f{x,y, z) is a suitably restricted func- 
tion of the independent variables x, y, and z, then the directional 
derivative along a space curve whose tangent line at some point 
P{x, y, z) (Fig. 35) has the direction cosines cos {x, s), cos {y, s), 


ira 



a 
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and cos (z, s) is 


(i'U diji f -v I f . dU' f \ 

^ ^ cos (x, s) + ^ cos {y, s) + ^ cos ( 2 , s) 

_ dudx ^ du dy du dz 

dx ds dy ds dz ds 

The magnitude of the normal derivative to the surface u = const, 
is given by 


( 45 - 1 ) 


^ ^ +[± 


The vector that is normal to the surface u = const, and whoso 
magnitude is dujdn is called the gradient of u. 


PROBLEM 

1. Find the equation of the tangent line to the helix 

X — a cos t, y = a sin z = at, 

at the point where t — 7r/4. Find the length of the helix between the 
points i = 0 and t = ^74. 

2. Find the directional derivative of / = xyz at (1, 2, 3) in tlio 
direction of the line that makes equal angles with the coordinate axes. 

3. Find the normal derivative of / = a>t {1, 2, S), 

4. Show that the square root of the sum of the squares of tlio 
directional derivatives in three perpendicular directions is equal to 
the normal derivative. 

5. Express the normal derivative (45-1) in spherical and cylindrical 
coordinates, for which the equations of transformation are 

(a) X = r sin $ cos <p, y = r sin 6 sin (p, z = r cos 6; 

(h) X = r sin 6, y = r cos B, z — z. 

6. What is the direction of the curve x — t, y — z = t^ at the 
point (1, 1, 1)? 

7. Show that the condition that the surfaces f{x, y,z) ^ Q and 
g(x, y,z) =0 intersect orthogonally is that 

dx dx dy dy'^ dz dz 


8. Show that the surfaces 

xyz = 1 and 
intersect at right angles. 
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9. Find the angle between the normals to the tangent planes to 
the surfaces x'^ A- ^ ^ and 2 x’^ + ^ at the po'nt 

(1, 1, 2). 

10 . Show that the direction of the tangent line to the curve of inter- 
section of the surfaces /(re, ?/, 2) = 0 and g{x, y, z) = 0 is given by 


cos a : cos jS : cos 7 





• 1 

/* fy 

Qy Qz 


Qz Qx 


Qx Qv 


Hint: Let (aio, t/o, So) be a point on the curve of intersection, and find 
the line of intersection of the tangent planes to the surfaces at the 
point {xoj yoi zo). 


46. Higher Partial Derivatives. The partial derivatives 
fx^, • • • , of f(xi, X 2 j ' • ‘ , Xn) are functions of Xi, 0 : 2 , • * * , 
Xn and may have partial derivatives with respect to some or all 
of these variables. These derivatives are called second partial 
derivatives of /(xi, 0 : 2 , • * * , x»). If there are only two inde- 
pendent variables x and y, then f(x, y) may have the second 
partial derivatives 

dx \dxj dx^ 
d /a/\ d^f __ 
dy \dxj dy dx 

A (^S = ^ f 

dx\dy/ dx dy 
dy \dyj ” dy^ - 


It should be noticed that /xj, means that df/dx is fiirst found and 


then 


dy 


ii) 


is determined, so that the subscripts indicate the 


order in which the derivatives are taken. In 


_AL = A (^\ 

dy dx dy \dxj 

the order is in keeping with the meaning of the symbol, so that 
the order appears as the reverse of the order in which the deriva- 
tives are taken. 

It can be proved* that, if /xj, and fyx are continuous functions 
of x and y, then = fy^, so that the order of differentiation is 
* See SoKOLNiKOFF, I. S., Advanced Calculus, Sec. 31. 
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immaterial. Similarly, when third partial derivatives an; 
found, fzyx “ fxxy “ fyxx and fxyp ~ “ fvv^y theso deriva- 

tives are continuous. 


Example. If f(x, y) — e*®, then 


fx = j/e*’', /„ = a:e»«'. 


fxx = 2/%*", 

j.y = Svx = e’‘y{xy -f 1), 

PROBLEMS 




1. Verify that for 

da; (32/ oy ox 

(a) / = cos xy^^, (h) f = sin^ x cos y, (c) / = 

2. Prove that if 

(a) fix, v) = log {x^ + y^) + tan"' % then = 0; 


(6) fix, V, z) = (*•■“ -I- 2/' + then ^+^ + 3 ^ = 0- 
a; == s H" 3^, 


d^w , d^u 


« xr o . o , (a; = s + 3c, ^ , d^u , d^u 
3- If “ = + 2/‘ and jj, = 2« - t, 1? W 


4. If ic = /(a;, y) and 


X = r cos 0, , d^u , d^u 

• jbllicl ~5"~5 &> T lCl 0^4) * 

y = r sm d, dr^ dd^ 


6. Use the results obtained in Prob. 6(6), Sec. 41, in order to show 

that g = a(3.= - Find ^ and |^. 

6. If = w(x, y), where x = x(Uj v), y — y(u, v)j dx/du — dy/dv, 
and dx/dv = —dy/du, show that 

d^w , d^w 


v'^ ~ Vdx^ dy^ ) J* 

7. Show that the expressions 


du^ dv'^ 


7i 


— 


+ 


^Y 

dy) 


and 


V — — -L. — 

” da;2 + dy^ 


upon change of variable by means of a; = r cos d and y == r sin d become 


' = (I )' + ? (UT 


~ dr^ + r^dd^ + rdr 


8. If V = fix + ct) + gix — ct), where / and g are any functions 
possessing continuous second derivatives, show that 
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9. Show that if x — cos <9 and y — e sin then 
dx^ dy^ ~ ^ Var^ aav' 


10. If Vi(Zj y, z) and V ^{x, y, z) satisfy the equation 


show that 


527 ^27 

V27 = )LJL _L - I 4. - = 0 
^ ^ ^ dy^ ^ dz^ 


U = Viix, y, z) + + if z^)V^i{x, y, z) 

satisfies the equation 

^2 ^2 ^2 

= 0, where ^ 


47. Taylor’s Series for Fxmctions of Two Variables. This sec- 
tion contains a formal development of a function of tw^'o variables, 
f(x, 2 /), in a series analogous to the Taylor’s series development 
of a function of a single variable. It is assumed that the series 
obtained here converges to the value of the function f(Xj 2 /), 
but the analysis of the conditions under which this convergence 
will occur is too involved to be discussed in this book. 

Consider /(x, y), which is a function of the two variables x and 
y, and let it have continuous partial derivatives of all orders. 
Let 


(47-1) X = a + at and y = h + 

where a, 6, o:, and ^ are constants and t is a variable. Then 

(47-2) f{x, y) = f(a + at,b + fit) = F{t). 

If Fit) is expanded in Maclaurin’s series, there results 

(47-3) F(0 = F(0) + F'(0)f -j- «* -F • • • . 

From (47-2) and (47-1), it follows that 

F'{t) = y) % 

= fs{x, y)<x + fy{x, y)^. 

Then, 

P"{t) = IfUx, 2/)« +fy.(x, ym ^ -1- UUx, y)a + fyy(x, y)fi] ^ 

= fxx{x, y)a^ + 2f^{x, y)a0 -|- fyy{x, y)^\ 
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and 

dx 

= [fxxx(x, y)a^ + 2S^x{x, y)a^ + fyyxix, y)fi^] 

+ [fxxy(x, y)a^ + 2Uy(x, y)a^ + fyyy(x, y)/3^] ^ 

= fxxx(x, y)a^ 4- ^fxxvix, y)a^p + 3fxyy(x, y)afi^ 

4 “ JyyyiXj y)^^» 

Higher order derivatives of F(t) can be obtained by continuing 
this process, but the form is evident from those already obtained. 
Symbolically expressed, 




F'"{t) 


d'i 


d‘i 


+ . 

dx dy dy^ 




s d^f 




Then, 


_|_ 3o;|92 4- 

+ ^ ^ dx dy^ ^ ^ ay» 


f«(,) - (4 + ^ !)■/(., V) . + ct.-^ 


dy 

4- • ■ • 4- C” a6"~^ ^ ^ + 5“ —-1 


where 


C?^ 


nl 


r\{n — ?■)! 


Since i = 0 gives x = a and y = 6, it follows that 

F{Q) = /(a, 6), F'(0) = a/.(a, b) + b), ■ ■ ■ . 

Substituting these expressions in (47-3) gives 
F(t) ^ fix, y) = f{a, b) -t- [a/*(a, b) 4- ^fyia, b)]t 

+ [ajxxia, b) + 2a/3/r»(a, b) -i- /3%„(a, 6)] |j + • ' • • 
Since at = x — a and fit = y — b, the expansion becomes 
(47-4) fix, y) = fia, b) + Uia, 6)(x - a) -|- fyia, b)iy - b) 

+ ^ [fxxia, b)ix - ay 4- 2/*„(a, b)ix - a) iy - b) 

+ fyyia, h)iy — 6)*] -f • • • • 
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This is Taylor’s expansion for a function f{x, y) about the point 
(a, b). 

Another form that is frequently used is obtained by replacing 
{x — a)hjh and (y — b) by k, so that x = a + h and y = b + k. 
Then, 

(47-5) f(a + h,b + k) = f(a, b) + Ua, h)h + /,(a, b)k 

+ \fxx{a, b)V -f b)hk + fyy(a, b)k^] + ■ ■ ■ . 

This formula is frequently written symbolically as 

/(a + h,b + k) = f{a, ^ 

+ + + • • • ■ 

Example. Obtain the expansion of tan~^ | about (1, 1) up to the 

y 

third-degree terms. Here, /(a;, y) = tan~^ so that 

fix, y) = tan-i /( 1 , 1 ) = tan-i 1 = 

Mx, y) = - /^(l. 1) = - §; 

/«'(». y) = xi ' ^yi ’ = h 

fxxix, y) = ^^2 ^ y^)^’ 1) “ 2 ’ 

-^2 0*2 

f:cy{Xy y) = j 2^ fxy{^) 1) = 0, 

fvui^} y) “ ^^2 1 ) “ 2 * 

Then, 

tan-‘| = f-5(i:-l)+5(y-l) 

PROBLEMS 

1. Obtain the expansion for xy^ + cos xy about (1, it‘/2) up to the 
third-degree terms. 
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2. Expand /(a;, y) = at (1, 1), obtaining three terms. 

3. Expand e® cos y at (0, 0) up to the fourth-degree terms. 

4. Show that, for small values of x and y^ 


and 


e® sin y y + xy (approx.), 

y2 

\og{l + y) = y + xy - (approx.). 


6. Expand /(a;, y) = + I about (0, 1). 

6. Expand (1 — - 2 /^)^-’ about (0, 0) up to the third-degree 

terms. . 

7. Show that the development obtained in Prob. 6 is identical with 
the binomial expansion of [1 — (rr^ -h y^)Y'‘^^ 

48. Maxima and Minima of Fimctions of One Variable. A 

function /(x) is said to have a maximum at x = a, if 


and 


A+ = /(a + h) - f{a) < 0, 
A“ = /(a — A) — /(a) < 0, 


for all sufficiently small positive values of h. If A+ and A“ are 
both positive for all small positive values of /i, then f(x) is said 
to have a minimum at a; = a. 

It is shown in the elementary calculus that, if the function 
f{x) has a derivative at a; = a, then the necessary condition for a 



Let it be supposed that f{x) 
order n in some interval about t 
from Taylor^s formula that 


maximum or a minimum is 
vanishing of f'{x) at the point 
X = a. Of course, the function 
f{x) may attain a maximum 
or a minimum at a; = a with- 
out having f(a) = 0, but this 
can occur only if /'(a;) ceases to 
exist at the critical point (see 
Fig. 36). 

has a continuous derivative of 
le point X = a. Then it follows 


A+ = f(a + h) - f{a) 


{n-l)r ^ n! " 
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where 0 < < 1, and 

A- = f{a - h) - /(a) 

= -f(a)h+f^h^ - 


^ (n - 1) ! 


where 0 < ^2 < 1. Let it be assumed further that the first 
n — I derivatives of f(x) vanish at a; = a but ths^,t (a) is not 
zero. Then 

A+ = + 9ih) 

n! 

and 

A-= (-l)n / ^(^ - - M) fen 

n\ 

Since is assumed to be continuous in some interval 

about the point x = a, + Bih) and — Bji) will 

have the same sign for sufiiciently small values of K Conse- 
quently, the signs of A+ and A" will be opposite unless n is an 
even number. But if /(x) is to have a maximum or a minimum 
at X = a, then A+ and A- must be of the same sign. Accordingly, 
the necessary condition for a maximum or a minimum of f{x) 
at a: = a is that the first non-vanishing derivative of /(a;), at 
X = a, be of even order. Moreover, since both A+ and A“ 
are negative if f{x) is a maximum, it follows that niust be 

negative. A similar argument shows that, if f{x) has a minimum 
at x = a, then the first non- vanishing derivative of /(a:) at x = a 
must be of even order and positive. 

If the first non-vanishing derivative of /(x) at x = a is of odd 
order and /" (a) = 0, then the point x == a is called a ^oint of inflection. 

Example. Investigate /(x) = x® — Sx** for maxima and minima. 
Now, 

fix) = 5x4 _ 20x3, 
which is zero when x = 0 and x = 4. Then, 

f'ix) - 20x3 - 60x2, y//(o) = 0 , /"(4) = 320; 

f"(x) - 60x2 - 120x, /"'(O) = 0; 

f^ix) = 120x - 120, f'^iO) = -120. 

Since /"(4) > 0, /(4) = —256 is a minimum; and since f^iO) < 0, 
/(O) = 0 is a maximum. 
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PROBLEMS 

1. Examiiie the following for maxima and minirna: 

(a) y ^ — 4a;® + 1 ; 

(b) y = x\x - 5)2; 

(c) y ^ X A- cos X. 

2. Find the minimum of the function y = a;*, where a; > 0. 

Hint: Consider the minimum of log y. 

3. Show that x = 0 gives the minimum value of the function 

y H- 2 cos x. 

4 . Find maxima, minima, and points of inflection; and sketch the 
curves, for the following: 

(а) 1 / = 3a; + 4 sin x + sin 2a:; 

(б) 2 / = 3a; — 4 sin x + sin 2a;; 

(c) 2 / = Oo; + 8 sin x + sin 2a;. 

6. Find the maximum and minimum values of the function 

y = X sin X A- ^ cos x. 

6. Find maxima, minima, and points of inflection, and sketch the 
curves, for the following: 

(a) y = X log x; 

(b) — {y — a;2)2 = 0. 

49. Maxima and Minima of Functions of Several Variables. 

A function of two variables /(a;, y) is said to have a maximum at 
(a, 6), if /(a + A, h A^ h) — f {a, h) < Q for suifficiently small 
positive and negative values of h and k, and a minimum, if 
f(a + Kb A- k) — /(a, 6) > 0. 

Geometrically, this means that when the point (a, 6, c) on the 
surface z = /(a;, y) is higher than all neighboring points, then 
(a, 6, c) is a maximum; and when (a, 6, c) is lower than all 
neighboring points, it is a minimum point. At a maximum or a 
minimum point (a, 6, c) the curves in which the planes x = a and 
2/ = 5 cut the surface have maxima or minima. Therefore, 
fxiO'j b) = 0 and fy(a, b) = 0. The conditions fx = 0 and = 0 
can be solved simultaneously to give the critical values. 

The testing of the critical values for maxima and minima is 
more difficult than in the case of functions of one variable. 
However in many applied problems the physical interpretation 
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will determine whether or not the critical values yield maxima 
or minima or neither. An analytical criterion can be established 
for the case of two variables in a manner analogous to the method 
used for one variable. By the use of Taylor's expansion, it can 
be shown that if 6) = 0 and fy{a, h) = 0, then /(a, ?>) is a 
maximum if 

•P “ fxxi.^1 &) <C 0 

with 

fxx{a, b) <0 and fyy{a, b) < 0, 
and a minimum if 


fxxiCL} ^)fyyi^j b) K. 0 

with 

fxx(a, b) > 0 and fyy(a, b) > 0. 

In case 

fxy(ci> b) - fxx(a, b)fyy{a, b) > 0, 


fia, b) is neither a maximum nor a minimum. If 


f^(a, b) - /**(a, b)fyy{a, b) = 0, 


the test gives no information, just as/"(cc) = 0 gives no criterion 
in the case of one variable. 

These considerations can be extended to functions of more than 
two variables. Thus, in the case of a function /(x, y, z) of three 
variables, , 





is the necessary condition for a maximum or a minimum. 


Example 1. A long piece of tin 12 in. 
wide is made into a trough by bending up 
the sides to form equal angles with the 
base (Fig. 37). Find the amount to be 
bent up and the angle of inclination of the 
sides that will make the carrying capacity 
a maximum. 

The volume will be a maximum if the area of the trapezoidal cross 
section is a maximum. The area is 


— n-Zx. - 
Fig. 37. 


A = 12a: sin B — sin B + sin B cos B\ 
for 12 — 2a; is the lower base, 12 — 2a; -j- 2a; cos B is the upper base, 
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and X sin 6 is the altitude. Then, 


and 


dA 

= 12a; cos 6 — 2x^ cos 6 + x^ cos^ 6 — x- sin^ 6 
ou 

= a;(12 cos 6 — 2x cos d + x cos^ 6 — x sin^ 6) 


dA 

dx 


= 2 sin ^(6 — 2a; + a; cos 6), 


dA/dx =^ 0 and dA /dS = 0, if sin ^ = 0 and a; = 0, which, from physical 
considerations, cannot give a maximum. 

There remain to be satisfied 


and 


6 — 2a; + a; cos ^ = 0 

12 cos ^ — 2a; cos 9 + x cos- 6 — x sin^ ^ = 0. 


Solving the first equation for x and substituting in the second yield, 
upon simplification, 

cos 0 = K or 0 = 60°, and a; = 4. 

Since physical considerations show that a maximum exists, a; = 4 and 
6 = 60° must give the maximum. 

Example 2. Find the maxima and minima of the surface 


Now, 


62 


2cz. 


_ i: iL ^ 

da; c dy c 


which vanish when x — y = 0, But 


d^ _ j_ ^ l_ 

dx^ ~ a^c dy^ b^c dxdy 


Hence, D — 1 /a^b^c^ and, consequently, there is no maximum or minimum 
at a; = ^ = 0. The surface under consideration is a saddle-shaped 
surface called a hyperbolic paraboloid. The points for which the first 
partial derivatives vanish and D > 0 are called minimax, Tlie reason 
for this odd name appears from a consideration of the shape of the 
hyperbolic paraboloid near the origin of the coordinate system. The 
reader will benefit from sketching it in the vicinity of (0, 0, 0). 


PROBLEMS 

i. Divide a into three parts such that their product is a maximum. 
Test by using the second derivative criterion. 
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2. Find the volume of the largest rectangular parallelepiped that can 
be inscribed in the ellipsoid 


^ + 62 + ^ = 1 - 


3. Find the dimensions of the largest rectangular parallelepiped that 
lias three faces in the coordinate planes and one vertex in the plane 


- + |+- = i. 
a 0 c 


4. A pentagonal frame is composed of a rectangle surmounted by an 
isosceles triangle. What are the dimensions for maximum area of the 
pentagon if the perimeter is given as P? 

6. A floating anchorage is designed with a body in the form of a right- 
circular cylinder with equal ends that are right-circular cones. If the 
volume is given, find the dimensions giving the minimum surface area. 

6. Given n points Pt whose coordinates are (Xi,yi,Zi)j (^ = 1,2, 
• • • , ?i). Show that the coordinates of the point P(x, 2/, 2 :), such that 
the sum of the squares of the distances from P to the Pi is a minimum, 
are given by 




50. Constrained Maxima and Minima. In a large number of 
practical and theoretical investigations, it is required that a 
maximum or minimum value of a function be found when the 
variables are connected by some relation. Thus, it may be 
required to find a maximum oi u = f{x, y, z), where x, y, and z 
are connected by the relation (p{x, y, z) = 0. The resulting 
maximum is called a constrained maximum. 

The method of obtaining maxima and minima described in 
the preceding section can be used to solve a problem of con- 
strained maxima and minima, as follows: If the constraining 
relation (p{x, y, 0 ) = 0 can be solved for one of the variables, 
say z, in terms of the remaining two variables, and if the resulting 
expression is substituted for z m u f{Xj y, 2 ), there will be 
obtained a function u ^ F{x,y), The values of x and y that 
yield maxima and minima of u can be found by the methods of 
Sec. 49. However, the solution of 2 /, a:) ~ 0 for any one 
of the variables may be extremely difficult, and it is desirable to 
consider an ingenious device used by Lagrange. 
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To avoid circumlocution the maximum and minimum values 
of a function of any number of variables will be called its extremal 
values. It follows from Sec. 49 that the necessary condition 
for the existence of an extremum of a differentiable function 
Jixiy ' ' ' i is the vanishing of the first partial derivatives 
of the function with respect to the independent variables 
x^j ' ' ' j Xn, Inasmuch as the differential of a function is 
defined as 


it is clear that df vanishes for those values of xi, ^ ^ , Xn 
for which the function has extremal values. Conversely, since 
the variables Xi arc assumed to be independent, the vanishing 
of the differential is the necessary condition for an extremum. 

It is not difficult to see that, even when some of the variables 
are not independent, the vanishing of the total differential is 
the necessary condition for an extremum. Thus, consider a 
function 


(50-1) 


^ y, 


where one of the variables, say z, is connected with x and y by 
some constraining relation 


(50-2) <p{x, y, z) = 0. 

Regarding x and y as the independent variables, the necessary 
conditions for an extremum give du/dx = 0 and du/dy = 0, or 

dx dx dzdx ' 

— =:() 
dy dy dz By 

Then the total differential 


^ + 


dx 


By 


Bx 


5j/ 


dy + 


dz \3a: 


dx + 




and since the expression in the parenthesis is precisely dz, it 
follows that 


df 


df 
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The total differential of the constraining relation (50-2) is 

(5M) + + 

Let this equation be multiplied by some undetermined mul- 
tiplier X and then added to (50-3). The r(\siilt is 

^ ^ If) + (I + ^ If) 

Now, if X is so chosen that 

= 0 

dx dx ^ 

dy^^dy-^’ 

^ -0 
¥>(x, y, z) = 0, 

then the necessary condition for an extremum of (50-1) will 
surely be satisfied. 

Thus, in order to determine the extremal values of (50-1), 
all that is necessary is to obtain the solution of the system of 
Eqs. (50-5) for the four unknowns a*, y, 2 , and X. The multiplier 
X is called a Lagrangian multiplier. 

Example 1. Find the maximum and the minimum distances from 
the origin to the curve 

5x^ -h 6xy + 52/2 — 8 = 0. 

The problem here is to determine the extremal values of 
fix, y) = + 2/2 

subject to the condition 

(pix, y) = 5a;2 + %xy + — 8 = 0. 

Equations (50-5) in this case become 

2x + X(10a; + 62/) = 0, 

2y -h X(6a; -f lOy) = 0, 

5a;2 + Qxy -h 5y^ — 8 = 0. 

Multiplying the first of these equations by y and the second by x and 
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then subtracting give 

6X(y2 - x^) = 0, 

so that y == ±a;. Substituting these values of y in the third equation 
gives two equations for the determination of x, namely, 

2x^ = 1 and = 2. 

The first of these gives / = + 2/^ = 1, and the second gives f = 

+ 2 /^ = 4. Obviously, the first value is a minimum, whereas the 
second is a maximum. The curve is an ellipse of semiaxes 2 and 1 
whose major axis makes an angle of 45® with the a;-axis. 

Example 2. Find the dimensions of the rectangular box, without a 
top, of maximum capacity whose surface is 108 sq. in. 

The function to be maximized is 

y, = ^y^f 

subject to the condition 

(50-6) xy + 2xz + 2yz = 108. 

The first three of Eqs. (50-5) become 

i yz + X( 2 / + 2z) = 0, 

(50-7) \ + Hx + 2z) = 0, 

( xy 4- X(2x + 2y) = 0. 

In order to solve these equations, multiply the first by x, the second 
by 2 /, and the last by z^ and add. There results 

\{2xy + 4cxz + 42^z) + Zxyz = 0, 
or 

^{xy H- 2xz H- 2yz) + %xyz ~ 0. 

Substituting from (50-6) gives 

108X -h Hxyz = 0, 
or 

_ xyz 
^ " '72 * 

Substituting this value of X in (50-7) and dividing out common factors 
give 

1 - ^ (y + 2?) =0, 

1 - ^:(x +. 2z) = 0 , 
l-^{2x + 2y) =0. 
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From the first two of these equations, it is evident that x = y. The 
substitution oi x — y in the third equation gives z = IS/y. Substitut- 
ing for y and z in the first equation yields x = 6, Thus, x = 6, y — 6j 
and z = 3 give the desired dimensions. 


PROBLEMS 

1. Work Probs. 1, 2, and 3, Sec. 49, by using Lagrangian multipliers. 

2. Prove that the point of intersection of the medians of a triangle 
possesses the property that the sum of the squares of its distances from 
the vertices is a minimum. 

3. Find the maximum and the minimum of the sum of the angles 
made by a line from the origin with (a) the coordinate axes of a cartesian 
system; (6) the coordinate planes. 

4 . Find the maximum distance from the origin to the folium of 

Descartes a?® + — 3axy = 0. 

6. Find the shortest distance from the origin to the plane 

ax + by + cz — d, 

Bl. Differentiation under the Integral Sign. Integrals whose 
integrands contain a parameter have already occurred in the 
first chapter. Thus, the length of arc of an ellipse is expressi- 
ble as a definite integral containing the eccentricity of the ellipse 
as a parameter.* 

Consider a definite integral 

(51-1) (p{a) = «) 

in which the integrand contains a parameter a and where Uq and 
.ui are constants. As a specific illustration, let 


TT 

= r sin ax dx. 
* 

In this case the indefinite integral 


F(x, a) = J* sin axdx = — C 

is a function of both x and a; but, upon substitution of the limits, 
there appears a function of a alone, namely 


«>(«) 


-r 


sin ax dx 


cos ax 
a 


TT 



* See Sec, 14. 
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Frequently, it becomes necessary to calculate the derivative 
of the function <p(a) when the indefinite integral is complicated 
or even cannot be written down explicitly. Inasmuch as the 
parameter a is independent of x, it appears plausible that in 
some cases it may be permissible to perform the differentiation 
under the integral sign, so that one can use the formula 


dip 

da 


df(x, a) 


dx. 


This formula turns out to be correct if f(x, a) and dfix, a) /da 
are continuous functions in both x and a. Thus, forming the 
difference quotient with the aid of (51-1), 


, <p{<x + Aa) - <(>{a) _ p V(a;, a + «) 

' ' Aa Jw> 

Now the limit, as Aa — > 0, of the left-hand member of (51-2) 
is precisely dtp/da, whereas the limit of the expression under the 
integral sign is df/da. Hence, if it is permissible to interchange 
the order of integration and c^culation of the limit, one has 


(61-3) 


da X 


The restrictions imposed on the function f(x, a) can be shown 
to be sufficient to justify the inversion of the order of these 
operations. 

Suppose next that the limits of integration Ui and uo are func- 
tions of the parameter a, so that 



In this case, one can proceed as follows: Let 


so that 
(51-4) 
Then, 
(61-5) 


//(X, a) dx = F(Xf a) 


dx 


= /(x, a). 


<p{a) = fix, a)dx = Fix, a) 

= Fiui, a) - Fiuo, a). 


X « wi(a) 
x^tioia) 
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Assuming the continuity of all the derivatives involved, one 
can write* 


d(p __ dF{uij o i) du\ ^ dF{ui, a ) _ dF(uoy a) duo _ dF(uo, ot) 

da dui da da dUo da da 


which, upon making use of (51-4) and (51-5), becomes 


dip 

da 


= /(«i. «) 


dui 

da 


- /(«i, a) 


du\ 

da 


- /(wo, ^ ^ «) - ^(Wo, «)] 

A'i! ^ /^Wi(a) 

- -di + Ta L., /(^,a)rfx. 


The partial derivative appearing in this expression means that 
the differentiation is to be performed with respect to a, treating 
Wo and Ui as constants. Hence, making use of (51-3), 


(51-6) 


dip 

da 


= /(Ml, a) 


duj 

da 


*/ \ duo , 

- /(mo, «) -^ + 


J '*ui(a) 
t 4 o(a) 


da 


This formula is known as the formula of Leibnitz, and it 
specializes to (51-3) when Ui and uo are independent of a. The 
validit}^' of this formula can be established under somewhat less 
restrictive hypotheses, t but the limitations imposed on the func- 
tion /(x, a) in the foregoing discussion are usually met in prob- 
lems arising in applied mathematics. 


dip r^a 

Example 1. Find if ip{a) — ^ dx. 

Then 

dxa /• 2 a 

i = ^ e ^ - 6-“’ (-2«) + e-‘(2) 

/ 2a -- 

e dx 4- 2 q:6“«‘'‘ 4- 2e-^, 


Example 2. Formula (51-3) is frequently used for evaluating definite 
integrals. Thus, if 

<p{a) = r log (1 4- a cos x) dx, 

* See Sec. 39. 

t See SoKOLNiKOFF, I. S., Advanced Calculus, Sec. 39, p. 121. 
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''(«) = r 


1 + q: cos a; 


=irfi 1 ) 

a: JO \ 1 + O' cos x/ 


Therefore, 


1 / , 1 .,Q' + cosa;\|ir 

= - ( a; H )=—■■■ ■ sin“^ ) 

a \ V 1 — 1 + O' cos x/lo 

If. 1 .,a: + 1\-| 

= - TT H , — I sin~i ) 

aL \/l — o'‘-^\ 1 — O' 1+ o!/ J 

^ j. / — TT \ _ ^ TT 

O' \ 'v/l — o;^/ a a\/l — o:^ 


= TT ^log O' -f log 


i + Vi 


<fi{a) = TT log (1 4- \/l — oi^) 4* c. 


But, when a = 0, 


Hence, 


^(0) = log Idx ^ 0, 


0 = -r log 2 4- and c —t log 2, 
and 

^(o;) = TT log 

PROBLEMS 

/ ir/2 

Q sin ax dx by using the Leibnitz formula, 
and check your result by direct calculation. 

2. Find dip /da, ii <p {a) = Jq oos xy dx, 

3. Find dtp /da, if <p{a) — ta,ir^^dx. 

4. Find dip /da, if ^(o:) = J'q tan {x — o') dx, 

6. Find dup/dx, if ^(a;) = dx, 

6. Differentiate under the sign and thus evaluate C — r:; 

JO (q: — cos xy 

by using C ^ , if 0 :^ > 1. 

^ Jo a — cos X ^ 1 


if 0:2 > 1. 


7. Show that 


log (1 — 20: cos X 4 -” 0:2) ^ if 0:2 ^ 1 

= T log o: 2 , if 0:2 ^ 
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8. Verify that 

1 r* 

^ ~ k Jo — a) da 

is a solution of the differential equation 

where A is a constant. 



CHAPTER V 
MUXTIPLE INTEGRALS 


It is assumed that the reader is somewhat familiar with the 
problem of calculating the volumes of solids with the aid of double 
and triple integrals and has some facility in setting up such 
integrals. The first three sections of this chapter contain a 
brief summary of some basic facts concerning double and triple 
integrals, preparatory to the development of the expressions for 
the volume elements in spherical and cylindrical coordinates. 
These expressions are used frequently in applied mathematics 
and are seldom included in the first course in calculus. A brief 
discussion of surface integrals is also given here. 

First, it may be well to recall the definition of the simple 
integral f(x) dx. Let the function f{x) be continuous and 
single valued for a < x < h. The interval (a, h) of the a;-axis 
is divided into n parts by the points a = xo, Xij 0:2, * * * , 
Xn = 6 . Let Axi = Xi — Xi-.i, and let ft be a value of x such that 

n 

^ Xi. Form the sum S /(ft) Axi, and take the limit 

of this sum as n 00 and all the Axi — > 0 . Under the given 
assumptions on /(a;), this limit wiU exist, and it is defined as the 
definite integral of f{x) over the interval (a, b) of the a;-axis. 
Thus, 

lim T fi^i) Axi = r fix) dx. 

00 •z® 

Geometrically, this integral can be interpreted as the area between 
the curve y = f{x) and the rc-axis included between the lines 
X = a and x = b. The evaluation of the integral can often be 
accomplished by the use of the following theorem. 

Fundamental Theokem of Integral Calculus. If f{x) 
is continuous in the interval a ^ x < b and G{x) is a function such 
that dGfdx = f(x) for all values of x in this interval, then 

f fix) dx = Qib) - oia). 

172 
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62. Definition and Evaluation of the Double Integral. The 

double integral is defined and geometrically interpreted in a 
manner entirely analogous to that sketched above for the simple 
integral. Let /(a;, y) be a continuous and single-valued function 
within a region B (Fig. 38), bounded by a closed curve C, and 
upon the boundary C, Let 
the region B be subdivided 
in any manner into n sub- 
regions AjBi, AB^, • * * , ABn 
of areas A A 1 , A A 2 , * • • ,AAn. 

Let (?t, be any point in 
the subregion ABi^ and form 
the sum 



X 


i=» 1 


/(^i, 77i) AAi. 


Fig. 38 . 


■X 


The limit of this sum, as n — > oo and all A^*- — ^ 0, is defined as 
the double integral of f{x, y) over the region B, Thus, 


(52-1) Urn Xf(hve)^A,^ ff(x, 


dA. 


The region B is called the region of integration, corresponding 
to the interval of integration (a, h) in the case of the simple 
integral. The integral (52-1) is sometimes written as 

y) 

In order to evaluate the double integral, it will be simpler to 
consider first the case in which the region B (Fig. 39) is a rec- 
tangle bounded by the lines x = x = h, y ^ c, y — d. The 
extension to other types of regions will be indicated later. 
Subdivide B into mn rectangles by drawing the lines x = Xi^ 
a; = Xa, * • • , X = aJn-l, y = yi, 2/ = 2/2; ‘ ‘ ; y ^ 2/m-l. 

Define Axi ^ — Xi_i, where Xo — a and Xn = 6, and define 

= yj ~ yj-h where yo — c and ym = d. Let ABij be the rec- 
tangle bounded by the lines x = Xi^i^ x == Xc, y — y^^x, y = y,. 
Then, if the area of ABa is denoted by AAn^ 

AAij = Axi Ayj. 
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i — n, j = m 

Let (^ij, vii) be any point of The sum S /(?./, va) A4 a 

i=i,y=i 

can be written as 

i = n, y *■ w 

(52-2) y /(?<,-, Vii) Aa;< 

i=i77=i 

This summation sign signifies that the terms can be summed for 
i and j in any manner whatsoever. Suppose that the terms of 
(52-2) are arranged so that all the rectangles ARn are used first, 



then all the rectangles ABi 2 j then all the rectangles ARiZj etc. 
This is equivalent to taking the sum of the terms for each row of 
rectangles and then adding these sums. Then (52-2) can be 
written 


(52-3) 

But 


m n _ 

y*®! ^2 = 1 


so that 


pjj 

lim y /(fy, tji,) Lxi = I fix, Vi) dx, 
^ fi^H, Vii) Ax< = fix, rii) dx 4- €f, 


where lim c/ = 0. 

n— ♦ « 


Moreover, r fix, ri,) dx 


is a function of r^, 
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say Thus (52-3) becomes 

m 

y ['p(’7j) + «;■] Aj/j = r [<p{y) -k- i\dy «' 

3“ 

X d 

<p{y) dy + e(d — c) + e' 

= y) d.y + ({d ~ c) + e', 

in which lim € = 0 and lim e' = 0. Taking the limit as n 00 

n— > 00 777-^ ce 

and m 00 gives 

X X"* fa 

The double integral is, therefore, evaluated by considering 
f{Xj y) as a function of x alone, but containing 2 / as a parameter, 
and integrating it between x = a and x = b and then integrating 
the resulting function of y between y — c and y ^ d. The right 
member of (52-4) is known as an iterated integral, and (52-4) 
establishes the relation between the double integral over the 
rectangle R and an iterated integral over the same rectangle. 

Similarly, by .taking the sum of the terms in each column and 
then adding these sums, 

Jb ^ fa fc 

In case (52-5) is used, f{x, y) is first considered as a function of y 
alone and integrated between y — c 
and y = d, and then the resulting 
function of z is integrated between 
x = a and a; = 6. Either (52-4) or 
(52-5) can be used, but one of them 
is frequently simpler in the case of a 
particular function /(a:, y). 

Suppose R is, not a rectangle, 
but a region bounded by a closed 
curve C (Fig. 40) that is cut by any 
line parallel to one of the axes in, at 
most, two points. Let Bi and B 2 be the points of C having 
the minimum and maximum ordinates, and let Ai and A 2 be 
the points of C having the minimum and maximum abscissas. 
Let z = <pi{y) be the equation of BiAiB^j and x = (P 2 (y) be the 
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equation of Then, in taking the sum of the terms by 

rows and adding these sums, the limits for the first integration 
will be ipi{y) and instead of the constants a and h. The 

limits for the second integration wdll be /3i and in which is 
the ^/-coordinate of J5i and ^2 is the ^-coordinate of ^ 2 - Then 
(52-4) is replaced by 

(52-6) fix, y) dA = fix, y) dx dy. 

Similarly, if ^ = fi{x) is the equation of A 1 B 1 A 2 J y = f^ix) is 
the equation of AiB^A^^ oci is the abscissa of Ai, and is the 
abscissa of A 2 , (52-5) is replaced by 

(52-7) . fix, y) dA = fix, y) dy dx. 


In case 72 is a region bounded by a closed curve C that is cut 

in more than two points by some 
parallel to one of the axes, the 
previous results can be applied to 
subregions of R whose boundaries 
satisfy the previous conditions. 
By adding algebraically the inte- 
grals over these subregions, the 
double integral over R is obtained. 

Fig. 41. 

Example 1. Compute the value cf 
1 1 = y dA where R is the region in the first quadrant bounded by 

the ellipse 



I ^ _ 1 

53 “ 


(Fig. 41). 


Upon using (52-6) and summing first by rows, 






~ 3 * 

Using (52-7), one has 






dx 


52 


52 



x\ ^ 

(a^x 

~ 3 )( 
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It may be remarked that the value of Ii is equal to yAj in which y is 
the ^/-coordinate of the center of gravity of this quadrant of the ellipse 
and A is its area. Since A = xa6/4, 

h __ ab^/S _ 46 
^ ~ A'~ 7ra6/4 Stt' 

Similarly, by evaluating h fj^xdA = a^b/S, 

1 2 a^b/Z 4a 

^ ~ A " Tab/4 " St" 

which is the aj-coordinate of the center of gravity. 

Example 2. Moment of Inertia, It will be recalled that the moment 
of inertia of a particle about an axis is the product of its mass by the 
square of its distance from the axis. If it is desired to find the moment 
of inertia of a plane region about an axis perpendicular to the plane 
of the region, the method of Sec. 52 can 
be applied, where /(x, y) is the square of 
the distance from the point (a;, y) of the 
region to the axis. Then 

M = dA. 

For example, let it be required to find 
the moment of inertia of the area in the 
first quadrant (Fig, 42), bounded by the 
parabola 2 /^ = 1 — a; and the coordinate 
axes, about an axis perpendicular to the 
a; 2 /-plane at (1, 0). The distance from any point P{x, y) to (1, 0) 
is r = ly + Therefore, 

M = f [(x - ir + y’‘] dA. 

Evaluating this integral by means of (52-6) gives 
if - [(»-!)■ +»■!** 

53. Geometric Interpretailon of the Double Integral. If 

f(x, y) is a continuous and single-valued function defined over the 
region R (Fig. 43) of the xy-plane, then z = /(x, y) is the equation 
of a surface. Let C be the closed curve that is the boundary of R. 
rising R as a base, constmet a cylinder having its elements parallel 
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to the is-axis. This cylinder intersects z = f{x, y) in a curve r, 
whose projection on the a:t/-plane is C. Denote by S the portion 
of 2 = f{x. y) that is enclosed by T. Let R be subdivided as in 


Sec. 52 by the lines x = Xi, (^ 



1, 2, • • • , n - 1), and 2 / - y,-, 
(j = I, 2, • • • , m- 1). 
Through each line x = Xi 
pass a plane parallel to the 
yz-plsine; and through each 
line y = yj pass a plane 
parallel to the a; 0 -plane. 
The rectangle ABi/, whose 
area is = AxiAy^, will 
be the base of a rectangular 
prism of height va)) 

whose volume is approxi- 
mately equal to the volume 
enclosed between the surface 
and the a; 2 /-plane by the 
planes x = Xi^i, x = Xij 
y = and 2/ = y^ Then 


(53-1) 


S Siii. 




rai) AXi Ayi 


gives an approximate value for the volume V of the portion of the 
cylinder enclosed between z = /(x, y) and the rr^z-plane. As 
—> 00 and m — ^ 00 , the sum (53-1) approaches 7, so that 


(53-2) F = fj[x,y)dA. 

The integral in (53-2) can be evaluated by (52-6) in which the 
prisms are added first in the a;-direction or, by (52-7) in which 
the prisms are added first in the ^/-directioh. 

It should be noted that formulas (52-6) and (52-7) give the 
value of the area of the region R if the function f{x, 2/) = 1 ; 
for the left member becomes 


which is A. 




A can be evaluated by 
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Example. Find the volume of the tetrahedron bounded by the 


plane " + j + 3 


1 and the coordinate planes (Fig* 44). Here, 




If the prisms are summed first in the rc-direction, they will be summed 
from X = 0 to the line a6, whose equation is 


Therefore, 




This result was obtained by using (52-6) for the evaluation of 7, but 
(52-7) could be used equally weU. 


64. Triple Integrals. The triple 
integral is defined in a manner / 

entirely analogous to the definition / ^ c 

of the double integral. The / ljj| Nv 
function / yHiij 

is to be continuous and single Ja 
valued over the region of space i? ^ 
enclosed by the surface &. Let R 

be subdivided into subregions ARijk. If AVijk is the volume of 
ARijk, the triple integral of f(Xj y, z) over R is defined by 

« = n,j = m,A = p 

(54-1) I f(^f yj dV ^ lim ^ AVijk 


by exactly the same argument as that used in Sec. 52. 

In order to evaluate the triple integral, R is considered to be 
subdivided by planes parallel to the three coordinate planes, the 
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case of the rectangular parallelepiped being treated first. In this 
case, 

AViik = AXiAyjAzk. 


By suitably arranging the terms of the sum 

i = nj = m , k ~ p 

2) Vijkf ^ijk) AXi Ayj AZk, 

it can be shown, as in Sec. 52, that 


(54-2) y, z) dV = V, z) dx dy dz. 

By other arrangements of the terms of the sum, the triple integral 
can be expressed by means of iterated integrals in which the order 
of integration is any permutation of that given in (54-2). 

If jB is not a rectangular parallelepiped, the triple integral 
over R will be evaluated by iterated integrals in which the limits 
for the first two integrations will be functions instead of con- 
stants. By extending the method of Sec. 53, it can be shown that 


(5«) x /(«, c x::f m 

Similarly, the triple integral can be evaluated by interchanging 
the order of integration in the iterated integral and suitably 
choosing the limits. 

The expression (54-3), or the similar 
expressions obtained by a different choice 
of the order of integration, gives the 
formula for the volume of R in case 
f(Xj y, z) = 1. Therefore, 



F= p r^’^'^Uxdydz 

Jzt JMz) J<pliV,2) 


Fig. 45. 


Also, the formula (54-3) may be con- 
sidered as giving the total mass of the volume V that has vari- 
able density /(a;, y, z). 


Example. Let it be required to find the moment of inertia of the 
solid bounded by the cylinder and the planes z = 0 and 

z == b about the a;-axis (Fig. 45). Assume uniform density or. The 
function f(x, ?/, z) is the square of the distance of any point F(a;, y, z) 
from the a;-axis. Therefore, 


M y, «) = 2/® + 
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/. = iy^ + a*)<T dV 

/*a /• — /*Z) 

^^JoJo L (y‘ + z^)dBdydx 

- X" X'^’ + 1) ^ - ^X“ (¥ + 

= (a^ + 6 ^ — — x‘^ dx 

= (a^ + 62 __ 0^2 gij^2 QQg2 ^ 

= — [(a^ + &^) I ~ J = -T^ (3a2 + 462). 

PROBLEMS 

1. Evaluate 

/o / + 2 /^) dy dx; 

( 6 ) 

and describe the regions of integration in (a) and (6). 

2. Verify that J ^ {x^ + 2 / 2 ) dt/ dx = (a;^ + y^) dx dt/, where the 

region J? is a triangle formed by the lines y = 0, y — Xj and x = 1, 

3. Evaluate and describe the regions of integration for 

(«) 

W flf-v^^dydx; 

Jo + y^) dy dx; 

(d) P-r dy (h; 

(®) PPzXydxdy. 

4. Find the areas enclosed by the follomng pairs of curves: 

{a) y = x,y = x^; 

(b) y = 2 - x,y^ = 2(2 - *); 

(c) y = 4 — a:^ 2 / = 4 — 2a:; 
id) y^ = 5 - X, y = X + 1; 

(e) y = ■\/a^ — x^, y = a — X. 
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5. Find by double integration the volume of one of the wedges cut 

off from the cylinder by the planes z = 0 and z - x. 

6. Find the volume of the solid bounded by the paraboloid 

-h and the plane x = 6. 

7. Find the volume of the solid bounded by the plane z = 0, the 

surface z — + 2, and the cylinder = 4. 

8. Find the smaller of the areas bounded by y ^ 2 — x and 

X- + = 4. 

9. Find the volume bounded by the cylinders y = y^ = x and 
the planes 2 = 0 and 2 = 1 . 

10. Find the volume of the solid bounded hy the cylinders 
x'i ^ and y^ + 

11. Find the coordinates of the center of gravity of the area enclosed 
hy y = 4 — x^ and y = 4 — 2x. 

12. Find the moments of inertia about the x- and y- axes of the 

smaller of the areas enclosed hy y = a — x and x^ -p y^ = (P> 

13. Evaluate the following: 

fo fi fi ^y 

ih) 

a2-{-y2 

(c) /o / Jo dzdydx. 

14. Find by triple integration 

(a) The volume in the first octant bounded by the coordinate 
planes and the plane a; + 2?/ + 32 = 4. 

(&) The volume of one of the wedges cut off from the cylinder 
a ;2 _j« ^2 ^ ^2 by tbe planes 2 = 0 and z = x, 

(c) The volume enclosed by the cylinder + 2 /^ = 1 and the 
planes 2 = 0 and 2 = 2 — a;, 

id) The volume enclosed by the cylinders y^ = z and x^ + y^ = 
and by the plane 2 = 0. 

(c) The volume enclosed by the cylinders y^ + z^ — and 

:r2 + yi = a2, 

(/) The volume enclosed by y^ + 2z'^ = 4a; — 8, = 4, and 

X = 0 . 

{g) The volume in the first octant bounded by the coordinate 
planes and a; + Si/ + 22 = 6. 

{h) The volume enclosed by the cylinder a;^ + 2 /^ = 9 and the 
planes 2 = 5 — a; and 2 = 0. 

{%) The volume of the cap cut off from y^ = 4a; by the plane 

z = X. 

15. Find the moments of inertia about the coordinate axes of the 
solids in Prob. 14. 
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16. Find the coordinates of the center of gravity of each of the 
volumes in Prob. 14. 

17. Find by triple integration the moment of inertia of the volume 
of a hemisphere about a diameter. 

18. Find the coordinates of the center of gravity of the volume of the 
solid in Prob. 17. 

19. Find by triple integration the moment of inertia of the volume of 

the cone — aV about its axis. 

20. Find the moment of inertia of the cone in Prob. 19 about a 
diameter of its base. 

21. Find the volume in the first octant bounded by 2: = a; + 1, a; = 0, 
y = Oy X = 2z, and y^ = 4. 

22. Find the coordinates of the center of gravity of the volume 
bounded hy z = 2(2 — x — y)^ z = 0, and 2: = 4 - a;^ — ^2^ 

56. Jacobians. Change of Variable. If it is desired to make 
a change of variable in a double or triple integral, the method is 
not so simple as in the case of the simple integral. It is probably 
already familiar to the reader that the element of area dA, which 
is equal to dx dy in rectangular coordinates, is not equal to dp dd in 
polar coordinates. In order to obtain a general method for trans- 
forming the element of area or the element' of volume from one 
set of coordinates to another, it is necessary to introduce the 
definition of the Jacobian, or functional determinant. 

Let u = u{Xj y) and v = v{x, y) be two continuous functions 
of the independent variables x and y, such that duldx, duldy, 
dv/dXj and dv/dy are also continuouvs in x and y. Then 


(55-1) 


du dv 

du dv __ 

du dv 
dx dx 

dx dy 

dy dx 

du dv 

dy dy 


is called the Jacobian, or functional determinant, of u, v with 
respect to Xj y. It is usually denoted by 


J 



or 


d{Uj v) 
d(x, y) 


In fche case of three variables, let u = u{Xj y, 2 ), d = y^ z), 
and w — w(Xj y, z) be continuous together with their first partial 
derivatives. The Jacobian, or functional determinant, of a, v, w 
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with respect to x, y, z is defined by 


(55-2) 


bu bv bw 
bx bx bx 
bu bv bw 
by ^ by 
bu bv ^ 
bz dz bz 


The usual symbols for it are 

J ( u, V, w \ d(u, V, w) 

\x,y,z) S{x,y,z) 

The Jacobian of any number of functions *^ 2 , * * ’ , Wn, 
with respect to the variables xi, a; 2 , * * * , Xn, is defined by an 
obvious extension of (56-1) and (55-2). It is denoted by 


^ \Xl, X2j ' * • jXn) d{xi, a;2, * • * , Xn) 

The Jacobian is of great importance in mathematics.* It is 
used here in connection with the change of variable in multiple 
integrals. If it is desired to change the variable in J^/(ic, y) dA 
by making x = x(u, v) and y == y{uy v), the expressionf for dA in 
terms of u and v is given by 


(55-3) 


dA 





du dv. 


Thus, in transforming to polar coordinates by means of x = 
p cos 6, y = p sin 6, 


J 



I cos 6 
— p sin d 


sin 6 
p cos 6 


= p cos^ 6 + p sin^ 6 — p. 


Therefore, 


dA = p dp do, 


a result that is already familiar from elementary calculus. 

* Note that the Jacobian appeared in Sec. 41 in connection with the differen- 
tiation of implicit functions. 

t See Sokolnucoff, I. S., Advanced Calculus, Sec. 46. 
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It follows from (56-3) that 

(55-4) f{x, y) dA = /X f[xiu, v), y(u, z;)] |j du dv. 
The right-hand member of (55-4) can be written as 


where 


//. F(u, v) du dv, 


F{u, v) - f[xiu, v), yiu, v)] • 



If it is desired to evaluate this double integral by means of an 
iterated integral, the limits for u and v must be determined from 
a consideration of the region R. 

Similarly, if rc = x(u, v, w), y = y{u, v, w), and z = z{u, v, w), 
then 


(55-5) 

and 


dV 



du dv dw 


(55-6) f fix, y, z) dV 

njR 

= j j js 2/(w, V, w), z{u, V, w)] I J 


du dv dw. 


66. Spherical and Cylindrical Coordinates. Corresponding to 
the system of polar coordinates in the plane, there are two 
systems of space coordinates that are frequently used in prac- 
tical problems. The first of these is the system of spherical, or 
polar, coordinates. Let Fix, y, z) (Fig. 46) be any point whose 
projection on the ccy-plane is Q(x, y). Then the spherical 
coordinates of P are p, (p, 6, in which p is the distance OP <p, is the 
angle between OQ and the positive aj-axis, and 6 is the angle 
between OP and the positive is-axis. Then, from Fig. 46, it is 
seen that 


a; = OQ cos = OP cos (90° — S) cos <p = p sin 6 cos <p, 
y = OQ sin (p = p sin $ sin <p, 
z ~ p cos 6. 

The element of volume in spherical coordinates can be obtained 
by means of (55-5). Since 
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sin 6 cos <p sin 6 sin <p cos 6 


-- p sin 6 sin <p p sin 6 cos ip 0 

\P7 <P) V 

p cos 6 cos ip p cos 6 sin ip — p sin 6 

= 

— p^ sin 6, 


it follows that 

(56-1) dV = sin d dp d<p dd. 

This element of volume is the volume of the solid bounded by the 



Fig. 46. 


two concentric spheres of radii p and p + dp, the two planes 



through the 2 -axis that make 
angles of <p and <p + d(p with 
the a: 2 -plane, and the two cones 
of revolution whose common 
axis is the 2 -axis and whose 
vertical angles are 26 and 
2{e + dd). 

The second space system cor- 
responding to polar coordinates 
in the plane is the system of 
cylindrical coordinates. Any 
point/^(:r, y, 2 ), whose projection 
on the a; 2 /-plaae is Q (Fig. 47), has 
the cylindrical coordinates p, 6, 2 , 


where 6 is the angle between OQ and the positive x-axis, p is the 
distance OQ, and 2 is the distance QP. From Fig. 47, it is evident 
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/ \ 

cos B 

sin B 0 

1! 

— p sin B p cos B 0 

0 

0 1, 


it follows that 


= Pj 


(56-2) dV = p dp de dz. 

This element of volume is the volume of the solid bounded by the 
two cylinders whose radii are p and p -|- dp, the two planes 
through the 2 ;-axis that make angles B and B + dS with the 
a; 2 -plane, and the two planes parallel to the x^-plane at distances 
z and z + dz. 


Example 1. Find the ic-coordinate of the center of gravity of the 
solid of uniform density c lying in the first octant and bounded by the 
three coordinate planes and the sphere x^ + — aK 

Since 




II 

b 

7raV6 


it is necessary to compute J r 3^ dV. This integral can be calculated by 
evaluating the iterated integral 


Jo Jo 


X 




X dx dy dz, 


but it is easier to transform to spherical coordinates. Then, 

IT X 

p sin P cos ^ • p2 sin B dp dB dtp 

T X 

J *2 (*2 p^i® 

0 Jo 4 ^ cos ^ d0 d<p 

= 16 jo = 

qV/16 3a 


Therefore, 


X = 


7raV6 “ 8 


Example 2. In the example of Sec- 54, find /» by transforming the 
integral into cylindrical coordinates. Then, 
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{y^ + z2)or ^ (P^ sin^ d + z^)p dz d6 dp 

X 0 + y)<^ <^P 

r® , / p^S p® sin 26 , h^p6\\^'^ _ 

= ‘"Jo Ht — 4“ + ~rJlo 

fo ^ i®) *^P 

..6,(t‘ + 'f)|;.?^(3.. + 45.,. 

67. Surface Integrals. Another important application of 
multiple integrals occurs in the problem of defining the area of a 
surface. Let z = f(x, y) be the equation of a surface S (Fig. 48). 

Let S' be a portion of this 
surface bounded by a closed 
curve r, and such that any 
line parallel to the ^-axis cuts 
S' in only one point. If C is 
the projection of T on the xy- 
plane, let the region B, of 
which C is the boundary, be 
subdivided by lines parallel to 
the axes into subregions ABi. 
Through these subdividing 
lines pass planes parallel to 
the 2 :-axis. These planes cut 
from S' small regions A;S(- of area Aor^. Let AAi be the area of 
ARi. Then, except for infinitesimals of higher order, 



Fig. 48. 


AAi = COS A<Xij 


where cos cos /3i, and cos ji represent the direction cosines of 
the normal to S at any point (xi, yi, Zi) of AS-. Since (see 
Sec. 43) 


cos ail cos Pii cos yi 
it follows that 


dz dz 
dx dy i ' 


cos Ji 


-1 

± V{9e/dx)l + {dz/dy)l + l‘ 
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= sec yi 


Then, 


- V(i)’ + (I)’ + ‘ 


il” 2 V(l)! + (I); + ‘ 


is defined as the area of the surface S'. Since this limit is 


the value of a- is given by 

(67-1) , - sec T JA - J -h (g) -HI * dv. 

Similarly, by projecting S 
on the other coordinate 
planes, it can be shown that 

O’ = 1^ sec a dA 
JRi 

= r sec dA. 

J Ri 

The integral of a function 
<p(x, y, z) over the surface 
z — f{Xj y) can now be de- z 
fined by the equation Fig. 49. 

(57-2) (pix, y, z) da- 

It is assumed that (p{x, y, z) is continuous and single valued for 
all points of some region T that contains S. 

Example. Find the area of that portion of the surface of the cylinder 
+ 2/^ ” which lies in the first octant between the planes 25 = 0 and 
z = mx (Fig. 49). 

This surface can be projected on the aj^-plane or on the 2/25-plane but 
not on the rr^Z-plane (since any perpendicular to the aiy-plane that meets 
the surface at all will lie on the surface). The projection on the icss-plane 
is the triangle GAB. Hence, 
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But 


<r = I sec 3 dA, 
JoAB ^ 


+ 1 + 0 = a(a^ - a:2)-H. 


Therefore, 


V( 7 fe.)’ 

/•a /*nix ^ , 

O' = Jq L dx 

= Jo "■ 


PROBLEMS 

1 . Find the coordinates of the center of gravity of the area bounded 

by a;^2 -f- a; = 0, and y — 0. 

2 . Find the moment of inertia of the area of one loop of sin 2$ 

about an axis perpendicular to its plane at the pole. 

3 . (a) Find the expression for dA in terms of u and v, if a; = u(l — v) 
and y = uv. 

QD Find the expression for dV in terms of % v, and w^iix = u{l — v)^ 
y = uv{l — w)j and z = uvw. 

4 . Find the center of gravity of one of the wedges of uniform density 
cut from the cylinder + y^ ^ by the planes z = 7nx and z = — mx, 

6. Find the volume enclosed by the circular cylinder p = 2a cos 
the cone 2 = p, and the plane 0 = 0 (use cylindrical coordinates). 

6. Find the center of gravity of the solid of uniform density bounded 

X 71 Z 

by the four planes ;: + r + T=l, = 2/ = 0, and 0 = 0. 

(X 0 c 

7. Find the moment of inertia of the solid of uniform density 
bounded by the cylinder + y^ and the planes 0 = 0 and 0 = 6 
about the 0-axis. 

8. Find, by the method of Sec. 57 , the area of the surface of the 

sphere + 0^ = that lies in the first octant. 

9 . Prove that 


J 



1 . 


Hint: Write out the Jacobians, and multiply. 

10. Prove that 


/u, v\ (X, y\ (u, v\ 


where u = u{x, y),v ^ v{x, y)jX = 17), and y = 17). 

11 . Find the surface of the sphere x^' + y^ + z^ = cut off by the 

cylinder x^ — ax + y^ 0 . 
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12. Find the volume bounded by the cylinder and the sphere of 
Prob. 11. 

13. Find the surface of the cylinder cut off by the 

cylinder = a^. 

14. Find the coordinates of the center of gravity of the portion of 
the surface of the sphere cut off by the right-circular cone whose vertex 
is at the center of the sphere. 

15. Use cylindrical coordinates to find the moment of inertia of the 
volume of a right-circular cylinder about its axis. 

16. Find the moments of inertia of the volume of the ellipsoid 


^2 g2 

+ & + 


about its axes. 

17. Kinetic energy T is defined T = HMv^, where M is the mass 
and V is the velocity of a particle. If the body is rotating with a 
constant angular velocity co, show that 


r = 

where p is the density and 1 is the moment of inertia of the body about 
the axis of rotation. 


68. Green’s Theorem in 
Space. An important the- 
orem that establishes the 
connection between the in- 
tegral over the volume and 
the integral over the surface 
enclosing the volume is given 
next. This theorem has 
wide applicability in numer- 
ous physical problems* and 
is frequently termed the di- 
vergence theorem. 

Theorem. If P{x, t/, z), 

Q{Xj y, z), B(x, y, z) and 
dP/dXj dQ/dy, dRfdz are continuous and single-valued functions in 
a region T hounded by a closed surface S, then 



Fig. 50. 


dV. 


j^{Poosa+Qcosfi + R cos = Jj, (II + If + 

It will be assumed that S (Fig. 50) is cut by any line parallel to 
* See, in this connection, Secs. 125, 130, 131. 
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one of the coordinate axes in at most two points. If S is not 
such a surface, then T is subdivided into regions each of which 
satisfies this condition, and the extension to more general types 
of regions is immediate. 

A parallel to the 2 -axis may cut 8 in two points (xi, yi, Zi) and 
(xi, yi, Zi), in which Zi < Zi. Let z = fi(x, y) be the equation 
satisfied by {xi, yi, zi) and z = f^{x, y) be the equation satisfied 
by {xi, yi, Zi). Thus, 8 is divided into two parts, 8\, whose equa- 
tion is 2 = fi{x, y), and 8^, whose equation is 2 = f^ix, y). Then, 


R(x, y, z) cos 7 da, 

taken over the exterior of 8, is equal to 

R{x, y, z) cos 7 do- + R(x, y, z) cos 7 da, 

taken over the exteriors of the surfaces 8i and 8^, But, from 
(57-2), these surface integrals are equal to double integrals taken 
over the projection T' of T on the cry-plane. Therefore,* 


R{x, y, z) cos 7 do = {R[x, y,Mx, y)] - R{x, y, Si{x, j/)]} dA 

JT' 


= y, z) 

J JT’ 


dy dx 


or 


X 


R{x, y, z) cos 7 dx 


=x 


dR 

dz 


dV. 


Similarly, it can be shown that 


P{x, y, z) cos adx = 

and 

Q{3:, y, Z) cos ^ da = dY. 

* The negative sign appears in the right-hand member of the equation 
because 

cos 72 d<T2 = cos 71 dari, 
where the subscripts refer to Sz and Si. 
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(58-1) f^(.Poosa + Qcos0+Rcosy)d^= dV. 

Since cos ada == dy dz, cos ^ da = dz dx, and cos y da = dx dy, 
(58-1) can be written in the form 


(58-2) /X (P dydz + Qdzdx + B dx dy) 




The formula (58-2) bears the name of Green.* 


Example, By transforming to a triple integral, evaluate 

{x^ dy dz -h x^ dz dx -f xh dx dy)j 

where S is the surface bounded by 2 : = 0, ;s = 6, and x^ + y^ = a^. 
Calculating the right-hand member with the aid of (58-2) and mak- 
ing use of the symmetry, one finds 

^ ^ Jo Jo Jo + x^) dz dy dx 

= 4 * 55 \/a^ — x^ dx 

= %Tra^h, 


A direct calculation of the integral I may prove to be instructive. The 
evaluation of the integral can be carried out by calculating the sum of 
the integrals evaluated over the projections of the surface S on the 
coordinate planes. Thus, 


I = (V'ffl'* - V^y dzdy - (- Va“ - 2/“)® dz dy 

+ rs x'^ V dz dx — j:j: x^(’-\/a^ — x^) dzdx 


+ J-a /- -y^)hdcdy- (a^ -y^)-0 




dx dy, 


which upon evaluation is seen to check with the result obtained above. 
It should be noted that the angles a, jS, y are made by the exterior 
normal with the positive direction of the coordinate axes. 

*The names of Gauss and Ostrogradsky are also associated with this 
theorem. 
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69. Symmetrical Form of Green’s Theorem. One of the most 
widely used formulas in the applications of analysis to a great 
variety of problems is a form of Green’s theorem obtained by 
setting 


P = 



Q = u—j 
dy 


R 


u 


dz 


ill (58-1). The result of the substitution is 


i“(S 


. dv a I \ ^ 

GOis a + — COS p ^ COS y ] da- 
dy dz ' 




r (dh Bh> d‘^v\ 

r [du ^ du ^ ^ ,y 

jT\Mdx'^dy'^~^ dz dzj^^‘ 


But the direction cosines of the exterior normal n to the surface 
are 


cos a = 


dx 

dn 


cos ^ = 


dn 


dz 

cos T = 

dn 


so that the foregoing integral reads 


(59-1) 


where 


^ dv . f 
I u-r- da = I 
Js dn Jt 


u Vh dV 


+ 


r fdu ^ . du dv . du , y 
jT dx dy dy dz dz) ’ 


dH , dh , dH 
^ ~~~ dx^ dy"^ dz^ 


Interchanging the roles of u and v in (59-1) and subtracting the 
result from (59-1) give the desired formula 



{u Vh; — V V^u) dV, 


A reference to the conditions imposed upon P, Q, and R in 
the theorem of Sec. 58 shows that, in order to ensure the validity 
of this formula, it is sufficient to require the continuity of the 
functions u and v and their first and second space derivatm‘s 
throughout a closed region T\ 
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PROBLEMS 

1. Evaluate, by using Green’s theorem, 


/X (xy dy dz + dz dx + yz dx dy)^ 


where S is the surface x^ y^ z- = a-. 

2. Show from geometrical considerations that the angle dB subtended 
at the origin by an element ds of a plane curve C is 


dd — cos(n, r) ■ 


where r is the radius vector of the curve, and (n, r) is the angle between 
the radius vector and the normal to the curve. Hence, show that 


j * ds _ ^ 1 

c r ~ Jcr 


1 ^ 
dn ^ 


where the integral is a line integral along the curve 0. 

3. A solid angle is defined as the angle subtended at the vertex of a 
cone. The area cut out from a unit sphere by the cone, with its vertex 
at the center, is called the measure of the solid angle. The measure of 
the solid angle is clearly equal to the area cut out by the cone from any 
sphere concentric with the unit sphere divided by the square of the 
radius of this sphere. In a manner analogous to that employed in 
Prob. 2, show that the element of solid angle is 

, cos(n, r) dcr 
dco = -5 1 


where the angle between the radius vector and the exterior normal to 
the surface S is (n, r). Also, show that 


-X 


cos (n, r) da- 


-Xr. 


dr 

dn^’ 


where the integral is extended over the surface S. 

4. By transforming to a triple integral, evaluate 



{x^ dy dz + y^ dz dx + dx dy)y 


where S is the spherical surface x^ A- y^ Also, attempt to 

calculate this integral directly. 

6. Set y = 1 in Green’s symmetrical formula, and assume that u 
satisfies the equation of Laplace, V^u — 0. What is the value of 

J^^dcT if S is an arbitrary closed surface? 
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6. The density of a square plate varies directly as the square of the 
distance from one vertex. Find the center of gravity and the moment 
of inertia of the plate about an axis perpendicular to the plate and 
passing through the center of gravity. 

7. Find the volume of a rectangular hole cut through a sphere if a 
diameter of the sphere coincides with the axis of the hole. 

8. Show that the attraction of a homogeneous sphere at a point 
exterior to the sphere is the same as though all the mass of the sphere 
were concentrated at the center of the sphere. Assume the inverse 
square law of force. 

9. The Newtonian potential V due to a body T at a point P is defined 
by the equation F(P) = dm/r, where dm is the element of mass of 
the body and r is the distance from the point P to the element of mass 
dm. Show that the potential of a homogeneous spherical shell of 
inner radius h and outer radius a is 

V = if r < &, 

and 

4 

= r — ’ ifr>a, 

where o- is the density. 

10. Find the Newtonian potential on the axis of a homogeneous 
circular cylinder of radius a. 

11. Show that the force of attraction of a right-circular cone upon a 
point at its vertex is 27rcrh(l — cos a), where h is the altitude of the 
cone and 2a is the angle at the vertex. 

12. Show that the force of attraction of a homogeneous right-circular 
cylinder upon a point on its axis is 

2iro’[h 4 ” '\/R^ 4 “ — 's/ (R 4 “ ^ 4 " ] l 

here h is altitude, a is radius, and R is the distance from the point to 
one base of the cylinder. 

13. Set up the integral representing the part of the surface of the 

sphere = 100 intercepted by the planes x = 1 and x = 4. 

14. Find the mass of a sphere whose density varies as the square of 
the distance from the center. 

16. Find the moment of inertia of the sphere in Prob. 14 about a 
diameter. 
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The line integral, to be considered in this chapter, is as useful 
in many theoretical and practical problems as the ordinary defi- 
nite integral defined in Chap. V. The discussion of the line 
integral will be followed by several 
illustrations of its use in applied 
mathematics. 

60. Definition of Line Integral. 

Let C be any continuous curve (Fig. 

51), joining A(a,b) and B(c,d). 

Let Mix^y) and N{x,y) be two 
functions that are single-valued and 
continuous functions of x and y for 
all points of C. Choose n — 1 points 
Piixii yi) on the curve C, which is 
thus divided into n parts. Let 
^Xi=^ Xi - Xi-.i and A2/i ^ yi — yi-i, 
where x^ = a, = b, Xn = Cjyn = d. Let ii and rn be defined by 
Xi-i ^ ft < Xi, 2/i-i — < Vi iorm 

2) Vi) At/t]. 

z = 1 

The limit of this sum as n — » « and all Axi 0 and Aj/,- — » 0 
simultaneously is defined as a line integral along C. 

Thus, 

(60-1) lim V Vi) Axi -H vt) Ayt] 

t“l 

~ X 

Obviously, the value of this integral depends, in general, on the 
particular choice of the curve C. If the equation of C is known 
in one of the forms y = fix), x = (p{y) or x = fiit), y = f^if), the 

197 
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line integral may be reduced to a definite integral in one variable 
by substitution, as is indicated in the following examples. How- 
ever, it is frequently inconvenient to make this reduction, and 
thus it is desirable to consider the properties and uses of (60-1). 

Example 1. Let the points (0, 0) and (1, 1) be connected by the line 
y = X, Let M{x, y) = x — and N{x, y) = 2r?/. Then the line 
integral along y = x^ 

( 0 . 0 ) 


becomes, on substitution oi y — x^ 

[(x — x'^) dx A- 2x‘^ dx] = (x + x^) dx = ^. 

If (0, 0) and (1, 1) are connected by the parabola y - x^, I along 
2 / = is 


[{x — x-^) dx -h 2x^{2x dx)] = da? = o- 


Example 2. Consider 


and 


M (x, y) = 2x‘^ -h 4xy 


N{xj y) = 2x^ — 2/^ 

with the curve y — x^ connecting the points (1, 1) and (2, 4). Then 

Inasmuch as dy = 2a; dx, this integral can be written as 


(2x^ + 4a;^) da; + ^ ( 20 ;^ — x^)2x dx = 13^-^. 

If the equation of the parabola in this example is w^ritten in a para- 
metric form as 

y^t^ {l<t^ 2), 

then the integrand of the line integral can be expressed in terms of the 
parameter L Substituting for x, y, dx, and dy in terms of t gives 

[M dx + N dy)] = [( 2«2 + 44 ’) + (21^ - t*)2t] dt 

= ^ (2i* + 8<» - 2««) di = 13%. 
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The reader will readily verify that the value of this integral over a 
rectilinear path C joining the points (1, 1) and (2, 4) is also 13%. In 
fact, the value of this integral depends only on the end points and not 
upon the curve joining them. The reason for this remarkable behavior 
will appear in Sec. 63. 

PROBLEMS 

1. Find the value of ^ [\/y dx {x — y) dy] along the follow- 
ing curves: 


(a) Straight line x = t, y — t. 

(Jb) Parabola x = y — t 
(c) Parabola x — t, y = t^, 

{d) Cubical parabola x = t, y ^ 

2. Find the value of /(J|o) V^) ^y\ a'long {a) y = 3x‘-^} 

(b) y = 3a;. 

3. Find the value of dx + y'^ dy) along the curves of 

Prob. 1 above. 

4. Find the value of /(o[o) + V'^) along (a) y - x\ 

(b) X = (c) y = x\ 

6 . Find the value of /(o[o) (v sin a; da; — x cos y dy) along y — x. 

6. Find the value of {xdy y dx) along the upper half of 

the circle a;^ + 2/^ = 

7. Evaluate the integral of Prob. 6 over the path formed by the 
lines a; = —a, y — x — a. What is the value of this integral if the 
path is a straight line joining the points ( — a, 0) and (a, 0)? 

8. Find the value of {x^dx -|- y^ dy) along the path given by 
a; = sin i, 2 / = cos t. 

9. Evaluate the integral of Prob. 8 if the path is a straight line join- 
ing (0, 1) and (1, 0). 

10. What is the value of the integral of Prob. 8 if the path is the 
curve 2/ = 1 ~ 


61. Area of a Closed Curve. Let C be a continuous closed 
curve which nowhere crosses itseK. The equation of such a 
curve, in parametric form, can be given as 


(61-1) 


X = h(i)> 
y = 


whore the parameter t varies continuously from some value 
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t to to t ^ ti and the functions fi(t) and / 2(0 are continuous 
and single-valued in the interval to < t < tv Inasmuch as the 
curve is assumed to be closed, the initial and the final points of 
the curve coincide, so that 

/i(^o) = fiih) 

and 

hito) = fiiti). 

The statement that the curve C does not cut itself implies 
that there is no other pair of values of the parameter t for which 

Mt') = Mn 

and 

Mn 

A closed curve satisfying the condition stated above will be 
called simple. 

As t varies continuously from to to the points (Xj y) deter- 
mined by (61-1) will trace out the curve C in a certain sense. If 
C is described so that a man walking along the curve in the direc- 
tion of the description has the 
enclosed area always to his left, 
the curve C is said to be described 
in the positive direction, and the 
enclosed area will be considered 
positive; but if C is described so 
that the enclosed area is to the 
right, then C is described in the 
negative direction, and the area is 
regarded as negative. 

Consider at first a simple closed 
curve C such that no line parallel 
to one of the coordinate axes, say 
the ^-axis, intersects C in more 
than two points. Let C be 
bounded by the lines x ^ ai, x — a 2 ,y — hi, y — 62 , which are 
tangent to C at Ai, A 2 , Bi, and 3%, respectively. Clearly, C 
cannot be the graph of a single-valued function. Therefore, let 
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the equation of AiBiA^ be given by yi = and the equation 
of A 1 B 2 A 2 by y 2 = h{x), where /i(a;) and/ 2 (a:) are single-valued 
functions. Then the area enclosed by C (Fig. 52) is given by 


(61-2) 


or 

(61-3) 




A = - J^ydx, 


in which the last integral is to be taken around C in a counter- 
clockwise direction. 

Similarly, if xi = <pi{y) is the equation of BiAiBa and Xi = <fi 2 (y) 
is the equation of BiA^Bt, 

A = £ ^^dy - £\^dy 

= £ ^^dy + £\ay 

or 

(61-4) A^J*^xdy, 


Again, the last integral is to be taken around C in a counter- 
clockwise direction. It may be 


noted that (61-3) and (61-4) both 
require that the area be to the left 
as C is described if the value of 
A is to be positive. 

By adding (61-3) and (61-4), a 
new formula for A is obtained, 
namely, 

(61-5) 

A = (-ydx + o^dy). 



This formula gives a line-integral expression for A. 

To illustrate the application of (61-5), the area between 
(1) x^ = Ay and (2) y^ = Ax (Fig. 53) will be determined. 



202 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §62 
Then, 

A = ^ { — y dx + X dy) = § (“2/ dx + x dy) 

+ K I {-ydx + xdy) 
^ J(2) 

= li + (-y^dy + py^ 

= 2!!^ - = ii? 

24|o 2414 3 * 

For convenience the firvst integral was expressed in terms of x, 
whereas the second integral is simpler in terms of y. 

The restriction that the curve C be such that no line parallel 
to one of the coordinate axes cuts it in more than two points 
can be removed if it is possible to draw a finite number of lines 
connecting pairs of points on C, so that the area enclosed by 
the curve is subdivided into regions each of which is of the type 
considered in the foregoing. This extension is indicated in detail 
in the following section. 

PROBLEMS 

Jl. Find, by using (61-5), the area of the ellipse x — a cos ip, 
2 / = 6 sin (p. 

2. Find, by using (61-5), the area between 2 /^ = 9a; and y = Zx, 

3. Find, by using (61-5), the area of the hypocycloid of four cusps 
X = a cos^ 6, y = a sin® 6. 

4. Find, by using (61-5), the area of the triangle formed by the line 
X + y = a and the coordinate axes. 

6. Find, by using (61-5), the area enclosed by the loop of the strophoid 

1-^2 ^(1 _ ^2) 

^ - 1 + y - 1 + ^2 • 

62. Green’s Theorem for the Plane. This remarkable theorem 
establishes the connection between a line integral and a double 
integral. 

Theorem. If M{x,y) and N(x,y), dM/dy and dN/dx are 
continuous single-valued functions over a closed region R, hounded 
by the curve C, then 

/ X (f - S) - X * + " « ■ 
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The double integral is taken over the given region^ and the curve C is 
described in the positive direction. 

The theorem will be proved first for a simple closed curve 
of the type considered in Sec. 61 (see Fig. 52). 

Again^ let y\ — fi{x) be the equation of A 1 B 1 A 2 and 2/2 = f 2 (x) 
be the equation of AiB^A^^ Then, 



or 

(62-1) j j^^dxdy = - M{x, y) dx. 

Similarly, if Xi = (pi{y) is the equation of B 1 A 1 B 2 and X 2 = ^ 2 ( 2 /) 
is the equation of BiA^B^^ 



or 

(62-2) 


dzd,.£'dy£§dz. I 


=i: 

/X 


Nixi, y) dy -f 


I 


[N{xi,y) - N{xi,y)]dy 
N(xi, y) dy, 


m 

dx 


dx dy 


=x 


N{Xy y) dy. 


Therefore, if (62-2) is subtracted from (62-1), 


(62-3) J dxdy [M(x, y) dx + N{x, y) dy]. 


It will be observed that setting M = —y and N = x gives the 
formula (61-5). 

Now, let the region have any continuous boundary curve C, so 
long as it is possible to draw a finite number of lines that divide 
the region into subregions each of the type considered in the 
first part of this section; that is, the subregions must have 
boundary curves that are cut by any parallel to one of the 
coordinate axes in at most two points. Such a region R is shown 
in Fig. 54. 
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By drawing the lines A1A2 and AzA4, the region R is divided 
into three subregions Bi, S2, and Rz, The boundary curve of 
each region is of the simple type. The positive direction of 
each boundary curve is indicated by the arrows. The theorem 
can be applied to each subregion separately. When the three 
equations are added, the left-hand members add to give the 
double integral over the entire region R. The right-hand mem- 
bers give 

— (M dx + N dy) — (M dx+N dy) -- dx A- N dy), 


where 

Cl = A1B1A2 + ^ 2 ^ 1 , 

C2 = A1A2 “b A^B^Az ~h A3A4 -|- A4A1, 
Cz = A^Az -|- AzBzA^. 


Since each of the lines A^A^ and AzA^is traversed once in each 
direction, the line integrals that arise from them will cancel. 

The remain-ng line integrals, 
taken over the arcs of C, add 
to give the line integral over 
) ) C. Therefore, 

= - (Mdx + Ndy) 

holds for regions of the type 
R. 

Another type of region in 
which an auxiliary line is in- 
troduced is the region whose 
boundary is formed by two or more distinct curves. Thus, if R 
(Fig. 55) is the region between Ci and C2, the line A1A2 is drawn 
in order to make the total boundary 



Fig. 54. 


Cl + A2A1 + C2 + A1A2 

a single curve. The theorem can be applied, and the line 
integrals over A2A1 and A1A2 will cancel, leaving only the line 
integrals over Ci and C2. 
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If the region R is such that any closed curve drawn in it can, 
by a continuous deformation, be shrunk to a point without 
crossing the boundary of the region, then the latter is called 
simply connected. Thus, regions bounded by a circle, a rectangle, 
or an ellipse are simply connected. The region R exterior to 
C 2 and interior to Ci (Fig. 55) is not simply connected because a 
circle drawn within R .and enclosing C 2 cannot be shrunk to a 
point without crossing In ordinary parlance, regions that 
have holes are not simply connected regions; they are called 



multiply connected regions. The importance of this classification 
will appear in the next two sections. 

Example. Evaluate by using Green’s theorem 
{x^y dx + y^ dy), 


where C is the closed path formed hy y — x and y^ — from (0, 0) 
to (1, 1) (Fig. 56), Since M = x^y and N = yS 


Then, 


m 

dy 


= x^ 


and 


1 ^ = 0 . 
dx 


+ = - f -^) dxdy 
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PROBLEMS 

1. Find, by Green's theorem, the value of 

(x^y dx + y dy) 

along the closed curve C formed hy — x and y = x between (0, 0) 
and (1, 1). 

2. Find, by Green's theorem, the value of 

[{x^ A- y) dx A- (x — y^) dy] 

along the closed curve C formed by y^ = and y - x between (0, 0) 
and (1, 1). 

3. Use Green's theorem to find the value of 

[{xy - dx 4- x^ dy] 

along the closed curve C formed by 2 / == 0, a; = 1 , and y — x, 

4. Use Green's theorem to evaluate 

along the closed path formed by 2 / = 1, a: = 4, and y — -A- 

5. Check the answers of the four preceding problems by evaluating 
the line integrals directly. 

63- Properties of Line Integrals. Theorem 1. Let M and N 
be two functions of x and such that M, N, dM/ dy, and dN Jdx are 
continuous and single-valued at every point of a simply connected 
region B. The necessary and sufficient condition that 
+ N dy) = 0 around every closed curve C drawn in R is that 

dM _ dN^ 
dy dx' 

for every point of R. 

Since 

where A is the region enclosed by C, it follows that 

dM dN 
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makes the double integral, and consequently the line integral, 
have the value zero. Conversely, let {M ctx + N dy) = 0 
around every closed curve C drawn in R. Suppose that 

dM dN ^ ^ 


at some point P of R, Since dMjdy and dN/dx are continuous 
functions of x and y, 

dM dN 
dy dx 


is also a continuous function of x and y. Therefore, there must 
(ixist some region S, 
sign as at P. Then, 


(ixist some region >S, about P, in which has the same 


and hence J {M dx + N dy) 9 ^ 0 
around the boundary of this re- 
gion. This contradicts the hy- 
pothesis that 

J^(M dx + N dy) =0 



around every closed curve C drawn in R. It follows that 


at all points of R, 


dM _ dN 
dy dx 


Example 1. 


Then, 


Let 
M = 


'V 


+ y- 


and 


N = 


352 y 2 


dM _ d^ __ — x^ 

dy dx (x^ + y^)^' 


M, Nf dM/dy, anc} dN/dx are continuous and single-valued for all 
points of the ai^z-plane except (0, 0). Hence, ^ (j{M dx + N dy) = 0 
around any closed curve C (Fig. 57) that does not enclose (0, 0), In 
polar coordinates, obtained by the change of variables 


208 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §63 


X = p cos 6, y = p sin 6, 

f ( 2 1: 2 2 dy) = f 

Jc \x^ + ^ + t/2 Jc 

If C does not enclose the origin, d varies along C from its original value 
6q back to do. Therefore, f^dd = 0. If Ci encloses the origin, 6 varies 

along Cl from So to Bo + 27r, so that fci^^ ~ 

Example 2. Find, by Green’s theorem, the value of 


/ = [(x^ + xy) dx + (?/2 + x^) dyl 

where C is the square formed by the lines y = ±1 and x = ±1, Since 


dM 
dy ” 


dN 

dx 


= 2a;, 


I = J*_^ X dy dx = 0. 


Note that the line integral has the value zero, but dM/dy 7 ^ dN /dx. 

This does not contradict Theorem 1. 
Why? 

Theorem 2. Let M and N satisfy^ 
the conditions of Theorem 1. The 
necessary and sufficient condition that 
ita% dx + N dy) be independent 
of the curve connecting (a, b) and 
{x, y) is that dM /dy = dN /dx at all 
points of the region B. In this case 
the line integral is a function of the 
end points only. 

Suppose dM/dy = dN/dx. Let Ci and C 2 (Fig. 58) be any two 
curves from A to P, and let 

f^^{Mdx + Ndy) 

and 

L{Mdx + Ndy) 

be the values of the line integral from ^ to P along Ci and C 2 , 
respectively. Then /i — /2 is the value of the integral around 
the closed path formed by Ci and C 2 . By Theorem 1, 

/i - /2 = 0. 
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Therefore, /i = Z 2 , so that the line integral taken over any two 
paths from AioP has the same value. 

Conversely, suppose that J {M dx + N dy) is independent of 
the path from A to P. Then, for any two curves Ci and C 2 , 
h h. It follows that J (M dx + N dy) = 0 for the closed 
path formed by Ci and C 2 . Hence, by Theorem 1, dMJdy 
= dN/dx, 

Example. Consider 


J ^(2,2) / I + 
( 1 . 1 ) \ 


dx — 


1 



Since dM/dy = 2y/x^ and dN/dx = 2y/x^ and both functions are 
continuous except at (0, 0), the line integral is independent of the 
path so long as it does not enclose the origin. Choose y — 1 from 
(i, 1) to (2, 1) and x ^ 2 from (2, 1) to (2, 2) as the path of integration. 
Then, 



9 

8 


Theorem 3. Let M and N satisfy the conditions of Theorem 1. 


The necessary and sufficient con^ 
dition that there exist a function 
F{Xj y) such that dF/dx = M 
and dF/dy = N is that dM/dy 
= dN/dx at all points of the re-- 
gion R, 

If dM/dy = dN/dXj Theorem 
2 proves that 



is independent of the path. Therefore, 

(63-1) {Mdx + N dy) = F{x, y), 

and this function F{x, y) depends only on the coordinates of the 
end points of the path. Hence, 

F{x + AXy y) = (M dx + N dy). 


Let the path of integration be chosen as a curve C (Fig. 59) 
from A to P and the straight line PP' from P{x^ y) to P'(x + Ax, 
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y). Then, 

F(x + Ax, y) = (Mdx + N dy) + {M dx + N dy) 

or 

(63-2) F{x -f Ax, y) = F{x, y) + M(x, y) dx. 

The second integral reduces to the simpler form given in (63-2) 
since y is constant along PP', and therefore dy = 0. From (63-2), 

^ = lira + Ax, y) -P(x, y) 1 

dX Ax-^Q L J 

= lim — M{x,y)dx[ 

Application of the first mean-value theorem* gives 


M(x, y) dx = Ax ikf($, y), (x < ^ < x -f Ax). 

Therefore, 

f^F r 1 

— = lim —-AxMily) =limM(|, y). 
ox Aa;-40 J Aa-^O 

Hence, 

^ = M(x,y). 


It can be proved similarly that 

~-Nix,y). 

* It may be recalled that 

fix) dx = ib - a)/(J), (a < J ^ b), 

is the first mean- value theorem for definite integrals. Tf !f(x)dx — F(x), 
than fix) = F'ix). From these relations, the mean-value theorem for 
definite integrals can be transformed into 


where a ^ ^ ^ h, or 


Fib) -Fia) = (6 -a)F'(^), 




Fib) - Fia) 


which is the mean-value theorem of the differential calculus. 
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The function F is really a function of both end points. Multi- 
plying dF/dx = M{x, y) by dx and dF/dy = N{x, y) by dy gives 

Thus, if 

^_M 

dy dx ^ 


the integrand in {M dx N dy) is the exact differential 
of the function F{x^ y), which is determined by the formula 
(63-1). 

The most general expression for a function ^{x, y), whose 
total differential d^ — M dx + N dy^ is 


^x, y) = F{x, y) -b C, 

where C is an arbitrary constant. Indeed, since dF and d<i> 
are equal, 

d(]F - = 0, 

so that 


jP — # = const. 


To prove the necessity of the condition of the theorem, note 
that if there exists a function F(a*, y) such that 


then 


^ = M{x,y) 

and 

dF . 

^^N{x,y), 

dW _ dM 

and 

dW _ dN 

dy dx dy 

dx dy dx 


Since dMjdy and dN/dx are both continuous, 
are also continuous; hence,* 


dW 
dx dy 


and 


d^F 
dy dx 


d^F __ d^F 
dx dy ”” dy dx 


Therefore, 


dikf dN 
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As a corollary to Theorem 3, one can state the following: 
The necessary and sufficient condition that M{x, y) dx + N (x, y) dy 
be an exact differential is that dMfdy = dN /dx. 


1. Show that 


PROBLEMS 


(0 1) + y^) dx + 2xy dy] 


is independent of the path, and determine its value. 

2. Test the following for independence of path: 

(р) / {y co^xdx + sin x dy) ; 

(&) J [(a;2 - 2/2) ^ 2xy %]; 

(с) J [{x - y^) dx + 2xy dy]] 

id) f [(x^ - y^)dx - 2{x - l)y dy]. 

1) r(l — v^) y ~\ 

3. Show that ^ + (i + x)^ i^^dependent of 

the path, and find its value. 

4. Show that the line integral 

r r -^ydx xdy 1 

Jo X^ + 2 /^J 


evaluated along a square 2 units on the side and with center at the origin 
has the value 27r. Give the reason for failure of this integral to vanish 
along this closed path. 

6. Find the values of the following line integrals: 


•(«) 

Co.o) 

•ao/ 


/ TT TT 

(a) sin x dy); 


(c) [{x + 1) dx + (^ + 1) dy]. 


64. Multiply Connected Regions. It was shown that the 
necessary and sufficient condition for the vanishing of the line 
integral [M{Xj y) dx + N{x, y) dy] around the closed path C 
is the equality of dM/dy and dN/dx at every point of the region 
enclosed by C. It was assumed that C was drawn in a simply 
connected region R and that the functions M{Xj y) and N{Xj y)j 
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together with their first partial derivatives, were continuous on 
and in the interior of C. The latter condition was imposed in 
order to ensure the integrability of the functions involved. The 
reason for imposing the restriction on the connectivity of the 
region essentially lies in the type of regions permitted by Green's 
theorem. 

Thus, consider a region R containing one hole (Fig. 60). The 
region B will be assumed to consist of the exterior of C 2 and the 
interior of Ci. Let a closed contour C be drawn, which lies 
entirely in B and encloses C 2 . 

Now, even though the functions 
M{Xj y) and N(Xj y) together with 
their derivatives may be continu- 
ous in B, the integral 

^ [M{x, y) dx + N{x, y) dy] 

may not vanish. For let K be 
any other closed curve lying in B 
and enclosing C 2 , and suppose that the points A and B of K 
and C are joined by a straight line AB. Consider the integrals 




where the subscripts on the integrals indicate the direction of 
integration along the curves JC, (7, and along the straight line AB, 
as is indicated in Fig. 60. Since the path AB is traversed twice, 
in opposite directions, the second and the last of the integrals 
above will annul each other, so that there will remain only the 
integral along K, traversed in the counterclockwise direction, 
and the integral along C, in the clockwise direction. Now, if M 
and N satisfy the conditions of Theorem 1, Sec. 63, then 

r (Mdx + Ndy) + f (M dx + N dy) = 0, 

^GK •IQC 

where the arrows on the circles indicate the direction of integra- 
tion. Thus, 

(64-1) f (Mdx + Ndy) = f (M dx + N dy), 

^OK *IOC 

both integrals being taken in the counterclockwivse direction. 
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The important statement embodied in (64-1) is that the 
magnitude of the line integral evaluated over a closed path in 
surrounding the hole, has the same constant value whatever be 
the path enclosing C 2 . This value need not be zero, as is seen 

from a simple example already 
mentioned in Sec. 63. Thus, 
let the region R consist of the 
exterior of the circle of radius 
unity and with center at the ori- 
gin and of the interior of a con- 
centric circle of radius 3 (Fig. 61). 

-y 


y 


/ r> 





e'Jl ja j3 






The functions M = 


+ y‘ 


and 


N = 


Fig. 61 . 


X 


and their deriva- 


ditions of 
= dN/dx. 


tives, obviously satisfy the con- 
continuity in R and on Ci and C 2 . Also, dMIdy 
But 




where C is the circle 


gives 




X — a cos dj 
2 / = a sin 0, 

sin^ 6 + cos^ 0 


(1 < a < 3), 


= 27r. 


The function F(x,y)j of which M{x, y) dx + N{Xy y) dy is 

y 

an exact differential, is F{x, y) = tan"^ which is a multiple- 

X 

valued function. 

The function 


y) = [M{x, y) dx + N{x, y) dy], 

where M and N satisfy the conditions of Theorem 1, Sec. 63, will 
be single-valued if the region R is simply connected (as is required 
in Theorem 1) but not necessarily so if the region is multiply 
connected. 
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66. Line Integrals in Space. The line integral over a spacer 
curve C is defined in a way entkely analogous to that described in 
Sec. 63. 

Let C be a continuous space cuiwe joining the points A and B, 
and let P(Xf y, z), Q(x, y, z), and R{x, y, z) be three continuous, 
single-valued functions of the variables x, y, z. Divide the 
curve C into n arcs LSi, (i = 1, 2, • • • , ?z), whose projections 
on the coordinate axes are Axi, Ayi, Azi, and form the sum 

^ ti) AXi + riij ^i) Ayi H- Vi, 

where fi) is a point chosen at random on the arc ASi. 

The limit of this sum as n increases indefinitely in such a way 
that all ASi — ^ 0 is called the line integral oiP dxA- Q dy + R dz, 
taken along C between the points A and B. It is denoted by 
the symbol 

(66-1) y, z) dx + Q(x, y, z) dy + R(x, y, z) dz]. 

The conditions imposed upon the functions P, Q, and R are 
sufficient to ensure the existence of the limit, provided that the 
curve C is suitably restricted. 

If the equation of the space curve C is given in parametric 
form as 

( ^ = flit), 

(65-2) \y == Mt), ito<t< ti), 

=/3©, 

where flit), f 2 it), and/ 3(0 possess continuous derivatives in the 
interval ^ ^ ^ hj the line integral (65-1) can be expressed 
as a definite integral 

■p [p-m + Q -m -I- R -m] dt, 

where P, Q, and R are expressed in terms of t with the aid of (65-2). 

It is possible to derive three theorems analogous to those given 
in Sec. 63 for line integrals in the plane. They are as follows: 

Theorem 1. Let the region of space considered he one in which 
Pix, y, z), Q{x, y, z), and R(x, y, z) and their partial derivatives are 
continuous and single-valued functions of x, y, and z. Then the 
necessary and sufficient condition that 
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J (P dx + Q dy + R dz) = 0 
around every dosed curve in the region is that 

dy dx^ dz dy^ dx dz’ 

for every point of the region. 

Theorem 2. Let the functions considered satisfy the conditions 
of Theorem 1. Then the necessary and sufficient condition that 

£;^’(pd^+Qd,+M<b) 

he independent of the path from (a, fc, c) to (Xj y, z) is that 

^^dR 

dy dx^ dz dy^ dx dz^ 

for every point of the region. 

Theorem 3. Let the functions P, Q, and R satisfy the conditions 
of Theorem 1. Then^ the necessary and sufficient condition that 
there exist a function F(x, y, z) such that 


is that 





d^^m 

dy dx^ dz dy^ dx dz^ 


for every point of the region. The function F(Xj y, z) is given by the 

formula 


F{x, y, z) = {P dx + Qdy + R dz). 


Corollary. The necessary and sufficient condition that 


P dx + Qdy + R dz 

he an exact differential of some function y, z) is that 

dR^^ 

dy dx dz dy^ dx dz^ 

for every point of the region. The function ^{x, y, z) is determined 
from the formula 

V, z) = (p (lx ^ Qdy + R dz) + coTist. 
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These results are of particular importance in hydrodynamics and 
the theory of electromagnetism. The vector derivation and 
interpretation of these results are given in Chap. IX on Vector 
Analysis. 

66. Illustrations of the Application of the Line Integrals. 

1. Work. It will be assumed that a force Fix, y) acts at every 
point of the xy-plane (Fig. 62). This force varies from point to 
point in magnitude and direction. 

An example of such conditions is the 
case of an electric field of force. The 
problem is to determine the work 
done on a particle moving from the 
point A (a, 6) to the point B(Cj d) 
along some curve C. Divide the arc 
AB of C into n segments by the 


points Pi, P 2 , 


Pn-i, and let 



F 

T B 


/X 

^i+1 



A 

ALh 





Fig. 62 . 


Asi = PJPi^i. Then the force acting 
at Pi is F(xi, yi). Let it be directed along the line PiS, and let 
PiT be the tangent to C at Pi, making an angle 6i with PiS. 

The component of F{xi, yi) along PiT is F cos 6i and the ele- 
ment of work done on the particle in moving through the distance 
Asi is approximately F(xi, yi) cos di Asi. The smaller Asi, the 
better this approximation will be. Therefore, the work done in 
moving the particle from A to 5 along C is 


W = lim F(xi, yi) cos Si ASi = v) ^os d ds. 


If a is the inchnation of PS and is the inclination of PiT, 
then d = a — P and cos 6 — cos a cos /5 + sin a sin /3, so that 

(66-1) ^ fc ^ + sin O' sin p) ds. 

From the definition of a, it is evident that 

F cos a = a;-component of F ^ X, 

F sin q; = ^/-component of F ^ Y. 

Moreover, since dx/ds — cos and dy/ds = sin 

cos ^ ds = dx and sin ds = dy. 
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Therefore, (66-1) becomes 

F = (Xdx + Ydy), 

which is a line integral of the form (60-1). 

If C is a space curve, then an argument in every respect similar 
to the foregoing shows that the work done in producing a dis- 
placement along a curve C in a field of force where the components 
along the coordinate axes are X, Y, and Z is 

W = f^(Xdx + Ydy + Zdz). 

To illustrate the use of this formula, the work done in displac- 
ing a particle of mass m along some curve C, joining the points 



A and J5, will be calculated. It will be assumed that the particle 
is moving under the Newtonian law of attraction 


F = 



where k is the gravitational constant and r is the distance from 
the center of attraction 0 (containing a unit mass) to a position 
of the particle (Fig. 63). 

The component of force in the direction of the positive a;-axis 
is 

V 7 ? r \ km X 
Z = f cos (a:, r) = - . -■ 


Similarly, 

Y 


km y 


and 


Z 


km z 

^2 f 



LINE INTEGRAL 


219 


The work done in displacing the particle from A to B is 

km 

W (x dx + y dy + z dz). 

JA I 

But 


r = \^x^ + y^ + 
Therefore, 

W 


and 


dr — ^ ^ ^ 

r 


km 


which depends only on the coordinates of the points A and B 
and not on the path C. Denoting the distances from 0 to A 
and B by ri and r 2 , respectively, gives 



The quantity ^ = km/r is known as the gravitational potential 
of the mass m. It is easily checked that 


X = 


dx^ 




so that the partial derivatives of the potential function i> give 
the components of force along the coordinate axes. Moreover, 
the directional derivative of <l> in any direction s is 

ds dx ds ' dy ds dz ds 

= X cos (xj s) + Y cos {y, 5 ) + Z cos {z, s) 

= F„ 

where Fg is the component of force in the direction s. 

A conservative field of force is defined as a field of force in 
which the work done in producing a displacement between two 
fixed points is independent of the path. It is clear that in a 
conservative field the integral 


f^{Xdx + Ydv + Zdz) 

along every closed path is zero, so that the integrand is an exact 
differential. 
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2. Flow of a Liquid. Let C be a curve on a plane surface across 
which a liquid is flowing. The x 2 /-plane will be chosen to coincide 
with the surface. The lines of flow are indicated in Fig. 64 by the 
curved arrows. It will be assumed that the flow of the liquid 
takes place in planes parallel to the rry-plane and that the depth 
of the liquid is unity. The problem is to determine the amount 
of liquid that flows across C in a unit of time. 

If Vi is the velocity of the liquid and on is the inclination of the 
tangent to the line of flow atP,-, then Vxli = oos on is the .r-oom- 

ponent of Vi and Vy\i = sin a, is 
the ^/-component of Vi. Let A.s\ 
denote the segment P*Pi+i of C. 
A particle at Pi will move in time 
to P'-, while a particle at P^+i will 
move to PfH-i. Therefore, the 
amount of liquid crossing PPi+i in 
time M is equal to the volume of 
the cylinder whose altitude is unity 
and whose base is PiPi+iP^+iP't. 
Aside from infinitesimals of higher 
order, this volume is 

AVi = PiP\ • PiPi+i sin di, 

in which 6% denotes the angle between P iP^ and PJP i+i. But 
PJPi+i = As^ and, except for infinitesimals of higher order, 
PJP'. = Vi At. Therefore, AVi = ViAt • Asi sin di. The volume 
of liquid crossing C in a unit of time is 

n 

V = lim y Vi sin 6i As<. 
fii 

If Ti denotes the inclination of the tangent to C at P<, then 
Tt = 0i + ai. Therefore, 

Vi sin 9i ASi — t!j(sin r» cos a. — cos Tf sin ai) ASi 

= Vi cos ai sin n Asi — Vi sin a< cos t< As. 

= vJ\iAyi — Vy\iAXi. 

Hence, 

(06-2) F = f{-Vydx-\-v^dy) 

is the line integral which gives the amount of liquid that crosses 
C in a unit of time. 
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If the contour C is a closed one and the liquid is incompressible, 
then the net amount of liquid crossing C is zero, since as much 
liquid enters the region as leaves it. This is on the assumption, 
of course, that the interior of C contains no sources or sinks. 
Thus, a steady flow of incompressible liquid is characterized by 
the equation 

{-Vy dx + Vx dy) = 0, 


over any closed contour not containing sources or sinks, 
implies that (see Sec. 63) 


(66-3) 


dy dx ^ 


This 


which is an important equation of hydrodynamics known as the 
equation of continuity. Moreover, from Theorem 3, Sec. 63, it is 
known that there exists a function ^ such that 


(66-4) — = -t;, and ^ = ... 

This function ^ is called the stream function^ and it has a simple 
physical meaning, for 

^( 2 :, y) = {-Vydx + V:, dy) 

represents the amount of liquid crossing, per unit time, any curve 
joining (a, h) with (x, y). 

The function defined by the integral 

(66-5) y) = dx -1- Vy dy) 

is called the velocity potential. It is readily shown that 

(66-6) ^ = and 

Upon comparing (66-4) with (66-6), it is seen that 
d^ _ , d^ _ d'^ 

These are the celebrated Cauchy-Riemann differential equations. 

If the integral (66-2) around a closed curve C does not vanish, 
then the region bounded by C may contain sources (if V is 
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positive) or sinks (if V is negative). The presence of sources 
or sinks is characterized by the singularities of the function 
that is, those points for which ^ is not continuous or where its 
derivatives may cease to be continuous.* 

The foregoing discussion is readily generalized to a steady 
flow of liquids in space. Instead of the integral (66-5), one will 
have 

#(a;, y, z) = “I" 

and if the integral is independent of the path C, the equations 
corresponding to (66-3) are 

^ ^ ^ ^ — ^ = 0 dvz _ Q 

dy dx ^ dy dz ^ dz dx 

In such a case the integrand is an exact differential, and the 
velocity potential y, z) gives 

3. Thermodynamics. A thermodynamical state of any sub- 
stance is found to be characterized by the following physical 
quantities: (1) pressure p, (2) volume t;, and (3) absolute tempera- 
ture T. The pressure, volume, and temperature are connected 
by the equation 

(66-7) F(p, V, T) = 0, 

so that any two of the three quantities p, v, and T will suffice to 
determine completely the state of the substance. 

In the case of an ideal gas enclosed in a receptacle, Eq. (66-7) 
has the form 

pv — BT = 0, 

where is a constant. Let p and v be chosen to determine the 
state of the gas, and consider p and v as the coordinates of a point 
P in the pt;-plane. As the state of the gas changes, the point P , 
which characterizes the state, will describe some curve C in the 
pi;-plane. If the process is cyclic, so that the substance returns 
to its original state, then the curve C will be a closed one. 

It is important to know the amount Q of heat lost or absorbed 
by the gas while the gas in the receptacle (for example, steam in 

* See in this connection Sec. 64. 
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an engine cylinder) changes its state. Let Ap, Av, and AT be 
small changes in the pressure, volume, and temperature, respec- 
tively. Now if any two of these quantities, say p and v, do not 
change, then the amount of heat supplied is nearly proportional 
to the change in the remaining quantity. If all three quantities 
(*hange, then the total change AQ in the amount of heat supplied 
is approximately equal to the sum of the quantities AQi, AQ 2 , 
and AQa, due to changes Ap, Ay, and AT, respectively.* 

Thus, 

AQ = AQi AQ2 + AQa 

Cl Ap + C 2 Av -h Ca AT, 

where Ci, C 2 , and Ca are constants of proportionality. Then, the 
total amount of heat supplied in the process is given by the 
equation 

(66-8) Q = dp + C 2 dv -f Ca dT). 

Solving (66-7) for T in terms of p and v gives T = /(p, y), so that 

dT = dp + fdv. 
dp ^ dv 

If this expression is substituted in (66-8), one obtains 

(66-9) Q = ^ dp -f ^C 2 + Ca ^ dv , 

where the integration is performed over the curve C in the 
py-plane, which is called the pv diagram. 

Consider the state of the gas in the cylinder of a steam engine, 
and let the piston be displaced through a distance As. Then, 
if the area of the piston is A, the work AW performed by the 
piston is given by 

AW = pA As = p Ay, 

and the total work W performed during one cycle is 

W = J^p dv. 

It follows from (61-4) that this is precisely equal to the area of 
the pv diagram. 

* This principle Is called the principle of superposition of effects. 
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In deriving (66-9), it was assumed that p and v wert' the 
independent variables, and it followed, upon making use of (66-7), 
that the increment of heat is given by* 

rf« = (c, + c.|)rfp + (c. + o.|)* 
s P(p, V) dp + V{p, v) dv, 

where P and F are known functions of p and v. The expression 
for dQ is not, in general, an exact differential (that is, dP/dv 
^ dV/dp), for the line integral (66-9) need not vanish for a 
cyclic process. However, it is possible to show that the difference 
between dQ and the work p dv is an exact differential, namely, 

(66-10) dU = dQ-pdv, 

where the function U is called the internal energy of the gas. 

It is also possible to showf that the ratio of dQ to the absolute 
temperature, namely, 

(66-11) dS = 

is likewise an exact differential. The function S is called the 
entropy, and it plays a fundamental role in all investigations in 
thermodynamics. 

The formulas (66-10) and (66-11) can be used to show that 
for an isothermal process (that is, when dT = 0) 

dQ — p dv, 

so that all the heat absorbed by the gas goes into the performance 
of the work p dv. If the process is adiabatic (that is, such that 
there is no gain or loss of heat), then dQ = 0 and, therefore, 
dS = 0. It follows that the entropy S is constant during such a 
process. 

* By making use of T and v, or T and p, as the independent variables, it is 
possible to write down two other important expressions for dQ. 

t These assertions follow from the first and second laws of thermo- 
dynamics. 



CHAPTER VH 

ORDINARY DIFFERENTIAL EQUATIONS 

67. Preliminary Remarks. The great usefulness of mathe- 
matics in the natural sciences derives from the fact that it is 
possible to formulate many laws governing natural phenomena 
with the aid of the unambiguous language of mathematics. 
Some of the natural laws, for example those dealing with the 
rates of change, are best expressed by means of equations involv- 
ing derivatives or differentials. 

Any function containing variables and their derivatives (or 
differentials) is called a differential expression, and every equation 
involving differential expressions is called a differential equation. 
Differential equations are divided into two classes, ordinary and 
partial. The former contain only one independent variable and 
derivatives with respect to it. The latter contain more than one 
independent variable. 

The order of the highest derivative contained in a differential 
equation is called the order of the differential equation. Thus, 



is an ordinary differential equation of order 2, and 

is a partial differential equation of order 3. 

When a differential equation can be expressed as a polynomial 
in all the derivatives involved, the exponent of the highest 
derivative is called the degree of the equation. In the foregoing 
examples the degree of the ordinary equation is 4 and that of the 
partial differential equation is 2. It should be observed that the 
degree of 



is 2, when this equation is rationalized. 
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If an ordinary differential equation is of the first degree in 
the dependent variable and all its derivatives, it is called a 
linear differential equation. The general form for a linear 
differential equation of the nth order is 

^ + • ■ • + ^ + Pn{.x)y = /(x), 

where the p%{x) and fix) are functions of x only. 

An explicit function y = fix), or an equation (fix, y) = 0 
which defines y as an implicit function of x, is said to be a solution 
of the differential equation 

(67-1) F[x, y, y', y", ■ ■ • , y'-’"] = 0, 

provided that, whenever the values of y, y\ y'\ ' ' ' , y^^^ 
are substituted in the left-hand member of (67-1), the latter 
vanishes identically. 

For example, 

(67-2) ^ ^ cos a; = 0 

has a solution 

y = or log ^ sin = 0, 

because the substitution of y and y' calculated from either one 
of these expressions reduces (67-2) to an identity 0 = 0. Thus, 

1 dy 

differentiation of the second equation gives -\r cos a; = 0, 

y ax 

so that y' — —y cos x, and substitution in (67-2) gives 0 = 0. 

The graph of a solution of an ordinary differential equation is 
called an integral curve of the equation. 


PROBLEM 


Classify the following differential equations, and determine their 
orders and degrees: 




d^z d^z d^z 


icT) 


dx^ 


- vVTIV 


dy 

dx 


0 ; 
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(e) y" - a:^ _|. 5^, = 0; 

dU " aa:^’ 


(S') y" + xY + xy - sin x] 



68. Remarks on Solutions. Consider a dift'eniiitial equation of 
the first order, 


(68-1) 


dx 


= fi^, y), 


where f{x, y) is a single-valued and continuous function of the 
variables x and y. If a point (xo, yo) is chosen in the a:y-plane 
and its coordinates are substituted in (68-1), then 

^=/(^o,J/o) 


determines a direction associated with the point (o^o, yo)j since) 
dy/dx can be interpreted geometrically as the slope of an integral 
curve. If a second point (rri, yi) is chosen and its coordinates 
are substituted in (68-1), a direction is 
associated with (xi, yi). Continuing in 
this way, it is possible to find a direction 
associated with eveiy point of the plane 
for which /(x, y) is defined. Now^, sup- 
pose that a point (xo, yo) is chovsen in the 
plane (Fig. 65) and the direction associated 
with this point is determined. Let (xi, yi) be a point very near 
to (xo, yo) and in the direction specified by 

§=/(^0, yo). 

Then, 

determines a new direction. Upon proceeding a short distance 
in this new direction, a third direction given by 
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is determined by the selection of a point (xz, 3/2) which is close to 
{xi, 2/1). If this process is continued, there will be built up a 
curve made up of short straight-line segments. If the points 
(a:o, yo), (xi, yi), {x^, 3/2), • • • , (a:*, 2/.) are chosen very close 
together, it becomes intuitively clear that this series of straight- 
line segments approximates a smooth curve associated with the 
initial point (xo, 3/0). Evidently, the equation of this curve will 
be a solution of the differential equation (68-1), for the slope of 
the curve is 

In general, a different choice of (xq, yo) will lead to a different 
integral curve and thus to a different solution of (68-1). 

The foregoing discussion forms the basis of one method of 
graphical solution of differential equations of the first order. 
Another important method of approximate solution of differential 
equations is the method of infinite series, which is outlined next. 

Let it be supposed that the function f(x, y) in (68-1) can be 
expanded in Taylor's scries about the point (a;o, yo ) ; then the 
solution of (68-1) can be obtained in the form of a power series in 
X Xo. Indeed, denote the solution of (68-1) by 

(68-2) y = Fix). 

Then, if the integral curve defined by (68-2) is to pass through 
{xoj 2/o); it is necessary that 

y = Fixo) == yo. 

Substituting the coordinates of {xo, yo) in (68-1) gives 
^^Kxo,yo) =F'ixo). 


Differentiating (68-1) yields 


so that the value of the second derivative of (68-2) at xo is 

- (el,. - ^ 


^ ^ Sfjx, v) , df{x, y) ^ 
dx^ dx dy dx’ 
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The formula (68-3) can be used to calculate d^y/dx^^ and its 
value at the point (xq, y^) can be obtained, for the values of the 
first and second derivatives of F(x) oXx — Xq are already known. 

In this manner, one can attempt to find the solution of (68-1) 
in the form of the series 

y = Fix,) + F'{x,]{x - X,) + (r - x,)^ + • • ■ . 

In essence, this method of solution is the same as the method of 
undetermined coefficients that is discussed in Sec. 98. Another 
important method, due to the French mathematician E. Picard, 
is discussed in Sec. 103. 

Next consider a family of curves 

(68-4) y^x^ + c, 

where c is an arbitrary constant. Differentiation of (68-4) gives 



which is the differential equation of the family of curves (68-4), 
and which is free from arbitrary constants. If the given func- 
tional relation contains two arbitraiy constants, as, for example, 

y — Cl sin"^ x + C 2 , 

then it is possible to eliminate these constants Ci and by 
two differentiations. The first differentiation gives 

% ^ _£l_. 

dx Vl - 

Solving for ci yields 

. - VrrT.|, 

and differentiation of this equation gives 

d^y _ X dy ^ ^ 

dx^ 1 — dx 

This is a differential equation of the second order, and clearly it 
has y ^ Cl sin“^ a; +■ C 2 as a solution. It should be observed that 
two differentiations were necessary in order to eliminate two 
arbitrary constants. 
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In general, if /(x, y, Ci, C 2 , * • * , Cn) = 0 is a functional 
relation involving n arbitrary constants and defining y as a 
function of x, then n successive differentiations will produce n 
equations involving derivatives up to and including those of the 
nth order. These n equations together with the given equation 
fix, y, Cl, C 2 , * * * , Cn) = 0 can be used to eliminate the n con- 
stants Cl, C 2 , • * * , Cnj and the result will be a differential equation 
of the nth order whose solution is fix, y, Ci, C 2 , * • * , Cn) = 0. 
It can be shown that, in. general, a differential equation of the 
nth order has a solution which contains n arbitrary constants. 
Moreover, no solution of a differential equation of the nth order 
can contain more than n arbitrary constants. A solution that 
contains n arbitrary constants is called the general solution of the 
differential equation. 

The foregoing discussion does not prove these facts. It 
merely suggests that a functional relation containing n arbitrary 
constants leads to a differential equation of order n. For the 
proof of this theorem and its converse, any advanced treatise on 
differential equations* can be consulted. 

Any solution that is obtained from the general solution by 
specifying the values of the arbitrary constants is called a 'par- 
ticular solution. Particular solutions are usually the ones that 
are of interest in applications of differential equations. It 
should be remarked, however, that some differential equations 
possess solutions which cannot be obtained from the general 
solution by specif 3 dng the values of the arbitrary constants. 
Some examples illustrating the existence of such solutions are 
given in Sec. 83. 

PROBLEMS 

Find the differential equations of the following families of curves : 

1. + cx A- y — 

2. Cl sin a; + C 2 cos a; = y. 

3. CiX + C 2 e® + Cze-^ = y. 

4. ce^ ^ xy + e~^ = 0. 

5. ix - ciy +iy- C 2)2 = 1. 

6. 2/ = sin X + C 2 e® cos x. 

7. c^a; + cy + 1 = 0. 

8. CiH + ciy + C2 = 0. 

9. 2/ = + CzX. 

* See Ince, E. L. Ordinary Differential Equations. 



. ORDINARY DIFFERENTIAL EQUATIONS 


231 


10. — 4:cx ~ 0. 

11. y — 4- + x. 

69. Newtonian Laws. In order to illustrate the prominence 
of the subject of differential equations in a study of various 
phenomena, the next four sections are primarily concerned with 
the task of setting up the differential equations from the basic- 
physical principles. A systematic treatment of the problem of 
solving various types of differential equations frequently occur- 
ring in practice will be given in the subsequent sections. 

The formulation of the basic principles from which many 
differential equations arise rests on the following fundamental 
laws of dynamics, which were enunciated by Sir Isaac Newton. 

1. Every particle persists in its state of rest or moves in a straight 
line with constant speed unless it is compelled hy some force to 
change that state, 

2. The rate of change of momentum of a particle is proportional 
to the force acting on it and is in the direction of the force, 

3. Action and reaction are equal and opposite. 

The first law merely states that any change of velocity of a 
particle (that is, acceleration) is the result of some external force. 
The second law postulates that the resultant force / acting on a 
particle is proportional to the product of the mass m by its accel- 
eration a; for momentum is defined as the product of mass m and 
velocity v, and the rate of change of momentum is 



Thus, 

ma = hfy 

where k is the proportionality constant, which can be made equal 
to unity by a proper choice of units. 

Obviously, the second law includes the first; for if the force 
acting on a particle is zero, then its acceleration is zero and the 
particle must either remain at rest or move with constant 
velocity. 

The third law asserts that, if two particles exert forces on each 
other, then the force exerted by the first on the second is equal to 
the force exerted by the second on the first. This law can be 
used to define the mass of a body. 



232 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §69 


Frequent use of these laws will be made in the following pages. 
There is one more law, formulated by Newton, that will be found 
of cardinal importance in this study. It is the law of gravita- 
tion. Newton was led to it by his attempts to explain the 
motions of the planets. This law states that two bodies attract 
each other with a force proportional to the product of their 
masses and inversely proportional to the square of the distance 
between them, the distance being large compared with the 
dimensions of the bodies. If the force of attraction is denoted 
by F, the masses of the two bodies by mi and m 2 , and the distance 
between them by r, then 

(69-1) F = 

where K is the proportionality constant, called the gravitational 
constant. In the e.g.s. system the value of K is 6.664 X 10“®. 

The three fundamental principles formulated by Newton in 
reality form the postulates of dynamics and furnish a definition 
of force, and the law of gravitation permits one to compare 
masses with the aid of the beam balance. 

The law of attraction (69-1) assumes a simpler form in the case 
of a small body of mass m falling to the earth from heights that 
are not too great. It can be established that a sphere attracts a 
particle at an external point as if the whole mass of the sphere 
were collected at its center.* If the height of the particle above 
the earth^s surface is small compared with the radius of the earth, 
the law of attraction becomes, since r in (69-1) is sensibly con- 
stant and equal to the radius of the earth, 

(69-2) F = mg, 

where g is b, new constant called the acceleration due to gravity. 
Its value in the e.g.s. system is approximately 980 cm. per second 
per second and in the f.p.s. system 32.2 ft. per second per second. 

Thus, the differential equation of the falling body can be 
written as 

(69-3) f - g, 

where s is the distance traveled by the body and t is the time in 
seconds. Integration of (69-3) gives 
* In this connection, see Secs, J6 and 66. 
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(69-4) 


ds . , 
^^=gt + vo; 


and, since the velocity v is equal to ds/dt, (69-4) may be written 

V = gt + VQj 

where Vq is the constant of integration so chosen as to equal the 
initial velocity, that is, the value of v at the time t = 0. 
Integrating (69-4) gives 

(69-5) 5 = -b vot + So, 

where So is the distance of the body from the point of reference 
at the time t = 0. Equation (69-5) furnishes all the desired 
information about the freely falling body. 

70. Simple Harmonic Motion. Simple harmonic motion is the 
most important form of periodic motion. It represents a 
linear vibration of such a sort that the vibrating particle is 
accelerated toward the center of its path in such a way 
that the acceleration is proportional to the displacement of the 
particle from the center. If the displacement of the particle 
from its central position is denoted by a;, the definition of simple 
harmonic motion demands that 

(70-1) § = 


where co^ is a constant of proportionality and the negative sign 
signifies that the acceleration is directed oppositely to the dis- 
placement X, 

In order to find the equation of motion, that is, the displace- 
ment of the particle in terms of the time multiply both sides 

of (70-1) by 2 ^ and obtain 


(70-2) 


9 ^ 

dt'W 



b)^X. 


The left-hand side of (70-2) is the derivative of {dx/dty, and 
integration yields 

where the constant of integration is written for convenience in 
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the form c-, for it must be positive; otherwise, the velocity 
dx/dt will be imaginaiy. 

Extracting the square root and solving for dt give 


dt = 


dx 


\/ 

which upon integration becomes 

1 . . 0}X , . 

- sin”'^ — — t + Cl 
ca c 

or 

(70-3) X = Asia (o)t + 5), 

where A = cl o: and B = Ciw. The period of the motion, 
T = 27r/co, is independent of the amplitude A. 

It will be seen in the next section that (70-3) approximately 
represents the behavior of a simple pendulum. 

71. Simple Pendulum. Let P be a position of the bob of a 
simple pendulum of mass m and of length I (Fig. 66), and let 6 
be the angle, measured in radians, made by OP 
with the position of equilibrium OQ. Denote the 
tangential acceleration by dh/dt‘^, where s repre- 
sents the displacement, considered positive to the 
right of OQ, 

The acceleration d^sIdP’ along the path of the 
bob is produced by the tangential component of 
the force of gravity mg, so that its magnitude is 
mg sin 6, Since the velocity of the bob is decreas- 
ing when the bob is moving to the right of its 
position of equilibrium OQ, the acceleration will 
Hence, since force is equal to the product of mass 
and acceleration, one can write 

dh 



Fig. 66. 


be negative. 


(71-1) 


7n 


dt^ 


— —^ 'mg sin 6. 


The normal component of the force of gravity acts along OP 
and is balanced by the reaction of the string (Newton^s third 
law of motion). 

Remembering that s = Id, (71-1) can be written as 
d^d g 
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and if the angle 6 is so small that* sin 6 can be replaced by d, 


(71-3) 


g 


dt^ " I 


This equation is precisely of the form (70-1), and its general 
solution is 

(71-4) ^ = Cl sin (cct -f- C 2 ), 

where Ci and Ca are arbitrary constants and oi^ = gli- 
However, from physical considerations it is clear that there 
is nothing arbitrary in the behavior of the pendulum. Moreover, 
it is known that, if the pendulum bob is held initially at an angle 
a and then released without receiving any impulse, the pendulum 
will vibrate in a perfectly definite manner, so that it must be 
possible to calculate the position of the bob at any later time t 
These remarks concerning the initial position of the pendulum 
bob and the fact that the bob was released with zero velocity 
can be stated mathematically as follows: If the time at which 
the pendulum was released is denoted by ^ = 0, then 

! d — a when t = 0, 

1-0 «hen<-0. 

Therefore, the general solution (71-4) of (71-3) must satisfy the 
initial conditions (71-5). Substituting the first of these initial 
conditions in (71-4) gives 

(71-6) a = Cl sin C 2 . 

Differentiation of (71-4) with respect to t shows that 


^ = Cico cos {(at -j- C 2 ); 

and therefore the second initial condition yields 

0 = Cica cos C 2 , 

which is satisfied if C 2 = t/2. Substituting this value of C 2 in 
(71-6) gives Cl = a. Thus, the particular solution of (71-3) that 
satisfies the initial conditions is 

= OL cos (at. 


= a sin ( 0 )^ + 


* See Prob. 11, Sec. 13. 
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Naturally, a different choice of the initial conditions would lead 
to different values for ci and C 2 . 

The solution of the problem of a simple pendulum that was 
just obtained was based on the assumption that d was sufficiently 
small to permit the replacement of sin 8 by 8. If this is not the 
case, the problem is somewhat more difficult. In order to 

do 

solve (71-2), multiply both sides by 2 obtaining 


Integration gives 


9 ^^ = 

dt dt^ 


2g . .dd 


/ 


2ff 


cos 0 -f* C. 


Since dO/dt = 0 when 0 = a, 

0 ^ cos a + C 

and 

(71-7) = y (cos e - cos a). 

The angular velocity is given by d8/dt; and since the linear 
dd 

velocity is I the velocity in the path at the lowest point is 


4 


i2o 

•y (cos 8 — COS a) Ij 


ffsaO 


= ■\/2gl(l — cos a). 


It may be observed that this is the same velocity that would 
have been acquired if the bob had fallen freely under the force 
of gravity through the same difference in level, for v — '\/2gh 
and h = 1(1 — cos a). 

Integrating (71-7) yields 


(71-8) 



de 


V cos 6 — cos a 


which gives the formula for determining the time required for the 
bob to move from the initial position to any other. 
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If the lowest position of the bob is chosen as the initial position^ 
then ^ = 0 >vhen t = 0, and (71-8) becomes 

where 0 ^ oj. 

In order to evaluate (71-9), first reduce the integral to a more 

Q 

convenient form by means of the relation cos 0=1—2 sin^ -• 


Then, 



then 


cos 2 * 2 ~ 2 ^ 

and 

2 sin ~ cos <p d<p 2 sin ^ cos <p d<p 
1 — sin^ ^ sin^ ip 

Substitution of these expressions in (71-10) gives 





If the time involved is the time required for the completion of 
one-quarter of the vibration, then 0i = a and hence (pi — Tr/2. 
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The entire period is then 




dip 


Vl •“ 


sin^ <p 


where = sin^ 

If (1 — sin^ <p)~'^‘^ is expanded by the binomial theorem, so 
that 

5 

7" = 4 J~ d(p{l sin^ ^ + | sin'* «? + • • • y, 

term-by-term integration* gives 

It may be noted that the period is a function of the amplitude, 
which was not true in the case of simple harmonic motion. 



A reference to Sec. 14 shows that the period of a simple 
pendulum is expressible as an elliptic integral of the first kind. 


* Note Wallis’s formula 


•jr 



sin’* B dd 


r 



(n — l)(w — 3) * • • 2 or 1 
w(7i - 2) • • • 2 or 1 


where a 1 when n is odd, a = 7r/2 when n is even. 
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72. Further Examples of Derivation of Differential Equations. 

1. The Slipping of a Belt on a Pulley. Let Tq and Ti be the 
tensions of the belt (Fig. 67) at the points A and B. Consider 
an element of the belt of length As, which has end points P and Q 
and subtends an angle at 0. Let the tension at P be T and at 
QbeT + AT j and let the normal pressure per unit of length of the 
arc be p, so that the total normal force on the element of arc 
As is p As. If the angle A6 is assumed to be small, the normal 
pressure may be thought of as acting in the direction of the 
line ONj which bisects the angle A6. From the definition of the 
coefficient of friction n, it follows that the frictional force is equal 
to the product of fi by the normal pressure, so that the frictional 
force on PQ is yp As, and, since Ad is small, this frictional force 
may be assumed to act at right angles to ON. If it is assumed 
that the belt is at the point of slipping, the components of force 
along ON must balance. Hence, 

r sin ^ + (r + AD sin ^ = p As 


(72-1) 


(2T + AT) sin ^ = p As. 


Similarly, by equating the forces acting at right angles to ONj 

A/9 aq 

(T 4- AT) cos ~2 ~ T cos = up. As 


(72-2) 


AT cos = tip As. 


Eliminating p As between (72-1) and (72-2) leads to 


(72-3) 


2r -1- Ar ^ Ad 1 


Solving (72-3) for AT gives 


AT = tan 


2 1 , Af 

1 — IX tan 


and dividing both members of this equation by Ad leads to 
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AT 

Ad 


tan 


Ad 


Tn 


Ad ^ .1^0 

— 1 - M tan 


The limit of this expression as A0 — 0 is 

dT 


(72-4) 

since 


de 

tan a 
lim 

OL 


= 


= 1 . 


Separating the variables in (72-4) yields 

= ixdd, 


which, upon integration, becomes 


or 


log T = + 0 


( 72 - 5 ) T - cie^^ 

The arbitrary constant Ci that enters into the solution of the 
differential equation can be determined from the initial condition 
T == To when ^ = 0. Substituting these values in (72-5) gives 


T = Toe^^ 


so that the tension Ti corresponding to the angle of lap a is 


Ti = To6^“. 


PROBLEM 

Find the tensions in the foregoing illustration when To = 100, 

- H) and the angles of lap are 7 r/ 2 , and x radians. 

2. Elastic Curve, Consider a horizontal beam under the 
action of vertical loads. It is assumed that all the forces acting 
on the beam lie in the plane containing the central axis of the 
beam. Choose the x-axis along the central axis of the beam in 
undeformed state and the positive 2 /-axis down (Fig. 68). Under 
the action of external forces Fi the beam will be bent and its 
central axis deformed. The deformed central axis, shown in 
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the figure by the dotted line, is known as the elastic curve, and it 
is an important problem in the theory of elasticity to determine 
its shape. 

It can be shown* that a beam made of elastic material that 
obeys Hooke's law is deformed in such a F F F 

way that the curvature K of the elastic ^ ^ 3 

curve is proportional to the bending ^ 

moment M, In fact, 


(72-6) 




Pig. 68. 


where E is Young's modulus, I is the moment of inertia of the^ 
cross section of the beam about a horizontal line passing through 
the centroid of the section and lying in the plane of the cross 
section, and y is the ordinate of the elastic curve. The important 
relation (72-6) bears the name of the BernoulU-Euler law. 

The bending moment M in any cross section of the beam is 
equal to the algebraic sum of the moments of all the forces Fi 
acting on one side of the section. The moments of the forces Fi 
are taken about a horizontal line lying in the cross section in 
question. 

If the deflection of the beam is small, the slope of the elastic 
curve is also small, so that one may neglect the square of dyfdx 
^ in the formula for curvature. Thus, for 
I small deflections the formi^la (72-6) can 

be written as 

^ ^ _ M 

■” TTlf 


As an illustration of the application of 
' this formula, consider a cantilever beam 

of length If which is built in at the left end and which carries a 
load W on its free end (Fig. 69). The weight of the beam is 
assumed negligible in comparison with the magnitude of the load 
Wj so that the moment M in any cross section at a distance x 
from the built-in end is 

M = W{1 -x). 

*See Timoshenko, S., Theory of Elasticity, p. 41; Love, A. E. H., A 
Treatise on the Mathematical Theory of Elasticity, 4th ed., pp. 129-130. 
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When this expression is substituted in (72-7), there results 


^ ^ (Z - X) 

dx^ El ^ ’’ 


and integrating gives 




y 


_ W /ix^ 


ET\2 


6/ 


+ CiX + C2. 


The constants of integration, ci and C 2 , are easily evaluated 
from the boundary conditions 

2 / = 0, when x = 0, 

dy 


dx 


= 0 , 


when x = 0, 


the first of' which expresses the fact that the displacement at 
the built-in end is zero and the second that the slope of the 
elastic curve is zero when a; = 0. It is easily checked that these 
boundary conditions require that 


y = 


W 

2EI 




so that the displacement d at the free end is 

3EI' 


d 


W 




W 

2 


Fig. T'O. 


w 

2 


PROBLEM 

A beam of length I is freely supported at its ends and is loaded in the 
middle by a concentrated vertical load TT, 
which islarge in comparison with the weight 
of the beam. Show that the maximum 
deflection is one-sixteenth of that of the 
cantilever beam discussed above. Hint: 
From symmetry, it is clear that the behavior 
of this beam is the same as that of the 
cantilever beam of length 1/2 which is 
loaded by a concentrated load of magnitude W/2 at its free end (Fig. 
70). . V’ 

3. Cable Supporting a Horizontal Roadway, Let a cable that 
supports a horizontal roadway be suspended from two points 
A and B (Fig. 71). It will be assumed that the load on the 
roadway is so large, compared with the weight of the cable that 
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the weight of the cable can be neglected. The problem is to 
determine the shape assumed by the cable. 

Denote the tension at the point P of the cable by T and that 
at the point Q by T + AT, and let w be the load per foot run. 
Since the cable is in equilibrium, the hoiizontal and vertical 
components of the forces acting on any portion A6‘ of The cable 
must balance. Thus, equat- 
ing the horizontal and ver- 
tical components gives a 
system of two equations 

(72-8) T cos e 
= (r + AT) cos {e -H AB) 

and 

(72-9) T sin 0 = —w Ax 
+ {T + AT) sin (6 + AB). 

Dividing (72-9) by (72-8) 
gives Fig. 71 . 

(72-10) tan . - <« + A») - (» + AO) ' 

But (72-8) does not depend on the magnitude of As and, since 
As is arbitrary in size, it appears that the horizontal component 
of the tension at any point of the cable is a constant, say Tq. 
Substituting this value in the right-hand member of (72-10) 
and rearranging give 

tan {B + A^) — tan B = 

i 0 



or 

(72-11) 


tan {6 + AB) — tan B _ w Ax 
AB ■" To AB 


The left-hand member of (72-11) is the difference quotient, and 
its limit as AB is made to approach zero is the derivative of 
tan B, Hence, passing to the hmit gives 

(72-12) = 

Recalling that tan ^ ^ “ tan""^ it follows that 

^ 

dx 1 + (dyIdxY 
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Moreover, 

sec^ « = 1 + (i) • 

Substituting from these two expressions in (72-12) leads to the 
differential equation of the curve assumed by the cable, namely, 


(72-13) 


d^y _ 
dx^ To 


If (72-13) is integrated twice with respect to x, one obtains the 
desired equation of the curve, 


w 

(72-14) y - ^ + cix + C 2 , 

which is the equation of a parabola. The arbitrary constants Ci 
and C 2 can be deternained by substituting in (72-14) the coordi- 
nates of the points A and B. 

If the lowest point of the cable is chosen as the origin of the 
coordinate system, the equation of the parabola becomes 

(72-15) y = 2^0 

The length of any portion of the cable can easily be calculated 
with the aid of (72-15). 

PROBLEMS 

1. Find the length of the parabolic cable when the latter supports a 
roadway which is I ft. long. Express the length of the cable in an. 
infinite series in powers of 1. Hint: Expand the integrand in the 
expression for the length of the cable. 

2. Find an approximate expression for the sag d in terms of the 
length I by using the first two terms of the infinite series expansion that 
was obtained in Prob. 1. 

4. Uniform Flexible Cable Hanging under Its Own Weight. Let 
a flexible cable (Fig. 72) be suspended from two points A and B. 
Denote the weight per unit length of the cable by and con- 
sider the forces acting on the element of cable As. As in the 
preceding example, the hori^iontal and vertical components of 
force must balance, for the cable is in equilibrium. If the tension 
at P is denoted by T and that at Q by T + AT, it follows that 

T cose (T + AT) cos (0 + Ad) 
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and 

jT sin ^ = (T + AT) sin {B + AB) — w As. 

Dividing the second of these equations by the first gives 


tan B = tan (B + A^) — 


w As 


(T + AT) cos (B + AB) 


This equation has the structure of Eq. (72-10), and an analysis 
in every respect similar to that outlined in the preceding illus- 



tration leads to the equation 
(72-16) S' 


where To is the tension at the lowest point of the cable. Since 


where 

— 

dx 


dB ~ dB/dx^ 


V* + (i) 


— _ d^y/ dx^ 
dx 1 + (dy/dx)^^ 


and since sec^ 0=1 + (dy/dx)^, it follows upon substitution 
in (72-16) that the differential equation of the curve assumed by 
the cable is 


(72-17) 


^ _ i£. It 4- f 

dx^ “ T’o'V \dxj ' 
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If dy/dx is replaced by (72-17) becomes 


or 


— 

dx 




du __ 
\/l + ^0 


Integrating tliis equation gives 


log (m + Vl +U^) = ^x + Cl, 
i 0 

or 

This differential equation can be solved by the following 
device: Taking the reciprocal of (72-18), one obtains 



and rationalizing the denominator gives 


When (72-19) is subtracted from (72-18), there results 

dx 2L J 

and integration gives 

y = 2^1 « + « ^ + ca. 

The constants ci and C 2 can be determined from the condition 
that the curve passes through the points A and B, whose coordi- 
nates are assumed to be known. 

If the constants Ci and C 2 are chosen to be equal to zero, then 
the lowest point of the curve is at (0, To/w)j and the equation 
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(72-20) 


y "" 2 V + ^ 


A curve whose equation has the form (72-20) is called a catenary. 

PROBLEM 

Find the length of the catenary between the limits 0 and 

73. Hyperbolic Functions. Combinations of exponential func- 
tions analogous to the one that appears in (72-20) are of such 
frequent occurrence in applied mathematics that it has been 
found convenient to give them a special 
name. The function + e~^) is 

called the hyperbolic cosine of x and is 
denoted by 

I ^P(x,y) 

(73-1) cosh X ^ H(6^ + e~®). 

The derivative of cosh x is equal to 
}/i{e^ — and is called the hyper- 
bolic sine of x. Thus, 

(73-2) sinh a; = 3^(e® — e“®) Fig. 73. 

These functions are called hyperbolic because they bear rela- 



tions to the rectangular hyperbola x"^ 


that are very 


similar to those borne by the circular functions to the circle 
^ Thus, consider 
I the equation of a circle (Fig. 73) 


fPCx.y) 


27 ^ + 2 /® = (P 

whose parametric equations are 


X — a cos t 


Fig. 74. 


2 / = a sin t. 

The equation of a rectangular 
hyperbola (Fig. 74) is 


(73-3) - 2/2 ^ a2, 

and the reader can readily show with the aid of the definitions 
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(73-1) and (73-2) that (73-3) can be written in a parametric form 
as 

/ 7 Q (x = a cosh t, 

\y == asinhL 

It will be shoTO next that the parameter t can be interpreted 
for the circle and the hyperbola in a similar way. 

The area u of the circular sector OAP (Fig. 73) is 


so that 


u = }iaH, 



On the other hand, the area of the hyperbolic sector OAP (Fig. 
74) is given by 

(73-5) u = dx, 

where the first term in (73-5) represents the area of the triangle 
OBP. 


Integrating (73-5) gives 


24 = log 


^ 1 X 


= -olog 


X -t- 


so that 

and 

(73-6) 




^-±y = 

a 


Also, since x^ — y^ = a^, it follows that 

2u 

(73-7) 


Adding and subtracting (73-6) and (73-7) lead to 

2u 2u 

e®" + e 2-14 

X — a jr = a cosh 

2 


(73-8) 


y ^ a 


2u 2u 

g a® 


. , 224 
= a sinh -5-7 


which are precisely Eqs. (73-4) with t — 2u/a^, 



§73 


ORDINARY DIFFERENTIAL EQUATIONS 


249 


From (73-8), it is clear that 


X ,2u , y ^ ^ 2u 

- = cosh —r and - = smh - 5 - 

a a 

and a reference to Fig. 73 shows that 

X 2u j y . 2u 

- = cos - 5 - and - = sin 

a a 

Therefore, the circular functions may be defined by means of 
certain ratios involving the coordinates of the point P(x, y) on 
the circle + y^ = a^, whereas the hyperbolic functions are 
expressed as ratios involving the coordinates of the point P(x, y) 
on the hyperbola — y^ = a^. 

The definitions of the hyperbolic tangent, hyperbolic cotangent, 
hyperbolic secant, and hyperbolic cosecant are as follows: 

sinh X 
cosh x^ 

1 

tanh x^ 

1 

cosh X 

1 _ 

sinh X 


tanh X == 
coth X = 
sech X = 
csch X = 


The inverse hyperbolic functions are defined in a way similar 
to that used in defining the inverse circular functions. Thus, if 


then 


y = tanh Xj 


X == tanh”^ y. 


which is read the inverse hyperbolic tangent of yP The definition 
of the remaining inverse hyperbolic functions is similar. There 
are some interesting relations that connect these inverse hyper- 
bolic functions with the logarithmic functions. * 

It will be recalled that the expansion in Maclaurin’s series for 
is 


(73-9) 


e“=l + w + ^ + ^ + 


See Probs. 5 and 7 at the end of this section. 
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so that 

(73-10) e* = 1 + ^ + |! + . . . 

and 

(73-11) e-^=l-.-Fg-|-;-h---. 

Subtracting (73-11) from (73-10) gives 
^ - e-^ = 2 (x + ^ + ^ 

SO that 

/)iC /y*3 /y*5 

(73-12) sinh x = — - — = a: + . 

On the other hand, addition of (73-10) and (73-11) shows that 

pX _L P — Z />»2 ntA 

(73-13) cosh X = — 2 — “ ^ 2l 4! ‘ 


Moreover, if it is assumed that (73-9) holds for complex num- 
bers as well as for real numbers, then 


ix 11-1 t I 

= I + IX + - -h ^ -h 


(73-14) 
and 

(73-15) e-- = I - ix + + • • ■ , 

where ^ = “x/— 1. Adding (73-14) and (73-15) and simplifying 
show that 


eiz _j_ g- 


= 2 (^1 - 


£! + + 

2! ^ 4! 6! 




which is recogniz(^d to he the series for cos x multiplied by 2. 
Thtis, 

pix J_ p—ix 

(73-10) cosr = — 


It is readily verified that subtraction of (73-15) from (73-14) 
leads to the formula 

_ 

“ 2i 


(73-17) 


sin X 
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By combining (73-16) with (73-17) there result two interesting 
relations, 


cos X + ^ sin a; = 


cos X — i Bin X = e~ 


which are frequently used in various investigations in applied 
mathematics. These relations are known as the Euler formulas. 
The following table exhibits the formal analogy hat exists 
between the circular and hyperbolic functions. The relations 
that are given for hyperbolic functions can be established readily 
from the definitions for the hyperbolic sine and the hyperbolic 
cosine. 

Circular Functions Hyperbolic Functions 


Circular Functions 
sin a; = ^ “ e~'^) 

cos X = K 

z 

tan X — ♦/ 

cot X = i— 
tan X 

, x^ 



- X^ ,X^ 

cos a: = 1 - + 57 - • • • 

sin^ X + cos^ X - 1 
1 + tan^ X — sec^ x 
sin 2a; = 2 sin a: cos x 
cos 2a; — cos^ x — sin^ x 
sin (a; ± y) = sin x cos y 

+ cos X sin y 


sinh a; = ^ (e® — e“*) 

cosh a; — - (c® + e~*) 

. , e® — e“® 

tanh X = ■— 1 — z:: 


coth X — 


tanh X 


d sm X 

d sinh X 

— ? — - cos X 
dx 

dx 

d cos X 

d cosh X 

— j — = — sm a; 
ax 

dx 

d tan X „ 

d tanh x 

— 3 = sec^ X 

dx 

dx 


. , , a;3 a;5 

=®+3l+5!+- • • 
cosh x = l+ ||+||+-'- 

cosh^ X — sinh^ a; = 1 

1 — tanh^ X — sech^ x 

sinh 2a; == 2 sinh x cosh x 

cosh 2a; = cosh^ x + sinh^ x 

sinh {x ± y) — sinh x cosh y ± cosh x sinh y 


— cosh X 


— sinh X 


— sech® X 


Example 1. A telephone wire (Fig. 75) weighing 8 lb. per 100 ft. is 
stretched between two poles 200 ft. apart. If the sag is 1 ft., find the 
tension in the wire. 

Note that 

2 / = a cosh I = a (l + ^5 + 4 ^, + ■ • • ), 


where a = Ta/w, 
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The vertical component of the tension is clearly equal to ws, where 
s is the length of the wire* But the length of the catenary between the 

points whose abscissas are 0 and x is 


y 



1 

1 

1 

1 

1 

1 

L- 


4 




wlierc y - a cosh — Substituting for 


1 + sinh^ - dx 
' a 


Fig. 75 . 

so that the vertical component of tension is 

. , X 

Ty = w8 — wa sinh -> 
and the total tension at any point is 


cosh - dx = a sinh z* 
a a 


T = ^/l + sinh2 : 


= wa cosh - 
a 


At the point of support, y = a d, bo that T = w{a + d). Since d is 
usually small, the tension in the ^vire is nearly constant and approxi- 
mately equal to To. 

If the wire is very taut and the distance between the poles is not large, 
2/ = «+o7 


y-^-Ta 

When X = 1/2, where I is the distance between the poles, and d is the 
sag) y — a = d and ' 

“ “ 2a ~ Sa 

I ... •) 

SO that 


^ 8d " w;’ 

' The symbol a = 6 is used to signify that a is approximately equal to b. 



§73 


ORDINARY DIFFERENTIAL EQUATIONS 


253 


or 


To = 


2^2 

8d 


Substituting the numerical values for w, I, and d gives for the value 
of the tension at the lowest point 


To 


(0.08) (200)2 

(8) • (1) 


400 lb. 


Example 2. A parachute, supporting a mass m, is falling from a 
distance h above the ground. Determine the velocity with which it 
strikes the ground if the air resistance is proportional to the square of 
the velocity. 

If the air resistance be denoted by E, then 

R = 


where A; is a proportionality constant depending upon the design of 
the parachute. The force a< 4 ting downward is 

dh dv 


which is equal to mg — kv^. Hence, 


dv , „ 

m-^^ = mg — kv^ 


or 


J = ?(1 - a %^), 

where — k/gm. Integrating 



gives 


1 , 1 + av 
2a 1 — av 


gi + Cl. 


If ?; = 0 when ^ = 0, it follows that Ci = 0, The integrated expres- 
sion then simplifies to 


1 + av 
X — av 
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or 

1 — i i , , 

V — - - 1 — r = - tanh agt 

It is easily shown that 

lim tanh ^ = 1, 

f— > 00 

and it follows that the terminal velocity is Vt — \/ gm/k. 

But ds/dt = y, so that 

s = ^ tanh agt dt 

= ^ log cosh agt + Cz; 

and since s ~ 0 when i = 0, C 2 = 0. Hence, 

s = ^ log cosh 

PROBLEMS 

1 . A wire is stretched between two supports 100 ft. apart. If 
the weight of the wire is 10 lb. per 100 ft. and the tension in the wire is 
300 lb., find the amount of sag at the middle. 

2. Newton's law of cooling states that the rate of decrease of the 
difference in temperature of a body surrounded by a medium of con- 
stant temperature is proportional to the difference between the tempera- 
ture of the body and that of the medium, that is, 

f - -H, - ),). 

Find the temperature 6 of the body at any time i, if the initial tempera- 
ture is ^ 1 . 

3. If a wire weighing w lb. per unit of length is stretched between two 
supports I units apart, show that the length of the wire is approximately 

s - lyl 24r2/ 

where T is the tension. 

4 . Show that any complex number a + bi can be put in the form 
a hi — re®*, where r == \/d^ + and 6 — tan~^ 
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6. liy — sinh x, then x is called the inverse hyperbolic sine and is de- 
noted by a; ^ sinh-^ y. Prove that x = sinh“i y = log {y + + !)• 

6. Establish the formulas for hyperbolic functions given in the table 
of Sec. 73. 

7. Establish the following formulas: 


cosh u dwj 
sinh u du] 
sech^ u du; 

— csch^ u du; 

— sech u tanh u du; 

— csch u coth u du; 

du 


Vw" + 1’ 

du 


(a) d sinh u = 

{h) d cosh u — 

(c) d tanh u — 

(d) d coth u — 

(e) d sech u = 

(/) d csch u = 

{g) d sinh"^ u = 

Qi) d cosh“^ u 
(^) d tanh”^ u 
O’) d coth“^ u 

(k) d sech"^ u ■ 

(l) d csch”^ u — , 

uVl + u^ 

(m) cosh“^ y = log (y + \/y^ — 1) = sinh“^ \/y^ — 1 ; 
in) sinh“^ y — \og {y + \^y^ Ar 1) = cosh"^ "s/y^ A- 1; 

{o) tanh”^ y = 


du 
1 - 
du 
1 - 

du 


U's/l — 
du 




(p) coth~^ y = 
{q) sech”^ y = 
(r) csch-^ y = 


2 log Jzri if > 1; 


log 

log 


y±l. 
y -l 
1 + VT^ 
y 


1 ; 


if 0 < 2/ : 

1 ± V 2 /® + 1 j +. if 2/ > 0 

y j-,ifty<0. 


8. Plot the graphs of the hyperbolic functions. 

,9. A man and a parachute, weighing w lb., fall from rest under the 
force of gravity. If the resistance of the air is assumed to be propor- 
tional to the speed v and if the limiting speed is vq, find the expression for 
the speed as a function of the time L 
Hint: 
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10. A man and a parachute are falling with the speed of 100 ft. per 
second at the instant the parachute is opened. What is the speed of 
the man at the end of t sec. if the air resistance is proportional to the 
square of the speed? 

11. It can be estabhshed that the steady flow of heat across a 
large wall is proportional to the space rate of decrease of temperature 
6 across the wall and to the area A of the wall, that is, 

Q--kAf^, 

where x is the distance from one of the faces of the wall and Q is the 
constant quantity of heat passing through the wall. The constant k 
(thermal conductivity) depends on the properties of the material. 
Integrate this equation and calculate the amount of heat per square 
centimeter passing through a refrigerator wall, if the thickness of the 
waU is 6 cm. and the temperature inside the refrigerator is 0°C., while 
outside it is 20°C. Assume k = 0.0002. 

12. A tank contains initially v gal. of brine holding xo lb. of salt in 
solution. A salt solution containing to lb. of salt per gallon enters the 
tank at the rate of r gal, per minute; and the mixture, which is kept 
uniform by stirring, leaves the tank at the same rate. What is the 
concentration of the brine at the end of t min.? 

Hint: Let x denote the amount of salt present at the end of t min.; 
then, at a later instant t + Ai, the change in the quantity of salt is 
Ao; = wr At — (x/v)r At. Hence, dx/dt = wr — xr/v = {r/v)(wv — x). 

74. First-order Differential Equations. Generally speaking, 
the problem of solving differential equations is a very diflBicult 
one. There are very few types of equations whose solutions can 
be written down at once; in practice, special methods of solu- 
tion, suitable to the particular problem under consideration, 
have to be depended upon. Seeking special methods of solution 
is a dfficult task, and the mathematician, at present at least, is 
almost entirely restricted to a consideration of linear differential 
equations. Very little is known concerning the solution of non- 
linear differential equations. Even such a simple-appearing 
first-order equation as 

cannot be solved in general; that is, there are no formulas avail- 
able for solving a non-linear differential equation of the first order. 
However, it is possible to classify some of the first-order non- 
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linear differential equations according to several types and to 
indicate the special methods of solution suitable for each of these 
types. The next ten sections will be concerned with the solutions 
of the special types of non-linear differential equations that are of 
common occurrence in practice. The remainder of the chapter 
will be devoted to the general methods of solution of the impor- 
tant types of linear differential equations. 

76. Equations with Separable Variables. If the given differ- 
ential equation 

can be put in the form 

/i(x) dx +U{y) dy = 0, 

where fiix) is a function of x only and f^{y) is a function of y 
only, the equation is said to be an equation with separable 
variables. Such an equation is easily integrable, and its general 
solution is 

J /i(x) dx + / h{y) dy = o, 

where c is an arbitrary constant. In order to obtain an explicit 
solution, all that is necessary is to perform the indicated 
integrations. 

Example, Solve 

dv 

^ 

This can be written as 

^ + e^iy -y^) ==0 
or 

+ e» d® = 0. 

y - 

Integration gives 

+ 

which is the general solution required. 
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PROBLEMS 

Solve the following differential equations: 


1. v^l — dy + dx = 0. 

^ dy _ sin^ x 
' dx ^ sin y 

4. sin X cos^ ydx + cos^ x dy - 0. 

6. V^l + X dy — (1 + y^) dx = 0 

6. 's/I — 2/2 dx ^dy — 0. 

^ ^ ^ 1 + 2 / 

' dx 1 + X 

9 . sinh X dy + cosh y dx — 0, 

10 . 

11. ^ = '^ogy^ + tm X sec2 x. 

12. a;2(l + 4y^) dx + Syx''^ dy = 0. 

13. dx + (I — e^) dy = 0. 


14. ^ = 0. 

dx 1 — 

IK # - + 1) 

dx “ x(y - 1)' 

. 16. (1 + 0:2) ^2/ - (1 + 2/2) dx = 0. 

^ ^ + 2y+l 

' dx o;2 — 2o; + 1 

18. o;2(l + y) dy + vK^ — 1) do: = 0. 

19. 2/(1 — y) dx - (x-A- 1) dy == 0. 

^ _ o?(l + y^) 

dx 2/(1 + 

21 . (2/2 “ 0:2/) do: + x 2 d2/ = 0 . 

22. Let A be the amount of a substance at the beginning of a chemical 
reaction, and let x be the amount of the substance entered in the reaction 
after t sec. Then, the simple law of chemical reaction states that the 
rate of change of the substance is proportional to the amount of the sub- 
stance remaining,* that is, dx/dt — c{A — 0 :), where c is a constant 
depending on the reaction. Show that 0 : = A(1 — 
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23. Let a solution contain two substances whose amounts expressed 
in gram molecules, at the beginning of a reaction, are A and B. If an 
equal amount x of both substances has changed at the time t, then the 
amounts of the substances remaining are A — x and B — x. The basic 
law of chemical reactions states that the rate of change is proportional 
to the amounts of the substances remaining; that is, 

fU'T' 

^ = k(A ^ xKB - X). 

Solve this equation under the hypothesis that x = 0 when t = 0. 
Discuss the case when A ^ B. 


76. Homogeneous Differential Equations. It will be recalled* 
that a function /(x, y)^ of the two variables x and is said to be 
homogeneous of degree n provided that 


Thus, 


/(Xx, \y) = X’*/(ar, y). 
f(x, y) = + x^y + 2/* 


is a homogeneous hmction of degree 3, and 


fix, y) = X- sin ^ + xy 

is a homogeneous function of degree 2. 

If the differential equation is of the form 


(76-1) /i(x, y) dx -I- / 2 (x, y) dy = 0, 


where /i(a:, y) a,adfi{x, y) are homogeneous functions of the same 
degree, then (76-1) can be written in the form 


(76-2) 


# ^ _ Mx,y) ^ 
dx Mx, y) - 


where (p{x, y) is a homogeneous function of degree zero, that is, 


ip{\x, \y) s xo ip{x, y) - ip{x, y). 
If X is set equal to 1/x, then 


<p{x, y) = \y) 



which shows that a homogeneous function of degree zero can 
always be expressed as a function oiy/x. This suggests making 

*See Sec. 40. 
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the substitution y/x 


V. Then, since y = vx^ 


dx dx 


Substituting this value of dyjdx in (76-2) gives 

f = ^o(l> v). 

This equation is of the type considered in Sec. 75. Separating 
the variables leads to 

dv _ dx 
(p{l, v) — V X 

which can be integrated at once to give 

F{Vy X, c) = 0. 

Since v = y/x^ the general solution of (76-1) is 

An equation of the form 

dx ~ hix -h b^y + bz 

can be reduced to the solution of a homogeneous equation by a 
change of variable. This is indicated in detail in Prob. 11 at 
the end of this section. 


Example, Solve 


At ^ 


2^ 

dx 



This equation can be put in the form 

yHx + — ^y) dy = 0, 

which is of the type (76-1). By setting y — vx and dy = v dx + xdv^ 
the equation becomes 

(vxy dx + {x^ — vx^){v dx + xdv) == 0. 

This reduces to 

vdx + aj(l — v) dv = 0 
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and, upon separation of the variables, to 


Integration yields 


dx I -V 

_ Q 

X V 


log X + log V — V — c 


log a; + log I - I = c, 


which simplifies to 


log 2 / - - = c. 


PROBLEMS 

Solve the following differential equations: 
1. + 'i/) dy -h 2xy dx = 0. 

2 - ^%-y = - y'‘. 

o ydy y 

i^ + y)f^ = ^-y- 

6. x^y dx — — y^) dy = 0. 

fi ^ ~~ y\ 

' dx a;2 * 

7. ^ y 

a; — \/5^ 

8. x{\^ A- y) dx — x^ dy = 0. 


10 ^ ^ ^ ~~ 2 /^ 
dx xy 

11. Discuss the problem of transforming the differential equation 


^ ^ + ^^y + az 

dx hix + h^y + hz 

into a homogeneous equation by the change of variable x ^ x' h and 
y = y' A- k. Determine the values of h and k for which the original 
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equation is transformed into 

dy' _ aix' + 
dx' ~ hix' + 62 / 

and solve this equation. If 0162 — asfei = 0, set a\x + a^y = z. 


12. 

{x^ 

— xy) dy + y^ dx = 0. 


13. 


— x^) dy + 2xy dx = 0. 


14. 

dx 

1 A- 2x + y 
~ 1 — 2x — y 


15. 

{x 

- y + 1) dx + (x + y - 

d 

11 

16. 

dx + (xy + x^) dy = 0. 


17. 

(2x 


11 

p 

18. 

(x^ 

4- 7/2) dx + '^xy dy = 0. 


19. 

(x^ 

-h y^) dx — xy dy ^ 0. 


20. 

lx ■ 

+ y) dy - (x - y) dx = 

0. 


77. Exact Differential Equations. It was shown in Sec. 63 
that the necessary and sufficient condition that the expression 

P{x, y) dx + Q{x, y) dy 


be an exact differential of some function F(x, y) is that 


(77-1.) 


dy dx’ 


where these partial derivatives are continuous functions. 
Consider now the differential equation 

(77-2) P{x, y) dx + Qix, y) dy = 0, 

and suppose that the functions P(x, y) and Q{x, y) satisfy the 
condition (77-1), so that there exists a function F{x, y) such that 


JEI J J ^ 

s P{x, y)dx + Qix, y) dy. 

Such a differential equation is called an exact differential equation. 
It is clear that the function 

Fix, y) = c, 

where c is an arbitrary constant, will be a solution of (77-2). 
An explicit form of the function Fix, y) will be obtained next. 
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By hypothesis the condition (77-1) is satisfied so that one can 
write 


lx ^ If ^ 


Now, the first of these equations will surely be satisfied by the 
expression 

(77-4) Fix, y) = J Fix, y) dx + f(y), 

where the y appearing under the integral sign is treated as a 
parameter and f{y) is an arbitrary function of y alone. The 
function f{y) will be determined next, in such a way that (77-4) 
satisfies the second of Eqs. (77-3). 

Differentiating (77-4) with respect to y and equating the 
result to Q(x, y) give 


so that 
(77-5) 
Hence, 
(77-6) 


f "li/ 

siy) = j y') ~ j y) ] ^y- 


Substitution of (77-6) in (77-4) gives the explicit formula 


(77-7) Fix 


, y) = J Pi^, 


y) dx -1- 


j y) 

- P{x, y) dx 


dy. 


To illustrate the use of this formula, consider 
{2xy + 1) dx + (a;2 4y) dy — 0. 


Here, 


dP _dQ ^ 
dy dx 


so that the formula (77-7) is applicable. The reader will verify 
that the substitution of the expressions for P and Q in (77-7) 
gives 


P(^j y) = + a: -f 22/2 + c. 
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Hence, the solution is 

x^y + X + 2y^ = c. 

Instead of using the formula (77-7), one frequently proceeds 
as follows; Since dP/dy = dQ/dx, the existence of a function 
F(x, y) such that 

§-2xy + l and f = % 

is assured. Now, if 

g = 2.,+ l 

is integrated with respect to rc, y being treated as a constant, there 
results 

F(x, y) = + a: + Ci{y), 

where Ci{y) is not a function of x but may be a function of y^ 
since y was treated as a constant. Similarly, the second 
condition 

iy, 

dy 

upon integration with respect to y^ gives 

F{x, y) = x^y + 2y^ + c^ix). 

Comparison of the two expressions for F(x, y) shows that if 
Fisc, y) = x^y X + 2y^, 

then 

= 2xy + 1 and ^ + iy. 

dx^ dy 

Thus, the general solution of the given equation is 

+ X + 2y^ = c. 

PROBLEMS 

Integrate the following equations if they are exact: 

1. (y cos xy + 2x) dx + x cos xy dy = 0. 

2. ( 2/2 + 2xy + 1) da; + i2xy + x^) dy = 0. 

3. (e* + 1) dx + dy ^ 0. 

4. {Zx'^y — 2/®) dx + (a;® — 3y^x) dy — 0. 
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5 . 


6. 


7 . 


8 . 

9. 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 


(3x^y — dx “ (x^ + 3y^x) dy = 0. 

V y 1 1 - V 

—k Gos~ dx cos - dy = 0. 

x^ X X X ^ 


x^ 

2x log y dx A- — dy = 0. 


X -s / 1 — 

y/\ — x‘^ 


dx + y 


\/l — x^ 

Vi - 


dy = 0. 


{2x + e® log y) dx -\ — dy — 0. 

2x sin y dx — x‘^ cos y dy = 0, 

{2x + yx^) dx + 5(x — Zx^) dy = 0 . 

^2x + ^ dx — p dy — 0. 

sin 2y dx + 2x cos 2y dy = 0. 

+ 1) da; — y\x — 1) dy = 0. 
y(l + x-y^ dx — tan“i xdy — 0. 


78. Integrating Factors. It is not difficult to see that every 
differential equation of the type 


(78-1) M(x, y) dx + N(x, y) dy = 0, 


which has a solution Fix^ y) = c, can be made exact by multi- 
plying both members by a suitable function of x and y. For 
since F{x, y) == c is a solution of (78-1), 


( 78 - 2 ) + = 


and it follows from a comparison of (78-1) and (78-2) that 


— = n{x, y)M and ^ = nix, y)N. 

Therefore, 

y,{Xj y){M dx + N dy) = 0 

is an exact equation. The function ii{x, y) is termed an inte- 
grating factor. Moreover, it is clear that there is an unlimited 
number of such functions for each equation. Despite this fact, 
it must not be concluded that an integrating factor can always 
be found easily. In simpler cases, however, the integrating 
factor can be found by inspection. 

Thus, in order to solve 

X dy — y dx = 0, 
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which is not exact as it stands, multiply both sides by \/xy. 
Then the equation becomes 


% _ ^ ^ 0 
y ^ ' 

which is exact. Another integrating factor for this same equation 
is l/x^. Similarly, multiplication by 1/^/^ makes the equation 
exact. 

In Prob. 1 at the end of this section will be found a few of 
the integrable combinations that frequently occur in practice. 

Example. The differential equation 

{y^ — x^) dy + 2xy dx = 0 

is not an exact equation, but on rearrangement it becomes 


dy + 2xy dx — x^ dy — 0, 

which can be made exact with the aid of the integrating factor l/\f. 
The resulting equation is 

2xy dx — x^ dy 


dy + ■ 


which integrates to 


2 /" 


I 

y — c. 

^ y 


= 0 , 


PROBLEMS 

1. Verify the following: 

(e) }id{x^ + 2 / 2 ) ^ 
if) d{xy) ^ X dy -p y dx. 

2. Solve the following equations by finding a suitable integrating 
factor: 


(a) xdy — y dx + x^ dx = 0; 

(h) {xy^ + y) dx + (a; ~ x^y) dy = 0; 
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(c) xdy + Zy dx — xy dy; 

(d) (x^ + y^ + 2x) dy — 2y dx = 0; 

(e) xdy — y dx — xy dy; 

(f) (35^ — y^) dy — 2xy dx = 0; 

(g) xdy — (y + log x) dx = 0. 

79. Equations of the First Order in Which One of the Vari- 
ables Does Not Occur Explicitly. Suppose that the dependent 
variable y does not occur explicitly in the equation. The form 
of the equation is then 




If this equation is solved for dy/dx to obtain 


dx 


/(*), 


then y is obtained by a simple quadrature as 
2/ = J fix) dx + c. 

Example. Consider 

(I)’-*'! +«■-»■ 


Solving for dy/dx gives 


and 


J = (2 ± VZ)z 


2 ± V3 , , 

y = — o — ® 


Hence, the solutions are 


and 


y - 


%/3 


— c = 0. 


These solutions can be combined into one equation by multiplying one 
by the other to give 

{y - cY - 2x\y - c) + y^x^ - 0. 

If the independent variable is missing, the equation is of the 
form 
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Solving for dy/dx gives 


^ ^ 
^ ~ fiy)' 

Integration of this equation yields 


Occasionally, the differential equation can be solved easily by 
factoring. For example, consider 

This equation can be written in the form 


x) 0, 


so that one is led to the solution of the differential equations 

^-,■ = 0 and 2|-a-0. 

It follows that the general solution of the given equation can be 
written as 

(^ + ^ + «) - f + ^) = 0- 

PROBLEMS 

Solve the following differential equations; 

3 ^ L_^ . 1 _0 

dx 1+y^dx^ ^ 

^ ^ ^ ~ Factor. 
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6 .( 4 )‘-(. + 1 )- 0 . 

“•(D’+o-)!—-"- 

»■ (!)■-»■+>-»■ 

80. Differential Equations of the Second Order. Occasionally, 
it is possible to solve a differential equation of the second order by 
reducing the problem to that of solving first-order equations. 
Thus, if the given equation is of the form 



the substitution of f = dy/dx reduces it to 



which is an equation of the first order of the type treated in 
Sec. 79. If this equation is solved for p to give 

3? = f(x, c), 

the solution for y can be obtained at once, since p = dyjdx. 

No general rules can be given for solving non-linear differential 
equations, and the task must be left to the skill and ingenuity of 
the student. An example of the solution of a non-linear differen- 
tial equation by means of an artifice was given in Sec. 72 in 
dealing with the equation of a flexible cable. Another example 
may prove interesting and useful. 

Example. Consider the equation 

If dy/dx is replaced by p, the resulting equation is 


t-^p’ + V-o. 
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dx ^ dy 


the equation can be written as 


P2/ ^ - 22)2 + t/2 = 0, 


^ _ 22)2 -- 
dy py * 

v'hich is a homogeneous equation. Setting p = vy gives 

dv 2yh)^ — 2/2 2v^ — 1 

^ ^ dy y^ V ^ 


which reduces to 


Therefore, 


dy __ V dv 

y 

log y = log (v2 — 1)J^ + log Cl 


But V = p/y, so that 


2/ = Cl '\/i;2 




p = ± — V 2/^ + Ci2 

t'l 


Since p = dy/dx, the last equation becomes 


Therefore, 


+ 7 VF+Ci“ 

t'l 


, , Cl + Vj/® + Cl* 

± log = a: + 02 . 

y 


Combining these two solutions by multiplication gives the solution 


{x + C 2)2 - 


Cl + V 2/^ + Cl 

y 


) 
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which can be written, also, as 

{x + C 2 )^ — ^esch”^ = 0. 

It is seen from this example that if the given differential equa- 
tion is of the form 

(80-1) F{y, t/', • • • , 2 /^-)) - 0, 

then one can introduce the new variable 

V ^y' 

and calculate the successive derivatives as follows: 


„ ^ dp 
^ dx dy 
_ d (dp \ _ 


^ dx \dy ^ ) 




dy \dy 



The substitution of these derivatives in (80-1) leads to a 
differential equation of order n — 1. It may be possible to solve 
this differential equation and obtain the general solution in 
the form 

V = Cl, • ' • , c,.-i), 

SO that 

(80-2) ^ = F{y, Cl, ■■■ , Cn-i). 

Equation (80-2) is one with separable variables. 

PROBLEMS 

Solve the following differential equations: 
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7. 


dx^ 




81. Gamma Functions. Consider a particle of mass m that 
is moving in a straight line under the influence of an attractive 
force whose intensity varies inversely as the distance of the 
particle from the center of attraction. The equation of such a 
motion is obtainable immediately from the definition of force 
(Newton^s second law). Denoting the distance from the center 
of attraction by y, it follows that 


m 


dhj 


k 

y 


or 

d^y _ a 
dt^ ^ y 

where a = fe/m. 

This is a non-linear equation of the type 



which can always be solved by multiplying both sides of the 
equation by 2 dyjdi and integrating. Thus, 

di dP' dt y 


and integrating with respect to t gives 

(I) = -2ologj/ + c. 

If the velocity of the particle is zero when y = 2/0, then c = 
2 a log yo and 



The negative sign was chosen for the square root because 2/ is a 
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decreasing function of t. Solving for dt and integrating yield 



The integral can be put in a simpler form by making the 
obvious transformation log (yo/y) = or y = If T is the 

time required to reach the center of attraction, 2 / == 0, the integral 
becomes 

This integral cannot be evaluated in terms of a finite number of 
the elementary functions. In fact, an integral of this type led 
Euler to the discovery of the so-called Gamma functions. 

The remainder of this section will be concerned with the 
study of the improper integral 

(81-2) T{a) = do:, where a > 0, 

which is the generalization of (81-1). It will be shown that 
(81-2) defines an interesting function, called the Gamma function, 
which provides a generalization of the factorial and which will 
prove useful in the study of Bessel functions. 

It is not difficult to prove* that (81-2) converges for all positive 
values of a and diverges whenever a < 0. However, it is 
possible to define the function r(a) for negative values of a with 
the aid of the recursion formula which will be developed next. 

If o: > 0, then it follows from (81-2) that 

(81-3) r(a + 1) = x^e-'^dx. 

Integrating the right-hand member of (81-3) by parts gives 

J “ dx = — + O' r 

0 lo Jo 

= O' ** dx 

= a'r(Q'). 

Thus, 

(81-4) r(a 1) — a'r(a'). 

*See SoKOLNiKOFF, I. S., Advanced Calculus, p. 373. 
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But 


so that when a 


r(l) = e-” dx = 1, 

1 the formula (81-4) becomes 

r(2) = 1 • r(l) = 1. 


Setting O' = 2, 3, ■ • • , n gives 


r(3) = 2 r( 2 ) = 1 - 2 , 
r(4) = 3r(3) = 1 • 2 • 3, 


r(n) = (n — l)r(n — 1) = (n — 1)!, 
r(n -f 1) = nT(n) = n!. 

Hence, the formula (81-4) enables one to compute the values of 
r(a) for all positive integral values of the argument a. 

If by some means (for example, by using infinite series) the 
values of r(a) are obtained for all values of oc between 1 and 2, 
then, with the aid of the recursion formula (81-4), the values of 
r(a) are readily obtained when a lies between 2 and 3. These 
values being known, it is easy to obtain r(o!) where 3 < o: < 4, 
etc. The values of r(a) for a lying between 1 and 2 have been 
computed* to a high degree of accuracy, so that it is possible to 
find the value of r(Q:) for all a > 0. 

It remains to define r(a) for negative values of a. The 
recursion formula (81-4) can be written as 


(81-5) 


r(a) = 


r(a + 1) 
a 


The formula (81-5) becomes meaningless when a is set equal to 
zero, for 

lira r(a) = -|- and lim r(a) = «>. 

a->0+ a->0- 

It follows from (81-5) that the function r(-«) is discontinuous 
when a is a positive integer. 

If any number — 1 a < 0 is substituted in the left-hand 

side of (81-5), the right-hand side gives the value of r(-a); 
for the values of a -b 1 lie between 0 and 1, and l^a) is known 
* A small table is found in B. O. Peirce. A Short Table of Integrals, p. 140. 
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In this manner the values of r(a) for —1 < a < 0 can be com- 
puted. If these values are known and the recursion formula 
(81-5) is used, the values of T(a) for — 2 < a < — 1 can be 
obtained, etc. The adjoining figure represents the graph of 
r(a) (Fig. 76). 

It was observed that 

r(Q' d" 1) = a! 

when a is a positive integer. This 
formula may serve as the definition 
of factorials of fractional numbers. 

Thus, 

rm = M!, 
r(M) = (-M)!; 
r(i) = 0! = 1. 

This section will be concluded 
with an ingenious method of evaluating !. Now, 



= r(30 = £°° e-^x>Ux. 

If the variable in this integral be changed by the transformation 
X = y^j the integral becomes 

(81-6) y 2 \ = 2 e-yydy. 

Since the definite integral is independent of the variable of 
integration and is a function of the limits, 

(81-7) HI = 2 dz. 

Multiplying (81-6) by (81-7) gives 

(H'-)‘ = fg‘° 

which can be written as a double integral 
(81-8) 0^!)^ = 4 rr 
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In order to evaluate (81-8), transform it into polar coordinates 
by setting = r cos 0 and y = r sin 6. The element of area 
dy dz becomes r dr dd, and (81-8) becomes 


But 


and 






sin^ cos* 6 d6 = 


16 


G')’ = 1 


The latter integral is evaluated by integration by parts. There- 
fore 

1 . '\/w 

or 2* ^ 

It can be shown with the aid of the recursion formula that 

(-K)! = V^. 

It follows that (81-1) has the value yo ■\/x/(2a) sec. 

PROBLEMS 

1. Compute the values of r(o') for every integer and half integer from 

0 to 5 by using the relations r(l) = 1 and r(^) = Plot the 

curve y = r(Q:) with the aid of these values. 

2, The Beta function B (m, n) is defined by the integral 

B(m, n) = dx. 

If X is replaced by in r(ri) ~ dx, there results 

r(n) = 2 Q-y^y2n-l 

Using this integral, form 

r(?n)r(n) = 4 dx dy. 

Express this product as a double integral, transform to polar coordi- 
nates, and show that 

B(m,n) = B(n,«*) = 
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3. Show, by a suitable change of variable, that (81-2) reduces to 

l\a-l 


4. Show that 




d^Via) 
da 


[a) « 

— = / x)”‘ dx. 


82. Orthogonal Trajectories. In a variety of practical investi- 
gations, it is desirable to determine the equation of a family of 
curves that intersect the curves 
of a given family at right 
angles. For example, it is 
known that the lines of equal 
potential, due to a distribution 
of steady current flowing in a 
homogeneous conducting me- 
dium, intersect the lines of 
current flow at right angles. 

Again, the stream lines of a 
steady flow of liquid intersect 
the lines of equal velocity 
potential (see Sec. 66) at right 
angles. 



Fig. 77. 


Let the equation of the given family of (curves l)e 




(82-1) 


fix, y, c) = 0, 


where c is an arbitrary parameter. By specifying the values of 
the parameter c, one obtains a family of curves (see solid curves 
in Fig. 77). Let it be required to determine the equation of a 
family of curves orthogonal to the family defined by (82-1). 

The differential equation of the family of curves (82-1) can 
be obtained by eliminating the parameter c from (82-1) and its 
derivative, 


(82-2) 


^ = 0 
dx dy dx 


Let the resulting differential equation be 

Now, by definition, the orthogonal family of curves cuts the 
curves of the given family (82-1) at right angles. Hence, the 



278 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §82 


slope at any point of a curve of the orthogonal family is the nega- 
tive reciprocal of the slope of the curves of the given family. 
Thus, the differential equation of the desired family of curves is 



This is a differential equation of the first order, and its general 

solution has the form 

(82-3) <p{x, y, c) = 0. 

The family of curves defined 
by (82-3) is the desired family of 
curves orthogonal to the curves of 
the given family (82-1). It is 
called the family of orthogonal 
trajectories. 

Example, Let it be required to find 
the family of curves orthogonal to 
the family of circles (Fig. 78) 

(82-4) x^ + y^-cx = 0. 

The differential equation of the family (82-4) can be obtained by dif- 
ferentiating (82-4) with respect to x and eliminating the parameter c 
between (82-4) and the equation that results from the differentiation. 

The reader will check that the differential equation of the family 
(82-4) is 

^ 

Hence, the differential equation of the family of curves orthogonal to 
(82-4) is 

2xy~-x^ + y^ = 0. 

This is a homogeneous differential equation whose solution is easily 
found to be 

x^ + cy = 0. 

Thus, the desired family of curves is the family of circles with centers 
on the 2 /-axis (see Fig. 78). 

PROBLEMS 

1. Und the orthogonal trajectories of the family of concentric circles 
^2 _|_ 2/2 = 

2. Find the orthogonal trajectories of the family of hyperbolas xy = c. 
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3. Find the orthogonal trajectories of the family of curves y — cx^^. 
Sketch the curves of the given and the desired families for n = 1, —1,2. 

4. If the equation of a family of curves is given in polar coordinates 
as /(r, Of c) — 0, show that the tangent of the angle made by the radius 
vector and the tangent hne at any point (r, 0) of a curve of the family is 

dO 

equal to r Hence, show that the differential equation of the 

orthogonal trajectories of the given family of curves is obtained by 
dO 1 dv 

replacing ^ ^ by — - ^ in the differential equation of the given family 
of curves. 

5. Using the results of Prob. 4, show that the orthogonal trajectories 
of the family of cardioids r = c(l — cos 0) is another family of cardioids. 

6. Find the orthogonal trajectories of the family of spirals r = 

7. Find the orthogonal trajectories of the family of similar ellipses 

+ 2/V9 = 

8. Find the orthogonal trajectories of the family of parabolas 
2/2 = 4,'px. 

9. Find the equation of the curve such that the area bounded by the 
curve, the a?-axis, and an ordinate is proportional to* the ordinate. 


83. Singular Solutions. It was remarked in Sec. 68 that a 


differential equation may^ possess 
solutions which cannot be obtained 
from the general solution by specify- 
ing the values of the arbitrary con- 
stants. Such solutions are called 
singular solutions. 

Consider a family of integral curves 
defined by 

(83-1) (p{x, y, c) = 0, 



Fig. 79. 


where (83-1) is the general solution of the differential equation 
(83-2) / {x, y, ^) = 0. 

Assume that the family of curves defined by (83-1) is such that it 
has an envelope* (Fig. 79). Since the slope of the envelope at 
any point {x, y) is the same as that of the integral curve which is 

* It will be recalled that an envelope of a family of curves is a fixed cuiwe C 
such that every curve of the family is tangent to C, 
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tangent to the em''elope at {x, y), it follows that the equation of 
the envelope must satisfy (83-2). In general, the envelope is 
not a curve belonging to the family of curves defined by (83-1), 
and hence its equation cannot be obtained from (83-1) by 
specifying the value of the arbitrary constant c. It will be 
recalled that the equation of the envelope is obtained by elimi- 
nating the parameter c between the equations 

<p(x, y,c) = 0 and 

Example. It is readily verified that the family of integral curves 

associated with the equation 

(83-3) + = 

is the family of circles 

(83-4) (x — c)^ + = a^. 

The equation of the envelope of the 
fa mil y (83-4) is obtained by eliminating c between (83-4) and 

There results 

(83-5) y = ±a, 

which represents the equation of a pair of lines tangeat to the family of 
circles (83-4) (Fig. 80). Obviously, (83-5) is a singular solution of 
(83-3), for it cannot be obtained from (83-4) by any choice of the 
constant c. 

Inasmuch as the problem of determining the singular solutions 
of a given differential equation is relatively rare in applied work, 
the subject will not be piu-sued here any further. 

REVIEW PROBLEMS 

1. A particle slides down an inclined plane making an angle 6 with 
the horizontal. If the initial velocity is zero and gravity is the only 
force acting, what are the velocity of the particle and the distance 
traveled during the time Compare the time of descent and the termi- 
nal velocity with those of a particle falling freely from the same height 
as that of the inclined plane. 
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2. A particle falls in a liquid under the action of the force of gravity. 
If the resistance to the motion is proportional to the velocity of the par- 
ticle, what is the distance traveled in t seconds when the particle starts 
from rest? 

3. A bullet is projected upward with an initial velocity of Vq ft. per 
second. If the force of gravity and a resistance that is proportional to 
the velocity are the only forces acting, find the velocity at the end of 
t sec. and the distance traveled by the bullet in t sec. 

4. The rate of decomposition of a certain chemical substance is 

proportional to the amount of the substance still unchanged. If the 
amount of the substance at the end of t hr. is x and xo is the initial 
amount, show that x = where k is the constant of propor- 

tionality. What is the constant of proportionality if x changes from 
1000 g. to 500 g. in 2 hr. ? 

6. A torpedo moving in still water is retarded with a force propor- 
tional to the velocity. Find the speed at the end of t sec. and the dis- 
tance traveled in t sec., if the initial speed is 30 miles per hour. 

6. A disk is rotating about a vertical axis in an oil bath. If the 
retardation due to friction of the oil is proportional to the angular 
velocity co, find oj after t sec. The initial velocity is wo. 

7. Water is flowing out through a circular hole in the side of a 

cylindrical tank 2 ft. in diameter. The velocity of the water in the 
jet is where h is the height in feet of the surface of the water, 

above the center of the orifice. How long will it take the water to faU 
from a height of 25 ft. to a height of 9 ft. above the orifice, if the orifice 
is 1 in. in diameter? 

8. Water is flowing out from a 2-in. horizontal pipe running fuU. 
Find the discharge in cubic feet per second if the jet of water strikes the 
ground 4 ft. beyond the end of the pipe when the pipe is 2 ft. above 
the ground. 

9. A projectile is fired, with an initial velocity at an angle a with 
the horizontal. Find the equation of the path under the assumption 
that the force of gravity is the only force acting on the projectile. 

10. A cylindrical tumbler containing liquid is rotated with a con- 
stant angular velocity about the axis of the tumbler. Show that the 
suriace of the liquid assumes the shape of a paraboloid of revolution. 

Hint: The resultant force acting on a particle of the liquid is directed 
normally to the surface. This resultant is compounded of the force of 
gravity and the centrifugal force. 

11. Two chemical substances combine in such a way as to produce 
a compound. If the rate of combination is proportional to the product 
of the unconverted amounts of the parent substances, find the amoimt 
of the compound produced at the end of time t The initial amounts of 
the parent substances are a and 6. 
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Hint: dx/dt = k{a — x)(b — x). 

12. Assumo that the pressure p of the air at any height h is equal to 
the weight of the vertical column of air above it. If the density of the 
air is in'oportioiial to the pressure, what is the law connecting the 
pressure p \vith the height 

13. A particle of mass m is sliding down a rough inclined plane (the 
coefficient of friction p = 0.2), whose height is 300 ft. and whose angle 
of inclination is 30°. If the particle starts from rest, how long will it 
take to reach the foot of the plane? With what velocity will it be 

traveling then? 

Hint: The differential equation of 
motion is 

d^s 





Fig. 81. 


^ = 5r(sin a — ju COS a), 

where a is the angle of inclination of 
the plane. 

14. A runaway carrier in an aerial 
tramway is moving along the arc of a 
second-degree parabola joining the points whose coordinates are (0, 
0) and (1000, 300) (Fig. 81). How long will it take the carrier to 
reach the lowest point if the frictional resistance is neglected and if the 
carrier starts from the top with initial velocity zero? See in this con- 
nection the Engineers^ Bulletin of the Colorado Society of Engineers^ 
June, 1935. 

15. A brick is set moving in a straight hne over the ice with an 
initial velocity of 20 ft. per second. If the coefficient of friction between 
the brick and the ice is 0.2, how long will it be before the brick stops? 

16. A certain radioactive salt decomposes at a rate proportional to 
the amount present at any instant L How much of the salt will be 
left 300 years hence, if 100 mg. that was set aside 50 years ago has been 
reduced to 90 mg. ? 

17. A skier weigffing 150 lb. is coasting down a 10° incline. If the 
force of friction opposing the motion is 5 lb. and the air resistance is 
two times the speed in feet per second, what is the skier’s speed after 
t sec.? 


18. A tank contains 1000 gal. of brine holding 1 lb. of salt per gallon. 
If salt water containing 2 lb. of salt per gallon is allowed to enter the 
tank at the rate of 1 gal. per minute and the mixture, which is kept 
uniform by stirring, is permitted to flow out at the same rate, what is 
the amount of salt in the tank at any time VI 
Hint: Let the amount of salt present at any time t hex; then, the rate 
at which x changes is equal to the rate of gain, in pounds per minute, 
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diminished by the rate of loss. Thus, 

^ _ X 

dt ^ 1000' 

19 . A 100-gal. tank contains pure water. If 50 per cent alcohol is 
allowed to enter the tank at the rate of 2 gal. per minute and the 
mixture of alcohol and water, which is kept uniform by stirring, leaves 
the tank at the same rate, what is the amount of alcohol in the tank 
at the end of 10 min.? 

20. The rate at which two chemical substances are combining is 
proportional to the amount of the first substance remaining unchanged. 
If initially there are 20 lb. of this substance and 2 hr. later there are only 
10 lb., how much of the substance will be left at the end of 4 hr.? 

21. A series circuit consists of a condenser whose capacity is c farads 
and the resistance is R ohms. Before the circuit was closed the con- 
denser contained a charge of qo coulombs. What is the charge on the 

condenser t sec. later? (The differential equation ^ = 0.) 

22 . The rate at which a body is coohng is proportional to the differ- 
ence in the temperatures of the body and the surrounding medium. 
It is known that the temperature of a body fell from 120® to 70°C. in 
1 hr., when it was placed in air at 20®C. How long wiU it take the 
body to cool to 40®C.? 30®C.? 20°C.? 

23. A bullet is fired vertically down from a balloon that is 2 miles 
above the surface of the earth. On the assumption that the resistance 
is proportional to the square of the velocity, find the velocity with 
which the bullet strikes the earth if the initial velocity is 1800 ft. per 
second. 

84, Linear Differential Equations. The remainder of this 
chapter will be restricted to the treatment of linear differential 
equations, that is, equations of the type 

( 84 - 1 ) po(x) ^ + nix) + • • • + Pn-lix) ^ + p„(x)y =/(*), 

where the Pi(,x) and /(a;) are either functions of x or constants. It 
is extremely fortunate that a large number of physical phe- 
nomena are successfully described with the aid of linear differ- 
ential equations. It will be shown in the succeeding sections 
that it is possible to give a more detailed account of the treat- 
ment and solution of linear differential equations than has been 
furnished for non-linear equations. 
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86. Linear Equations of the First Order. A Knear differential 
equation of the first order has the form 

(85-1) + Mx)y = Mx). 

In order to solve this equation, set y = uv, where u and v are 
functions of x that are to be determined later. With this 
substitution, (85-1) becomes 

or 

(85-2) V ^ + Mx)u Mx). 

If u is suitably chosen, the bracket in (85-2) can be made equal 
to zero, thus reducing (85-2) to a simple form. In order to 
choose u so that the expression in the bracket is equal to zero, set 

^+/i(a;)« = o 

or 

^ 4-/i(a;) dx = 0. 

ct' 

Integrating gives 

log + J /i(x) dx = Cy 

and choosing the simplest expression for u, by setting c = 0, 
produces 

With this choice of (85-2) becomes 


or 


which integrates into 




V == f dx -f c. 
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By hypothesis, y = uv, so that 
(85-3) y = ^Si{x) dx -h 

This is the general solution of (85-1). 

Example 1. Solve 

dy 

^ + 2/ cos 0? = sin 2x. 

Upon using formula (85-3), 

y = g-J cos X rf® J* gjcos X dx sjj^ 2x dx -|- 

= ® J* * sin 2x dx -{- ce”«“ *, 

which is easily evaluated by replacing sin 2x by 2 sin x cos x. 
Example 2. Solve 


285 


Here, 


r 2 dx f2 dx 

= e" J e^^^ix + ly dx ^ 


r2 dx 


{x -I- 1)2 / ^ + (a: + 1)2’ 

which is easily evaluated. 

PROBLEMS 

Solve the following equations* 

1 . (1 -I- a;2) dy -|- (xy - drs = 0. 

2. (a;2 + 1) ^ -j- 2xy = x'^. 


4 . 

6 . 


xy — X - 

+ y cos X = cos® X, 


6. x^ + y ~ x^ sin x = 0. 


^ _ y - 1 
'• dx~ x^ + 1* 


8. H- i27 = JS?, given that 7 = 0 when t = 0; L, and E are 
constants. 
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f, , 

9. ^ = 2 / + cos a: — sin x. 

10. y a: CSC a: = e“'(l — sec x esc x). 
dx 

11. jy + Vx^y. 

12 . dx + 2x dy -- y dy = 0 . 

13. ^ + 2/ sec^ X = tan x sec^ x. 

14. {x + \)^ - y = (x + 1)2. 

15. %-^V- e’* = 0. 

86. A Non-linear Equation Reducible to Linear Form (Ber- 
noulli’s Equation). An equation of the type 


(86-1) 


^ + h{^)y = /2(a:)r, 


in which n may be regarded different from zero and unity, can 
be reduced to linear form by the substitution z = Then, 

and (86-1) becomes 

dz 

^ - (n - l)/i(x )2 = - (ra - l)/ 2 (a:), 

which is a linear equation in z. 

Example. Solve 

I a 

^ + y = a;y». 

Setting z = l/y^, the equation becomes 

dz 


dx 


whose general solution is 


so that 


z ^ + X + 


2/-2 -- ^ 2 * ^ ^ ^ 
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PROBLEMS 

Solve the following equations: 


1 . 




2. ^ - a.»*. 

3. \ t 

ax xy^ 

4 . ^ — x-^ + x-^y^ = 0 . 
6. x^ + y = y^log x. 


6. ^ + tcy = xY- 

7. ^+x-yx^ = 0. 


^ ^ 

dx 1 — ~ 1 — x' 


87. Linear Differential Equations of the nth Order. No 
formulas are available for the solution of the linear differential 
equation, with variable coefficients, of order greater than 1. 
This section contains some interpretations of the symbolic 
notation that will be found useful in the solution of the linear 
differential equation 


(87-1) 


. d”~^y 






in which the a* are constants. 

It will be convenient to introduce the new notation 

l-D. and g-D,. 

In this notation, (87-1) becomes 

D^y H- ai + a2 + • * • + cin-i Dy + = fix) 

or 

(87-2) (D« -h aiD^-^ + + ‘ • • + a^^iD + an)y = fix). 

The expression in the parentheses in (87-2) is known as a linear 
differential operator of order n. Obviously, it is not an algebraic 
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expression multiplying y but is a symbol signifying that certain 
operations of differentiation are to be performed on the function y. 
Thus, 2)2 — 2Z) + 5 operating on log x gives 


(2)2 — 22) + 5) log a; = 2)2 log a: — 22) log x + 5 log x 

dx^ dx 


+ 5 log X 


+ 5 log X, 


The gain in simplicity in using the operational notation results 
from the fact that linear differential operators with constant 
coefficients formally obey the laws which are valid for poly- 
nomials. Thus 

D{y + z) ^ + z) = + Dy + Dz 


so that the operator 2) is distributive. If the symbol 

(2) -[- ai)(2) + a2), 

where ai and a 2 are constants, is interpreted to mean that the 
operator 2) -f ai is applied to (2) + a 2 ) 2 /, then 

(2) + ai)(2) + a2)y ^ (2) + ai)[(2) + ci2)y] 

= {D + ai) + 022/^ 

= 2)2^/ -b (ai + a 2 ) Dy + aia 2 y 
= [2)2 + (ai + a2)D -h aia2]y- 

It is readily established that operating on y with 

(2) + a^{D -b ai) 

produces precisely the same result. Hence, the commutative 
law holds, or 

{D -b cti)(2) + a^y s (2) -b a^{D + cti)?/ 

s [2)2 + (ai + a2)2) -b aia2]2/. 

It is readily established that the law of exponents also holds, 
namely, 


D{D^y) — 2)”+V> 
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so that linear operators can be multiplied like ordinary algebraic 
(quantities, where the powers of D in the result are to be inter- 
preted as successive differentiations. 

The solution of (87-2) can be written in the symbolic form 

^ ^ D" + + • • • + an-iD + 

The meaning of this symbol will be investigated next. 

Consider a simple differential equation 

(87-3) 0^ I>y=f(x). 

The solution of (87-3), in symbolic form, is 

y = 

so that the symbol 1/D must be interpreted as integration* with 
respect to x. Thus, 

y = 5 /(a:) = j fix) dx. 

The meaning of a more complicated symbol can be obtained 
from a consideration of the first-order equation 

(87-4) S 

where a is a constant. Writing this equation in the operational 
notation, it becomes 

(D + a)y ^ fix). 

The symbolic solution in this case is 

(S7-5) = 

It was established in Sec. 85 that the general solution of 
(87-4) is 

(87-6) y = 06 -“® + e-“® J e“/(a;) dx, 

* In order to make the definition of the operator 1/D unambiguous, one 
could agree that the constant of integration should be selected so that 
2 / = 0 when x assumes some specific value. However, in order to avoid 
(Complication, the constant that arises from the integration of f(x) will he 
suppressed. 
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and it is desirable to give the symbolic solution (87-5) an inter- 
pretation that is consistent with the actual solution (87-6). 
Now, the solution (87-6) consists of two parts, the first of which, 
if taken alone, obviously- does not satisfy (87-4). The 
second part 

g-ax J* e^^f(x) dx 

is a solution of (87-4), for (87-6) represents the general solution 
which reduces to 

Q-ax J* dx 

when the arbitrary constant is taken as zero. The part of the 
solution (87-6) containing f(x) is called a 'particular integral of 
(87-4), and the part containing the arbitrary constant is called 
the complementary function. It may be observed that the 
complementary function ce~*^^ satisfies the homogeneous linear 
differential equation* 

It is convenient to associate with the symbol (87-5) the particular 
integral of (87-4), namely, 

(87-7) j) q /(^) = j «“/(^) 

The arbitrary constant arising from the integration in (87-7) may 
be taken as zero, for the addition of this constant of integration 
will give rise to a term that can be merged with the complemen- 
tary function. The integral operator 

as defiined by (87-7), is of fundamental importance in the follow- 
ing sections. The meaning of a more complicated symbolic solu- 
tion will be given later. 

Example 1. To interpret the symbol 

The term homogeneous linear differential equatiori should not be confused 
with the homogeneous equation discussed in Sec. 76. The homogeneous 
linear differential equation is one of the type (84-1), where fix) m 0. 
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write out its meaning with the aid of (87-7). Then, 
1 


1 C 

— J I Qaz^m 

D -T d J 


dx 


xm mx^~^ , m(m — ^ ^ 

= T-~+-- .ifmSO, 

except when a = 0. If a = 0 and m 9^ —1, then 

Xm+l 


Example 2. 
1 


D H" 


sin mx 




x*^ dx = 


?n -h 1 


sin mx dx = 


a sin mx -- m cos mx 


op. _|_ ^2 


PROBLEMS 


1. Show that 


D + a "*■ ~ D + 

2. What is the meaning of - e”»®? 

3. WQiat is the meaning of - cos mx't 


88. Some General Theorems, In Sec. 87, it was found that 
the general solution of the non-homogeneous linear differential 
equation of the first order contained as part of itself the solution 
of the homogeneous equation 


dx 


^ + ay = 0. 


It will be shown next that a similar statement can be made 
concerning the general solution of the nth-order linear equation. 
Consider first a homogeneous linear differential equation of the 
nth order with constant coeflBcients, 


( 88 - 1 ) 


dx” ^ 


+ ■ ■ ■ + 0,n-l 


^ -h a„y = 0. 


If y = ernx jg substltutod in this equation, the result is 
(m” + + • * * + a^-im + = 0. 

If m is chosen so that it satisfies the equation 

(88-2) m'^ + + ’ * * + an-im + an =.0, 
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which is called the auxiliary, or characteristic, equation, then 
y = will be a solution of (88-1). But (88-2) has, in general, 
n distinct roots, mi, m2, * * ■ , m^, so that there will be n distinct 
solutions 

yi = 2/2 = * * • , 2/n = 


Because of the linear character of (88-1), it is clear that, if‘y = 
is a solution, then 

y = 

where Ci is an arbitrary constant, is also a solution. Moreover, 
it is readily verified that the sum of the solutions of a homogeneous 
linear differential equation is also a solution of the equation. 
Thus, 


(88-3) y = cie^P + c^e'^P + • • * + 


will be a solution; and since it contains n arbitrary constants (all 
roots TYii are assumed to be distinct), it is the general solution of 
( 88 - 1 ). 

Let 


(88-4) 


dPy d^~^y 
dx^ 


+ • • 


+ an-l 


dx 


+ a„y = fix), 


where /(x) 7 ^ 0; and assume that, by inspection or otherwise, a 
solution y = u{x) of (88-4) has been found. Then, if (88-3) 
is the general solution of the homogeneous equation (88-1), 

(88-6) y = Cie'^P + c^e^^^ + * • • + + u{x) 

will be the general solution of (88-4). This fact can be verified by 
direct substitution of (88-5). That (88-5) is the general solution 
follows from the fact that it contains n arbitrary constants 
The part of (88-5) that is denoted by u{x) is called a particular 
integral of (88-4), and the part containing the arbitrary constants 
is called the complementary function. 

Example 1. Solve 

dsfi dx^ ■“ dx 
The auxiliary equation is 

2 m — 0, 

and its roots are mi = 0, m2 = — 1, m3 = 2. Then the complementary 
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fiinction is 


7 = Cl + + C36^®. 

A particular integral w(a;) is 

u{x) = 


Therefore, the general solution is given by 

y = 7 + 

If (88-1) is written in symbolic form as 
(88-6) (jD” + + ' ' * + cin—iD -h an)y = 0 

and the differential operator (which is of preciselj^ the same form 
as the auxiliary equation defined above) is treated as an algebraic 
expression, then (88-6) can be written as 

(88-7) (D - mi)(D — ?n2) * * • (D - mn)y = 0. 

Consider the n first-order linear homogeneous equations 

(D - mi)y = 0, 

(jD - m^)y = 0, 


(D - m^y = 0, 

whose solutions can be obtained at once by recalling that the 
meaning of the symbol is given by 

(D - m) 2 / = ^ - my. 


These solutions are e«i®, e”*!*, • • • , e”.®, -which are precisely 
the same as the solutions obtained for (88-1) by a different 
method. 

The general solution of (88-7) -was found to be (88-3) under 
the assumption that all the roots mj -were distinct. If some of the 
roots are equal, the number of arbitrary constants Ci in (88-3) 
is less than n and the solution given there is not the general 
solution. Suppose that the equation 

is such that its auxiliary equation has a double root, that is, 
mi = m 2 = m. Then this equation can be written as 

(D - m)(D — m)y == 0. 
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If {D — m)y is set equal to Vj the equation becomes 

(D — m)v = 0 

andt; = CiC'”* is its solution. Since (D — m)y = v, it follows that 
(D — m)y = Cie^^j 

which is a linear equation whose solution can be found, with the 
aid of (87-6), to be 

y = + Cix), 

Thus, if the auxiliary equation has a double root, the solution 
corresponding to that root is 

y = + CiX). 

By an entirely similar argument, it can be established that, if the 
auxiliary equation possesses a root m of multiplicity r, then the 
solution corresponding to that root is 

y = + C2X + • • • + CfX^'^), 

Example 2. Find the solution of 

(jD 3 - 37)2 + 4)y 0. 

The auxiliary equation is 

— 3m2 + 4 = 0 or (?n + l)(m — 2)2 = 0. 

Therefore the general solution is 

y = Cie“® + (c 2 + Czx)e^^. 

Example 3. Find the solution of 

( 7)2 + l)y = 0. 

The auxiliary equation is 

m2 + 1 = 0 or (m — i) (m + t) = 0. 

Therefore, the general solution is 

y = Cie** + C 2 e“»® = Jl cos a; + 75 sin x, 

PROBLEMS 

1. Find the general solutions of 
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ih) 

dx^ 

- 

5^ 

dx 

+ 

62/ = 0. 

(c) 

dx^ 

+ 

2^ 

ax 

+ 

y - 0. 

id) 

(D^ 

- 

22)2 

+ 

D)y = 0. 

ie) 

(D^ 

+ 

32)2 

+ 

32)2 + i,)y = 0. 

if) 


- 


= 

0. 

ig) 

(D^ 

— 

32)2 

+ 

4)2/ = 0. 

ih) 

(D3 

— 

132) 

+ 

12)2/ = 0. 

0) 

(Z)3 

+ 

2)2 - 

- 2) + 1)2/ = 0. 

if) 

(D4 

+ 

22)2 

+ 

2)2)2/ = 0. 


89. The Meaning of the Operator 


Z)” + + • • • + a„_iD + 


In Sec. 87 the meaning of the operator /(x) was given. 

Now, consider a second-order linear differential equation with 
constant coefficients, 

or 

(89-1) (D^ -1- aj) + a 2 )y = S{x). 


It was remarked in Sec. 87 that linear operators with constant 
coefficients obey the ordinary laws of algebra and can be treated 
as polynomials. Therefore, (89-1) can be factored to read 

(D - mi)(Z) - m^)y = J{x) 
or 

( 2 ) _ yn,)y = 

= J e~”^i^f(x) dx, 


in accordance with (87-7). Hence, 
1 


(89-2) 


y = 


D — m2 


I 


I e'^i^f(x) dx 


s J J dx 


dx. 
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For mi = m2, (89-2) reduces to 


(89-3) y = J J e~^i^fix) dx dx. 

By direct substitution in (89-1), it is easy to establish the fact 
that (89-2) is a particular solution of (89-1). The general 
solution, according to Sec. 88, is made up of the sum of (89-2) and 
the general solution of the homogeneous equation 

# I A 


which is known to be 
or 


y — -j- ^26^2“^, 

2 / = (ci + C2x)e'^i^, 


mi 9^ m2, 


mi = m2. 


The interpretation of the symbol 


-f aiD^ 1 an-iD + ^ 

which represents the symbolic solution of the differential equa- 
tion 


d^y I d^^’^y 
dx’' dx’'-^ 


+ 


+ a„_i ^ = K^), 


or 

(89-4) {D- + aiD-^ + * • • + a^-iD + an)y = /(x), 

can now be made easily. Write the operator in (89-4) in factored 
form, 

-f- + ’ ' * + an-^iD an 

= (D - mi){D - m2) * • • (D - mn), 

so that (89-4) becomes 

^ ^ {D -mn)(D- mLi) • ■ ■ {D - 

= - . ^ ^ 

D — rrin jD — mn-i D — mi ^ 


Successive operations on /(x) with 


1 

D — Mi 


give 


(89-5) y == J eC»»s~^2)« * • * J e^n^f(x) {dxY, 

and the result is a particular integral of (89-4). 
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It can be shown that if the operator 

1 

. -f- (Xn-iZ) + an 

is decomposed into partial fractions (the denominator being 
treated as a polynomial in D), then 


y + aiD-i + • • • + a„_al> + 



which gives, by (87--7), 

(89-6) y = Aie^i^ f e~vf(x) dx 4- A 2 ev J e'~^i^f(x) dx 

+ * * * + An.e'^n^ J e~^n^f(x) dXj 

which is also a particular integral of (89-4). 

Thus, there are available two methods for the determination 
of the particular integral. The first method of finding the 
particular integral, (89-5), is known as the method of iteration, 
and the second, (89-6), as the method of partial fractions. 
Generally speaking, formula (89-6) is easier to apply. However, 
if the roots of the auxiliary equation are not all distinct, the 
decomposition of the operator into partial fractions, of the type 
considered, cannot be effected and formula (89-5) must be used. 


Example 1. 


-5|+6» 


or 

or 


(D2 - 5D -f 6)y = 6^* 
{D - 3)(P - 2)y = 


The particular integral, as obtained by the method of iteration, is 





dx 
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If tlie method of partial fractions is used, then 


y -- — 1 — 1 — = ( — i i — 

^ D-Z D- 2^ \D-Z D-2)^ 

= ^ dx — 6^® ^ dx = 

The complementary function is 

therefore, the general solution is 

y = ae^x + 026 “* + -2' 

Example 2. Solve 

+ + y = x or (D + 1)(D + l)y = *. 

The particular integral is 

y = (F+WTT) ^ = * - 2- 

and the general solution is given by 

2/ = (ci + C2a;)e“» + a: — 2. 

PROBLEMS 

1. Solve ^ 

2. Solveg+sf + 6y = e*. 

3. SolYeg-2| + 2/ = a;. 

4. The flexure y for end thrust P is given by 


where E is Young^s modulus, w is the load, and I is the moment of 
inertia. Solve this equation. 

6. Solve (£)» ~ 2D2 2) + 2 ) 2 / = 1 ~ 2x. 

6. Solve (D*-^ + HD — H)y = cos a; — 3 sin x. 

7. Solve (D^ — 3D + 2 ) 2 / = 2 sin a: — 4 cos x. 

8. Solve (D2 - 1 ) 2 / = 5a; - 2. 

9. Solve (D3 - D2 - 8D + 12)2/ = 1. 

10. Solve (D^ — 1 ) 2 / = e® cos a;. 

11. Solve (D2 — 2D + 1 ) 2 / — xe^. 
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12. Solve (D2 + D - 2)y = sin 2x. 

13. The differential equation of the deflection y of the truss of a 
suspension bridge has the form 


El 


dx^ 


(F + A) 


d^y 

dx^ 


- qjr 


h 

qjj> 


where H is the horizontal tension in the cable under dead load h is 
the tension due to the live load p, E is Young’s modulus, and I is the 
moment of inertia of the cross section of the truss about the horizontal 
axis of the truss through the center of gravity of the section and per- 
pendicular to the direction of the length of the truss. Solve this 
equation under the assumption that p — qh/H is a constant. 

14. The differential equation of the deflection ^ of a rotating shaft 
has the form 





where El is the flexural rigidity of the shaft, p is the mass per unit 
length of the shaft, and co is the angular velocity of rotation. Solve 
this equation. 

15. The differential equation of the buckling of an elastically sup- 
ported beam under an axial load P has the form 


^ A. Jl -a 

dx* El dx^ El y 


where El is the flexural rigidity and k is the modulus of the foundation. 
Solve this equation. 

90. Oscillation of a Spring and Discharge of a Condenser. 

The foregoing discussion gives all the essential facts for solving 
an nth-order linear differential equation with constant coeffi- 
cients. At this point, it is desirable to apply the methods of 
solution, outlined above, to a group of important practical 
problems. 

Suppose that it is required to determine the position of the end 
of a helical spring at any time t It is assumed that the spring is 
set vibrating in a vacuum so that considerations of damping do 
not enter here. If a mass M (Fig. 82) is applied to the end of 
the spring, it produces an elongation s which, according to 
Hookers law, is proportional to the applied force. Thus, 

F = kSj 

where F = Mg from the second law of motion and k represents 
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the stiffness of the spring. Then, 

Mg = ks. 

If at any later time t an additional force is applied to produce an 
extension y, after which this additional force is removed, the 
spring will start oscillating. The problem is to determine the 
position of the end point of the spring at any subsequent time. 

The forces acting on the mass M are the force of gravity Mg 
downward, which will be taken as the positive direction for 
the displacement y, and the tension T in the 
spring, which acts in the direction opposite 
to that of the force of gravity. Hence, from 
Newton’s second law of motion. 

Since T is the tension in the spring when its 
elongation is s + ?/, Hooke’s law states that 
T = k{s y), so that 

M ^ = Jkffif - fc(s + y). 

But Mg = ks, and therefore the foregoing 
equation becomes 

Setting k/M reduces this to 

(90-1) ^ + a^y = 0 or (D^ + a^)y = 0. 

Factoring gives (Z) — ai){D + ai)y = 0, from which it is clear 
that the general solution is 

y = 

Kecalling that e"® = cos x + i sin x (Sec. 73), the solution can 
be written as 

y = Ci(cos at — i sin at) + C 2 (cos at + i sin at) 

^ A cos at + B sin at, 

where A = 0i + C 2 and 5 == (c 2 — ci)i. The arbitrary con- 


y/y/ / / / / 



k(s+y) 
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slants A and B can be determined from the initial conditions. 
The solution reveals the fact that the spring vibrates with a 
simple harmonic motion whose period is 


r = — = 2x J~ 

a \ k 


The period depends on the stiffness of the spring as would be 
expected — the stiffer the spring, the greater the frequency of 
vibration. 

It is instructive to compare the solution just obtained with 
that of the corresponding electrical problem. It will be seen 
that a striking analogy exists between the mechanical and 
electrical systems. This analogy is responsible for many recent 
improvements in the design of telephone equipment. 

Let a condenser (Fig. 83) be discharged through an inductive 
coil of negligible resistance. It is known that 

the charge Q on a condenser plate is proportional ^ iv 

to the potential difference of the plates, that is, 


Q = C7, 




L 

where C is the capacity of the condenser. Viq. 83. 
Moreover, the current I flowing through the coil is 


I = 


dQ 

dt' 


and, if the inductance be denoted by L, the e.m.f. opposing V is 
L dl/dt, since the IR drop is assumed to be negligible. Thus, 

7-L§=0 

dt 


or 


Simplifying gives 




^ + ^Q = 0 
df^ ^ CL^ 


which is of precisely the same form as (90-1), where = 1/CL, 
and the general solution is then 


t 


t 




302 MATHEMATICS FOB ENGINEERS AND PHYSICISTS §91 


The period of oscillation is 

T - 27r VCL. 

Note that the inductance L corresponds to the mass M of the 
mechanical example and that 1/C corresponds to the stiffness k 
of the 'spring. 

91. Viscous Damping. Let the spring of the mechanical 
example of Sec. 90 be placed in a resisting medium in which the 
damping force is proportional to the velocity. This kind of 
damping is termed viscous damping. 

Since the resisting medium opposes the displacement, the 

damping force r ^ acts in the direction opposite to that of the 

displacement of the mass M. The force equation, in this case, 

becomes 


or, since Mg = hs, 

In order to solve this equation, write it in the more convenient 
form 


f + »| + «v-o. 


<9H) 

In this case the auxiliary equation is 


m2 + 2hm + ^2 = 0 

and its roots are 

m = —h ±. \/fc2 — a“, 


so that the general solution is 
(91-2) y = 

It will be instructive to interpret the physical significance of 
the solution (91-2) corresponding to the three distinct cases that 
arise when ?)2 _ ^2 > 0, &2 _ ^^2 _ ^ q 2 ^ q jf 

52 _ ^2 ig positive, the roots of the auxiliary equation are real 
and distinct. Denote them by mi and m 2 , so that (91-2) is 

(91-3) y = 
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The arbitrary constants Ci and C 2 are determined from the initial 
conditions. Thus, let the spring be stretched so that y — d and 
then released without giving the mass M an initial velocity. 
The conditions are then 


when t — 0 and 


y = d 



when ^ = 0. 

Substituting these values into (91-3) and the derivative of 
(91-3) gives the two equations 


d — Cl + C 2 and 0 = rriiCi m^c^. 


These determine 



mi — m2 


and 


mid 

C2 = 

mi — m2 


Hence, the solution of (91-3) is 

d 

^ mi — m2 ^ 


The graph of the displacement represented as a function of t is of 
the type shown in Fig. 84. 

Theoretically, y never becomes 
zero, although it comes arbi- d 
trarily close to it. This is the 
so-called overdamped case. 

The retarding force is so great 
in this case that no vibration — 
can occur. 

If = 0, the two roots 

of the auxiliary equation are equal and the general solution of 
(91-1) becomes 

y = + c^t). 

If the initial conditions are 

y = d 



dt 


= 0 


when i = 0 and 
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when t = 0^ the solution is 

y = de-^^l + bt). 

This type of motion of the spring is called dead-beat. If the 
rc'tarding force is decreased by an arbitrarily small amount, the 
motion will become oscillatory. 

The most interesting case occurs when so that the 

roots of the auxiliary equation are imaginary. Denote 6^ — 
by —a^j so that 

m = —b±ia 

and 

= COS at -T B sin at). 

If the initial conditions are chosen as before, 


when t — 0 and 


y - d 



when i = 0, the arbitrary constants A and B can be evaluated. 
The result is 


= de-*‘ ^ 


COS at ■] sin at 

a 


■) 


which can be put in a more convenient form by the use of the 
identity 


A cos 0 B sin 0 ^ A^ + B^ cos 




The solution then appears as 

(91-4) y = - \/a^ + b^ cos (at — tan“^ 


The nature of the motion as described by (91-4) is seen from 
Fig. 85. It is an oscillatory motion with the amplitude decreasing 
exponentially. The period of the motion is T = %r/a. In the 
undamped case the period is T = 27r/a; and since 


a == 'x/a^ — 6^ < a, 
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it follows that 

27r ^ 27r 
OL a 


Thus the period of oscillation is increased by the damping. 

An electrical problem corresponding to the example of the 
viscous damping of a spring is the following: A condenser (Fig. 
86) of capacity C is discharged through an inductive coil whose 
resistance is not negligible. Referring to Sec. 90 and remember- 




ing that the IR drop is not negligible, the voltage equation is 
found to be 


V 



/i2 - 0 


or 


Simplifying gives 


^ -L r -L 7 ? — 0 


dt^ L dt CL ’ 


and this equation is of the same form as that in the mechanical 
example. The mass corresponds to the inductance L, r corre- 
sponds to the electrical resistance J?, and the stiffness k corresponds 
to 1/C. Its solution is the same as that of the corresponding 
mechanical example and is obtained by setting 2b = R/L and 
= 1/CL, 


PROBLEMS 

1. The force of 1000 dynes will stretch a spring 1 cm. A mass of 
100 g. is suspended at the end of the spring and set vibrating. Find the 
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equation of motion and the frequency of vibration if the mass is pulled 
down 2 cm. and then released. What will be the solution if the mass is 
projected down from rest with a velocity of 10 cm. per second? 

2. Two equal masses are suspended at the end of an elastic spring 
of stiffness k. One mass falls off. Describe the motion of the remain- 
ing mass. 

3. The force of 98,000 dynes extends a spring 2 cm. A mass of 
200 g. is suspended at the end, and the spring is pulled down 10 cm. and 
released. Find the position of the mass at any instant ty if the resistance 
of the medium is neglected. 

4. Solve Prob. 3 under the assumption that the spring is viscously 
damped. It is given that the resistance is 2000 d 3 aies for a velocity 
of 1 cm. per second. What must the resistance be in order that the 
motion be a dead-beat? 

5. A condenser of capacity 4 microfarads is charged so that the 
potential difference of the plates 'is 100 volts. The condenser is then 
discharged through a coil of resistance 500 ohms and inductance 0.5 
henry. Find the potential difference at any later time t How large 
must the resistance be in order that the discharge just fails to be 
oscillatory? Determine the potential difference for this case. Note 
that the equation in this case is 


^ dP ^ ^ dt 




6. Solve Prob. d if R ~ 100 ohms, C = 0.5 microfarad, and L — 
0.001 henry. 

7. A simple pendulum of length I is oscillating through a small 
angle ^ in a medium in which the resistance is proportional to the 
velocity. Show that the differential equation of the motion is 


dP 




Discuss the motion, and show that the period is 2x \/a;^ — where 
= g/L 

8. An iceboat weighing 500 lb. is driven by a wind that exerts a 
force of 25 lb. Five pounds of this force are expended in overcoming 
frictional resistance. What speed will this boat acquire at the end 
of 30 sec. if it starts from rest? 

Hint: The force producing the motion is F == (25 — 5)g = 20g. 
Hence, 500 dv/dt = 20^^. 

9. A body is set sliding down an inclined plane with an initial 
velocity of vq ft. per second. If the angle made by the plane with the 
horizontal is 0 and the coefficient of friction is n, show that the distance 
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traveled in i sec. is 

s = }'^g(sin 6 ^ jLL cos 9)P + vot. 

Hint: m d^s/dU = mg sin B — ixmg cos 6. 

10. One end of an elastic rubber band is fastened at a point P, and 
the other end supports a mass of 10 lb. When the mass is suspended 
freely, its weight doubles the length of the band. If the original length 
of the band is 1 ft. and the weight is dropped from the point P, how far 
wall the band extend? What is the equation of motion? 

11 . It is shown in books on strength of materials and 
elasticity that a long beam lying on an elastic base, the 
reaction of which is proportional to the deflection y, 
satisfies the differential equation 

Set = k/(4:EI), and show" that the characteristic 
equation corresponding to the resulting differential equa- 
tion is + 4<2^ = 0, whose roots are m — ± a ± at. 

Thus show that the general solution is 

y = cos ax + 026®* sin ax + cse”®* cos ax 

+ 046““* sin ax. 

12. If a long column is subjected to an axial load P and the assump- 

tion that the curvature is small is not made, then the BernouUi-Euler 
law gives (see Sec. 72) < 

dx^ ^ M 
fdy \2 -\^ El 



Fig. 8Z 




Since the moment M is equal to —Py (Fig. 87), it foUows upon setting 
dy/dx = p that the differential equation of the deformed central axis is 


dp 
^ dy 


Py 

El’ 


(1 + p^yA 

Solve this differential equation for p, 'and show that the length, of the 
central line is given by the formula 


= 2 


where = d?P/^I, d is the maximum deflection, and F(k, 7r/2) is 
the elliptic integral of the first kind. The equation of the elastic 
curve, in this case, cannot be expressed in terms of the elementary func- 
tions, for the formula for y leads to an elliptic integral. 
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92. Forced Vibrations. In the discussion of Sec. 91, it was 
supposed that the vibrations were free. Thus, in the case of the 
mechanical example, it was assumed that the point of support 
of the spring was stationary and, in the electrical example, that 
there was no source of e.m.f. placed in series with the coil. 

Now, suppose that the point of support of the spring is vibrating 
in accordance with some law which gives the displacement of the 
top of the spring as a function of the time t, say x = f{t), where x 
is measured positively downward. Just as before, the spring 
is supposed to be supporting a mass ikf, which produces an 

elongation s of the spring. If the 
displacement of the mass M from its 
position of rest is it is clear that, 
when the top of the spring is dis- 
placed through a distance x^ the 
actual extension of the spring is 
y — X, If the resistance of the 
medium is neglected, the force equa- 
tion is 

= Mg - k{s + y - x) = -k{y - x), 
whereas, if the spring is viscously damped, it is 

Upon simplifying this last equation, it becomes 

(92-1) M^, + r^^ + ky = kx, 

where x is supposed to be a known function of t. 

The corresponding electrical example is that of a condenser 
(Fig. 88) placed in series with the source of e.m.f. and that dis- 
charges through a coil containing inductance and resistance. 
The voltage equation is 

-RI-L§+V.m, 

where f(t) is the impressed e.m.f. given as a function of t. Since 

r -B- pBI 

^ dt~^ dt’’ 
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the equation becomes 

(9^2) + +F-/(I). 


An interesting case arises when the impressed e.m.f. is sinusoidal, 
for example, 

/(O = Eq sin oiL 

Then the equation takes the form 


dW RdV 1 

dt^ L dt CL ^ 


CL 


Eq sin cot. 


Both (92-1) and (92-2) are non-homogeneous linear equations 
with constant coeflicients of the type 

(92-3) ^ + 2b^ + a^ = am- 

The solution of this equation is the sum of the complementary 
function and the particular integral (see Sec. 88). The com- 
plementary function has the form shown by (91-2), namely 


where 

mi = —6 + and m 2 = —b — 

The particular integral, by (89-5), is 

(92-4) Y = J [ J dt'j dt. 

From the discussion of Sec. 91, it is clear that the part of the 
solution which is due to free vibrations is a decreasing function 
of t and will become negligibly small after sufficient time has 
elapsed. Thus the steady-state solution is given by the 
particular integral (92-4). 

Let it be assumed that the impressed force, x in (92-1) and 
f(t) in (92-2), is simply harmonic of period 2^/(0 and of amplitude 
ao. Then, 

f{t) = Go sin cotj 

and (92-4) becomes 

Y = J sin cot dt) dt. 
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The result of integration* is 

( 92 - 5 ) y 

where 

This is the steady-state solution. 

The remainder of this section will be devoted to the physical 
interpretation of the solution (92-5). It is observed that if the 
impressed frequency is very high (large co), then the amplitude 
of the sinusoid (92-5) is small, so that the effect of the impressed 
force is small. When w = a, the amplitude is aoa/26, which may 
be dangerously large if h (and hence the resistance of the medium) 
is small. For a fixed b (resistance of the medium) and a (natural 
frequency of the system), the maximum amplitude occurs when 
(a- — co2)2 + 46^0)*^ is a minimum, that is, when 

^ [(o^ - -h 46 *£o2] = 0. 

This is readily found to be when 

0)2 = a2 - 252. 

Upon recalling the physical vsignificance of a and b, these results 
can be interpreted immediately in terms of the physical quantities. 

93. Resonance. It was remarked in Sec. 92 that if the 
impressed frequency is equal to the natural frequency of vibra- 
tion, then the amplitude of (92-5) may be abnormally large. 
Stated in terms of the physical quantities of the electrical and 
mechanical examples, this means that the maximum voltage 
of the electrical system may be dangerously large or that the 
maximum displacement of the spring may be so great as to pro- 
duce rupture. 

The phenomenon of forced vibration is of profound importance 
in many engineering problems. Not so many years ago the 
collapse of a building in one of the larger American cities was 

* Integration in this case is a little tedious. For actual integration, it is 
convenient to replace sin o>t by the equivalent exponential expression 
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attributed to the rhythmic swaying of the dancing couples, who 
happened to strike the natural frequency of the beam supporting 
the structure. Again, the failure of the Tacoma bridge was 
explained by some on the basis of forced vibration. It is also 
well known that soldiers are commanded to break step in crossing 
a bridge, for fear that they may strike the note of the cables. 
The walls of Jericho are reported to have fallen after seven priests 
with seven trumpets blew a long blast. 

The phenomenon of resonance occurs when the impressed 
frequency is equal to the natural frequency. Consider Eq. 
(92-3) in which b (resistance) is zero and f(t) = ao sin at, so that 

(93-1) ^ + a^y = sin at 


The particular integral in this case is 

(93-2) Y = J J sin at dt^ dt, 


since mi = ai and m 2 = — ai. If sin at is replaced by • 


2i 


(93-2) integrates into 

Tr „ ft cos at 

Y = —aoa^ I - 


2a 


+ —^nat + 


^.cosai). 


If Y is added to the complementary function Ci cos at -|- C 2 sin at, 
the general solution is given by 


(93-3) y ^ A cos at + B sin at ^ t cos at, 

where the last two terms of Y have been combined with the 
complementary function. Let the initial conditions be 2 / = 0 
when t = 0, and dy/dt — 0 when t = 0. Then A = 0 and 
B = ao/2, and (93-3) vdll be 


(93-4) ^ ~ 

This equation represents a vibration whose amplitude increases 
with time; for the amplitude of the first term is the constant 
a()/2, and the amplitude of the second term is proportional to the 
time t. In fact, if sufficient time is allowed, the amplitude may 
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become greater than any preassigned number. This remark 
ought not to stimulate the student to design an apparatus to 
produce an infinite amplification or an infinite force. In any 
physical case, there is some resistance b present, and a brief 
reference to (92-5) will show that b prevents the oscillations from 
becoming arbitrarily large, 

PROBLEMS 

Show that a particular integral of 

1 

1. ^ + a^y = sin is ^ ^ ^ cos at. 

d^y 1 

2. ^ — Gos at is y = sin at 

94. Simultaneous Differential Equations. In many investi- 
gations, it is necessary to consider systems of differential equa- 
tions involving several dependent variables and one independent 
variable. For example, the motion of a particle in the plane can 
be described with the aid of the variables x and y, representing 
the coordinates of the particle, each of which may depend on 
time. It will be indicated in this section how a system of n 
ordinary differential equations involving n dependent variables 
may be reduced to a study of a single differential equation of 
higher order. 

Let two dependent variables x and y be functions of an inde- 
pendent variable t, and let it be required to determine x and y 
from the simultaneous equations 


(94-1) 


Y^+ax + by^m, 
^ + ca: + <% = 


where a, h, c, and d are constants. If these equations are written 
in operational form, they are 


(D + a)x -\-by /i(0, 

ca; + (D + d)y = U{f). 


Operating on the second of these equations with - (D + a) gives 

c 


(D + a)a: + i (D + a)(D + d)y=. I (D + a)Mt) 

v C 



§94 ORDINARY DIFFERENTIAL EQUATIONS 

and, if the first equation is subtracted from this result, 


313 


i (D + a)(Z) + d)y — 62/ = (I> + a)f 2 (t) •— 

c c 


This is a second-order linear differential equation which can be 
solved for y. In order to determine x, solve the second equation 
of (94-1) for x, 


_ 1 dy 

- c r w ~di~ 


dy 


and substitute the value of y in terms of t. 

The reader may show in the same way that the solution of a 
system of two second-order linear differential equations can be 
reduced to the solution of a linear differential equation of the 
fourth order (see Example 2 below). 


Example 1. 


Consider 

^ + 2x-2y = t, 
dt 


u/./u///. 




— Bx + y = 


T 


or 


(D -h 2)x — 2y — t, 

—Bx + (D + l)y = eK 

Operate on the second of these equations with HiD 
-f- 2) to obtain 

-(D -h 2)x + H{D + 2){D -h 1)2^ = Vz^D -f 2)e\ 
and add this result to the first equation. The result is 

H(D + 2){P + l)y - 22 / - -h 2)e‘ + t, 

which simplifies to 

(D2 + 3 D - 4)2/ = + BL 


1 





Fig. 89. 


This equation can be solved for 2/ as a function of t, and the result can 
be substituted in the second of the given equations to obtain x. 

Example 2. Let the two masses Mi and ^2 be suspended from two 
springs, as indicated in Fig. 89, and assume that the coefficients of 
stiffness of the springs are hi and ^2, respectively. Denote the dis- 
placements of the masses from their positions of equilibrium by x 
and y. Then it can be established that the following equations must 
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hold: 


= -kiiy ~ a:), 

d^x 

Ml = My — x) — kix. 


These equations can be simplified to read 

h> 


^ j. 

dt^ M2' 


ko 

ir/ = 0 ' 


d^x k2 , Aji + ^2 ^ 


i¥i 


By setting 



the equations reduce to 

— hhny -j- 



M2 

Ml 


(D^ + b'^)y - b^x = 0, 
(D^ -f + bh7i)x = 0. 


Operating on the second of these reduced equations with (D^ -|- 2)‘-) 
and adding the result to the first of the equations give 

{D'^ + b'^)(D'^ -f + hh77)x — b^mx = 0 

or 

[D^ + (^72 + 62 _j_ hhn)D^- + a%^^]x = 0. 

This is a fourth-order differential equation which can be solved for 
a; as a function of t. It is readil}’' checked that 

X = A s\jx {(Jit — e) 

is a solution, pro\ided that w is suitably chosen. There will be two 
positive values of a? which will satisfy the conditions. The motion of the 
spring is a combination of two simple harmonic nrotions of different 
frequencies. 


PROBLEMS 

1. Solve Examples 1 and 2, Sec. 94. 

2. The equations of motion of a particle of mass m are 


d'^x 

= A, 



F, 


dH 




where x, y, z are the coordinates of the particle and X, 7, Z are the 
components of force in the directions of the and 0-axes, respec- 

tively. If the particle moves in the xy-^lsme under a central attractive 
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force, proportional to the distance of the particle from the origin, find 
the differential equations of motion of the particle. 

3. Find the equation of the path of a particle whose coordinates x 
and y satisfy the differential equations 


dH dy 
+ He -jT 


' dU 


dHj dx 


= EGj 

= 0, 


where Hj E, e, and m are constants. Assume that x y = dx/dt 
= dy/dt = 0 when t — 0. This system of differential equations occurs 
in the determination of the ratio of the charge to the mass of an electron. 

4. The currents Ii and 1 2 in the two 
coupled circuits shown in Fig. 90 satisfy the 
following differential equations: 

w 4- T — A- R ^ - 0 


.^2/2 

dt^ 


dUi 

dt^ 


dh 

dt 


h 

Cl 



Fio. 90. 


Reduce the solution of this system to that of a single fourth-order dif- 
ferential equation. Solve the resulting equation under the assumption 
that the resistances Ri and R 2 are negligible. 

95. Linear Equations with Variable Coefficients. With the 
exception of linear equations with constant coefficients and such 
equations with variable coefficients as are reducible to those 
with constant coefficients by a change of variable, there are no 
general methods for solving linear differential equations of order 
higher than the first. In general, solutions of differential 
equations with variable coefficients cannot be expressed in terms 
of a finite number of elementary functions, and it was seen in a 
number of specific examples that the solutions of such equations 
lead to new functions which are defined either by definite integrals 
or by infinite series. Some of these functions are of such frequent 
occurrence in applied mathematics that it has been expedient to 
calculate their values and tabulate them, precisely as the values 
of logarithms and trigonometric functions are tabulated. It 
must be borne in mind that the term elementary function a>s 
applied to logarithmic and circular functions is, in a sense, a 
misnomer and that such functions as Gamma functions, Bessel 
functions, and Legendre polynomials become just as elemen- 
tary” after their values have been tabulated. The elementari- 
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ness of any given function is measured by the ease with which its 
value can be ascertained. 

The remainder of this chapter contains a brief treatment of 
those linear differential equations which are of common occur- 
rence in practice. An attempt will be made to express the 
solutions in convergent power series in x. This involves the 
tacit assumption that the solutions are capable of being expanded 
in Maclaurin^s series, which, of course, is not true in general, and 
it is therefore not surprising that occasionally this method fails 
to give a solution. The method consists in assuming that a 
solution of the differential equation 

S + ^ fx + 

is expressible in a convergent infinite series in powers of x, of the 
type 

(95-2) y = ao + aiX + a^x^ -f • • • -f a„a;» + • ■ ■ , 

where the coefficients ot are to be determined so that the series 
will satisfy the differential equation. If the coefficients of the 
derivatives in (95-1) are polynomials in x, then the obvious mode 
of procedure is to substitute the infinite series (95-2) into the 
equation (95-1), expand f{x) in Maclaurin’s series, combine the 
like powers of x, and equate to zero the coefficient of each power 
of X. This leads to an infinite set of algebraic equations in the 
which can sometimes be determined by algebraic means. 

It is stated without proof that a homogeneous linear differ- 
ential equation of order n, 

(95-3) g -I- pi(x) gS + • • • + 

where the pi are continuous one-valued functions of x, possesses 
n linearly independent solutions, and only n. If these solutions 
are yi{x), y%{x), • • • , yn{x), then the general solution of the 
equation is given by 

(95-4) y = ciyi -f- csyz 

This fact can be immediately verified by substituting (55-4) in 
(95-3). It is also clear that, if u{x) is any particular solution of 
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(95-1), then its general solution is 2 / = ciyi + C 22/2 ■+■••• 
+ CnVn + u{x), where Ciz/i + + * * * + Cr^yn is the solution 

of the related homogeneous equation (95-3). 

Frequently, it is of practical importance to 3mow whether a 
given set of functions is linearly independent. Inasmuch as 
the definition for linear independence that is given in Sec. 34 is 
difl&cult to apply, a test for the linear independence of the solu- 
tions will be stated.* 

Theoeem. The necessary and sufficient condition that a given 
set of solutions 2/1, 2/2, * * * > yn of the nth order differential equation 
(95-3) he linearly independent is that the determinant 



2/1 

2/2 

• • 2/n 


yi 

Vi 

• 2 / n ' 

w = 

Vi" 

yr • 

yn 






This determinant is called the Wronshian. 

Example. By substitution, it can be verified that yi = sin x, 
2/2 = cos X, and 2/3 = e** are solutions of the differential equation 

dx^ dx^ dx ^ 

But the Wronskian is 

sin X cos X 

W = cos X —sin re ie^^ = 0, 

—sin X —cos X — e*® 

and therefore this set of solutions is not linearly independent. In other 
words, at least one of them can be expressed as a linear combination of 
the other two. It is known that 

= cos rc + i sin x. 

It is readily verified that a linearly independent set of solutions is 
2/1 = sin rc, y 2 = cos x, and 2/3 = e®, so that the general solution is 

2 ^ = Cl sin rr -h C 2 cos x + cge®. 

PROBLEMS 

Determine whether or not the following sets of functions are linearly 
independent: 

* See Ince, E. L., Ordinary Differential Equations. 
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1 . 2/1 = sin a: + x, y-i = e\ 2/3 = 3e* - 2 x - 2 sin x. 

2. 2/1 = - 2a: + 5, 2/2 = 3a: - 7, y^ = sin x. 

3 . 2/1 = + a:, 2/2 = cos a: + a:, 2/3 = sin a:. 

4 . 2/1 = (a: + 1 )S J/2 “ (a: - 1 )S 2 /s = 3 a:. 

6 . 2/1 = log a:, 2/2 = sinh x, ys = e*, y* = e"'- 

96. Variation, of Parameters. Two methods of determining a 
particular integral of a linear diiEferential equation with constant 
coefiBcients were discussed and illustrated in Sec. 89. Another 
important method that is applicable to linear equations with 
either constant or variable coeflScients will be described here. 
This method, due to the great French mathematician Lagrange 
(1736-1813), permits one to determine a particular integral of 

(96-1) g + Px(x) + ■ • • + S 

when the general solution of the related homogeneous equation 
(96-2) g -I- px(x) + ■ ■ • + S ® 

is known. 

Let the general solution of (96-2) be 
(96-3) y — Ciyi + C 2 Z /2 + • • • + 

in which the Ci are arbitrary constants, and assume that a set of 
n functions vi{x)j * * * , Vn{x) can be so chosen that 

(96-4) y = viyi + v^y^ + * * * + ^n 2 /n 

will satisfy (96-1). Since yi{x), y^ix), • • • , yn{x) are known 
functions of x, (96-1) imposes only one condition upon the Vi 
in (96-4). Inasmuch as there are n functions Vi, it is clear that 
n — 1 further independent conditions can be imposed upon the 
Viy provided that these conditions are consistent. 

Differentiating (96-4) gives 

y' — {viyx + V2y2+ ‘ * * + + ^ 22/2 + ' * * 

As one condition to be imposed on the Vr, let 

^[yi + *^ 22/2 + • * * + v'nVn == 0 , 

2/' = viy'i -f- vzy2 4- * • • + 


so that 
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Then, 

2/" = + • ‘ * + (2^l2/i + 2^2j|/2 + * * ' +«^n?/n)j 

and if the second condition to be satisfied by the Vi is 
^Wi + «^22/2 + * • * + <2/n = 0, 

it follows that 

y'' = ny'i + viy'l + • • • + 

By continuing this process a set of n — 1 conditions is imposed 
on the Vt, namely, 

^3.2/1 + ^22/2 + • • * + t^n2/n = 0, 

+ ^^2/2 + • • • + V'ny'n = 0, 

+ ^/^^n-2) + . . . + q', 

as a consequence of which 

y' = 2^l2/i + ^22/2 + * • • + Vny'n, 

y" = 2^l2/i' + V2y^^ + ' • • + t;.2/ n, 

+ V2yi^^'^ + • • • + Vny^^^\ 

Calculating y^^'^ yields 
= viy^{''^ + V2yf'^ + * • * + Vny^^'^+ 

+ + • • • + <2/5^"^^ 

Substituting y, y^j * ’ ^ , 2/^”^ (96-1) and remembering that, 

by hypothesis, 2 / 1 , y^, * yn satisfy (96-2) give the nth con- 
dition to be imposed upon the Vi, namely, 

(96-6) + * * • + <2/1?“^^ = /(^)* 

The n — 1 relations (96-5) together with (96-6) give n linear 
algebraic equations which can be solved for v[, vi, * • • , pro- 
vided that the determinant of the coefficients of the v^, namely, 

2/1 2/2 • • • yn 
y'l y'l • • • y'n 


yt^V, . . . yfn-l) 

is not identically zero. But this determinant is the Wronskian 
and, since 2 /I) 2 / 2 , • * * , 2/» were assumed to be linearly inde- 
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pendent, it is different from zero. Hence, the system of equations 
can always be solved for the *4 expressions for the v^ are 

obtained by integration. 

Example, As an illustration* of the application of this method of 
determining a particular integral, consider the equation 

S ~ ^ ^ a; - 2 cos *). 

The general solution of the homogeneous equation is found to be 

(ci + C2x)e=^ + C3e"2». 

Assume that a particular integral of the non-homogeneous equation is 
of the form 

y = Vie^ + + Vze~^^^ 

where Vi, v^, and Vz are functions of x to be determined presently. 
Computing y' gives 

y' = ViB^ + v^ix + l)e® — 2vze~‘^^ + y/e® + v^'xe^ + vze~^^. 

The first condition to be imposed upon the Vi is 

Vi'e^ + Vzxe^ + Vze~^^ = 0, (1) 

so that 

2 /" = Vie* + vzix + 2)e® + 4 v 3 e~ 2 * ^ + l)e® — 2vze~^^. 

Imposing the second condition produces 

Vi'e* + V2{x + l)e* — 2vze-^^ = 0, (2) 

and computing y'" yields 

2/"' = Vie® + V2{x + 3)e® — Svae”*® + Vi'e® + v^ix + 2)e® + Avze~^^. 

Hence, the third condition to be satisfied by the Vi is 

Vi'e® + V 2 %x + 2)e® + Auze~^^ = 2(sin a; — 2 cos a:). (3) 

Solving (1), (2), and (3) for Vi, and Vz' gives 

Vi = — %xe“®(sin ic — 2 cos rc) — %e“®(sin a; — 2 cos a;), 

V 2 ' = ?^e“®(sin X — 2 cos x), 

^ 3 ' = %e2*(sin a; — 2 cos x). 

The integrationf of these expressions yields 
* For another illustration, see Example, Sec. 97. 

t The integration in this case is quite tedious, and generally speaking it 
is easier to solve linear equations with constant coefficients by the methods 
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V\ = sin X — cos x) + e-® sin x + cos Xy 

V 2 == sin X + cos a;), 

Vs = — cos Xy 

in which the constants of integration are omitted because a particular 
integral is desired. 

By hypothesis, a particular integral is given by 

y = Vie^^ + V 2 xe^ + Vse~^^ = sin x, 
so that the general solution of the non-homogeneous equation is 
2 / = (ci + C 2 x)e^ + C3e“2» + sin x. 

PROBLEMS 

1 . Solve Probs. 1, 2, and 3, Sec. 89, by the method of variation of 
parameters. 

2. Find the solution of 


^ +/1W2/ =/ 2 W 


by the method of variation of parameters, and compare your result with 
tW of Sec. 85. The solution of the related homogeneous equation is 
obtained easily by separation of the variables. 

3. By the method of variation of parameters, find a particular integral 
of 


3 dy 
dx^ X dx 


- ^ 2 / = log a;, 


where the general solution of the related homogeneous equation is 


2 / = “ + C2X^- 


4 . Find the general solution of 

d^y X ^ _ 1 

dx^ ^ 1 — X dx 1 — X 




where the general solution of the related homogeneous equation is 

C16® + C2a;. 

6. Find the general solution of 

a;2y" — 2xy' + 2y = x log Xy . 


discussed in Sec. 89. However, the method of the present section is of 
great value when the given equation has variable coefficients. 
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if the general solution of the related homogeneous equation is 
y = CiX^ + CiX. 

97. The Euler Equation.* Before proceeding to illustrate the 
method of solution in terms of infinite series, it will be well to 
discuss one type of differential equation with variable coefidcients 
that can be reduced by a change of variable to a differential 
equation with constant coefldcients. 

Consider the linear equation 

(97-1) ^ -h aix--^ -!-•••+ a„.ix ^ = fi^), 


where the are constants. This equation can be transformed 
into one with constant coeflicients by setting x = e^. For if 
X = e*, then 


dz 




and 


dx 


== e-*. 


Moreover, if D s — , then 
' dz 


and 


dx dz dx 


6"* Dy 


dx^ dz^ \dx) 


Similarly, 



_ g-2. 

^ dz dx^ 


- D)y. 


(J)» - 32)2 ^ 2D)y. 


Then, since x = c*, it follows that 


x 


2^ 

dx^ 


= Dy, 

= (2)2 - D)y = 2)(2) - 1)^, 


* 9 

= 2)(2) - 1)(2) -2) ■ ■ ■ {D-n+ l)y, 


Also called Cauchy^s equation. 
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HO that (97-1) is replaced by an equation with constant coefficients, 

[D{D - 1) ■ ■ ■ (D - n + 1) + aiD(D - 1) ■■■ (D - n + 2) 

dn—iD -t" a„]y = 

Example. Consider 


.d’j/ , dy 


Upon making the substitution x — e% this equation becomes 

[D{D - l)iD -2) + D - l]y ^ ze^ 
or 

(I>3 ~ 37)2 + 37) - i)y = ze^. 


The roots of the auxiliary equation are Wi == m 2 = m 3 = 1, so that the 
complementary function is 

(ci + C 2 Z + C3Z^)e‘. 

The particular integral is 

y “ (D- ip = w 

so that, in terms of z, the general solution is 

2/ = (ci + C 2 Z + ^ 

and, in terms of x, 

2 / = [ci + Co log X + CsGog xy]x -h ^ - ^^ 24 - " ‘ 

A particular integral for this example will be obtained by the method 
of variation of parameters in order to demonstrate the apphcability 
of this method to equations with variable coefficients. Care must be 
taken first to transform the equation so that it has unity for its leading 
coefficient, for the discussion of Sec. 96 was carried through for this 
type of equation. 

Expressing the given equation in the form (96-1) gives 
d^y 1 dy 1 1 - 

Since the general solution of the homogeneous equation was found 
to be 


CiX + C 2 X log X + epilog x)% 
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the equations of condition (96-5) and (96-6) are 

Vi'x 4- Vi'x log X -t- Vi'x^iog xY = 0, 

-f J' 2 '(l -h log x) -I- WaKlog xY + 2 log x] = 0, 

+ = i^logx. 

Solving for vi', ^ 2 ', and vz yields 

vi = ^ (log xY, 2 ) 2 ' = - ^ (log xY, n' = ^ log X, 
which integrate into 

'Oi. = M(log xY, V 2 = -H(log xYy vz = M(log xY- 
Hence, a particular integral is 

y vix + V 2 X log X + 2 ; 3 a;(log xY = — 

PROBLEMS 

1. Find the general solution of Prob. 3, Sec. 96, by the method of 
Sec. 97. 

2. Find the general solution of 

+^2/ “log®. 

Compute the particular integral by the method of variation of 
parameters. 

3. Solve 

by assuming a solution of the form y = x^ and determining appropriate 
values of r. 

4. Solve 

by assuming a solution to be of the form y = xr, 

6. Find the general solution of 

^ ^y.yr _ 2 ^/ = 1 . 

6, Find the general solution of 


icV' + y = a;2. 
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7. Find the general solution of 

— 2xy' + 2y — x log x. 

98. Solution in Series. Many differential equations occurring 
in applied mathematics cannot be solved with the aid of the 
methods described in the preceding sections, and it is natural to 
attempt to seek a solution in the form of an infinite power series. 
The method of solution of differential equations with the aid of 
infinite series is of great importance in both pure and applied 
mathematics, and there is a vast literature ondihe subject. This 
section and the four following sections contain only a brief 
introduction to the formal procedure used in obtaining such 
solutions. 

As an illustration of the method, consider the differential 
equation 

(98-1) y' - xy - X == I, 

and assume that it is possible to obtain the solution of (98-1) in 
the form of a convergent power series 

(98-2) 2/ = cto “i“ ciiX -j- a2X^ “h * * ’ “h -4- * * * . 

Inasmuch as the series of derivatives of a convergent power series 
is convergent, one can write 

(98-3) 2/' = ai -h 2a2a; + * • * + nanX^~'^ 

Substituting (98-2) and (98-3) in (98-1) and collecting the coeflSL- 
cients of like powers of x give 

(98-4) di -|- {20,2 ~ clq — l)x {ScLz — cii)x^ “h * * * 

+ (nOn “ an-2)x^~^ + . . . = 1 . 

By hypothesis, (98-2) is a solution of (98-1), and therefore* 
equating the coefficients of like powers of x in (98-4) leads to the 
following system of equations: 



' ai = 1 

(coefficient of x^)j 


2a2 — Uo — 1 = 0 

(coefficient of x). 

(98-5) < 

3a3 — ai = 0 

(coefficient of x^). 


1 nOn ” a,n^2 = 0 
i 

(coefficient of 


* See Theorem 5, Sec. 10. 
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The system of equations (98-5) is a system of linear equations 
in infinitely many unknowns Uo, ai, • • • , a„, • • • . Solving 
the second equation of (98-5) for in terms of an gives 


a2 = 


tto + 1 


The third equation taken with the first demands that 

ai 1 

' ~ 3 ” 3' 

Setting n = 4 in the coefficient of gives 


a2 __ ao H” 1 _ Go "f" 1 

“ T “ 2-4 “ 22-2!' 


whereas n = 5 gives 

In general, 

(98-6) 


„ _ “3 _ 1 

' 5 “ 3 • 5' 


(l^u — 


• n! 


Ct2«+1 = 


1-3-5 


(2n -f 1) 


The substitution in (98-2) of the values of given by (98-6) 
leads to a solution in the form 


y = ao + x + 


+ 1 


<3^0 + 1 


2 23-2! 


1-3-5 




When the terms containing oo are collected, there results 


(98-7) y = l^ao -t- 

, ao + 1 , 

^ 2“ • n! * ^ 


®o + 1 ^2 a. + 1 4 


2 23-2! 


4- 

- 1 - 


x + 


-t- 


+ 


1-3 ' 1 -3 -5 

a;2«+l 


- 1 - 

+ 


1 ■ 3 • 5 • • • (2n -f- 1) 

If tto -t- 1 is set equal to c, one can write (98-7) in the more 
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(iompact form 

[ <y»2 /¥»4 /y«2n 

^ 2"^ 2* • 2! + ■ ■ ■ + 2“ • ra! 

[ ^3 ^2n+l 

-^ + - + !^+---+ i-3- - --(2n+l) +---} 

The two series appearing in (98-8) are easily shown to be 
convergent for all values of x, and hence they define functions 

of X, In fact, the first of the series is recognized as the Maclaurin 
£2 

expansion of so that (98-8) can be written as 
(98-9) y = ce^ + + * * * 

1 • 3 • • • (2n. + 1) + ■ ■ ■ _• 

This is the general solution of (98-1), for it contains one arbitrary 
constant. 

Since (98-1) is a linear differential equation of the first order, 
its solution could have been obtained by using the formula 
(85-3), and it is readily verified that (85-3) gives 

£! ^ _£f 

(98-10) y — ce^ — 1 + j e ^ dx. 

The integral in (98-10) cannot be evaluated in closed form; but 
if the integrand is expanded in a power series in x^ it is easy to 
show that (98-10) leads to (98-9). 

Consider next the homogeneous linear differential equation of 
the second order 

(98-11) y" - + 2/ - 0, 

and assume that the solution of (98-11) has the form 
00 

(98-12) y = a„a:’* = an + a^x + • ■ ■ + a^a:” 

n=s0 

Then the series for y' and y" are 

00 00 
v' = V nanX^^~^ and y" = V n(n — l)an.r"““. 

n-2 
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If these expressions are substituted in (98-11), the result is 

oe ae 00 

^ n{n — — 2) ^ fflna:" = 0. 

na=2 n = l n=0 

Combining the terms in like powers of x and setting the coeffi- 
cient of each power of x equal to zero give the system of equations 

2 • la 2 + no = 0 (coefficient of 

3 • 2a3 — ai + = 0 (coefficient of x), 

4 • 3a4 — 2a2 + 02 = 0 (coefficient of 


(n + 2) (n + l)an 4.2 — na^ + an = 0 (coefficient of x^), 


Hence, 

(98-13) 


an4-2 


n — 1 

(n -h l)(n + 2) 


This recursion formula can be used to determine the coefficients 
in (98-12) in terms of ao and ai. Thus, substituting n = 0, 
1, 2, * • * in (98-13) gives 


1 

a2 = — y72 

tts — 2 . 3 ~ 

1 1 

= 3^4 " 4] 

2 n 

= ^-7-g Os = 0, 

_ 3 _ 3 

> 

1 • 3 • 5 • • • (2n - 3) 

aan (2w) ! 

Therefore, 

(98-14) i/ = ao ^1 - i a:® - - iyi* - • • Uia:, 

where Uu and ai are arbitrary. It is readily checked that the 
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series is convergent, and, since it is a power series, it defines a 
continuous function of x. 

The two linearly independent solutions of (98-11) are then 


y = a^x 

and 

/^i 1 o 1 4 3 , 15 , \ 

These solutions are obviously linearly independent, for one of 
them defines an odd function of x and the other defines an even 
function of x. 

PROBLEMS 

Integrate in series: 


dx 

3. (ic2 - 3a; + 2) 2 + - 2x - 1) ^ + (a: - Z)y = 0. 

. dhi 1 

4. ^ = 1. 


99, Existence of Power Series Solutions. It must be kept 
clearly in mind that the calculations performed in Sec. 98 are 
formal and depend on the assumption that the differential equa- 
tions discussed there possess power series solutions. If, for 
example, an attempt had been made to apply the method of 
solution outlined in Sec. 98 to the equation 

xy' - I 0, 

it would have been futile. The general solution of this equation 
is 

2 / = log X -h c, 

which cannot be expanded in a power series in x. 

The task of determining beforehand whether a given differen- 
tial equation possesses solutions in the form of power series 
represents one of the major problems of analySs. It will suffice 
in this introductory treatment to state, without proof, the 
conditions under which a homogeneous linear differential equa- 
tion of the second order has a power series solution. 
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Theorem. Lei 

(99-1) y" + fi(x)y' + f 2 {x)y == 0 

have coefficients f i{x^ andj^ix) that ca7i be expanded in power series 
in X which converge for all values of x in the interval < x < R; 
then there will exist two linearly independent solutions of the form 


ao 

» = 0 


which will converge for all values of x in the interval —R<x<R, 
It is clear from the statement of the theorem that the differen- 
tial equation will possess power series solutions, which converge 
for all values of x^ whenever /i (or) and/ 2 (a:) are polynomials in x. 

It should be noted that the coefficient of the second derivative 
term in (99-1) is unity. Frequently, the differential equation 
has the form 

po(ir) 2 /" + Vi{x)y' + P 2 {x)y = 0; 
and if this differential equation is put in the form (99-1), then 


/i(^) = 


Pi(^) 

Po(a;) 


and 




P2(a?) 

p^{x)‘ 


If p^{x) should vanish for some value of x in the interval within 
which the solution is desired, one must expect trouble. If 
Pq{x), P\{x), and p^ix) are polynomials in x and if po(0) 0, then 

one can surely expand fi{x) and f 2 {x) in power series in some 
interval, and the theorem enunciated above is applicable. 

As an illustration, consider the differential equation 

(99-2) (2 ~ + {x- 1)2/' - 2/ - 0. 

Inasmuch as 

Hx) = = (1 - x){x - 2)-i 

and 

Si{x) = (x - 2)-‘ 

obviously possess power series expansions that are valid in the 
interval — 2 < x < 2, it is reasonable to proceed to obtain the 
power series solution. 
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Substituting 

90 

2/ = X 

in (99-2) gives 

00 90 90 

(2 — a:) 5) ~ l)o„x"~2 + (a: — 1) 5) ct^a;n _ q 

n=0 n=0 n=0 

Rearranging and combining terms give 

00 00 90 

^ 2n(n — ^ + 2) = 0. 

n==0 w = 0 n-'O 

Equating the coefficients of the powers of x to zero gives 
2 • 2 • 1^2 — ai — ao = 0, 

2 • 3 • 2a3 — 22a2 = 0, 

2 • 4 • 3ci4 — 3^a3 -f- ^^2 ~ 0, 

2(n + 2)(n -h l)a «+2 - {n + lyun^i + {n - l)an == 0, 

The coefficient of a;'* provides the recursion formula 

__ (n + l)%n+i - (n - l)an 
®'‘+^ 2(« + l)(n + 2) 

and setting n = 0, 1, 2, 3, • • • gives 



0,2 


Oq “h Oi 
~22 


2 , 2 ] ’ where c = ao + ai, 



c 

2^’ 


04 


3^03 02 

4i 


4^4 — 203 
2 -:-' 4-5 


2-4!’ 


c 

2^1 


It is easily shown that in general 

c 

On = o 

2 • n! 
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SO that 


y = ao + aix + + * • • + anX'^ + 

OjQ ^ GjI , 


= do “j” 0 , 1 ^ “f" 
= do “i“ diic “H 


2 

do + di 


/ 7»2 /y.3 

(^! + r! 


+ 


+ —+••• 
^ n! ^ 


) 


l + " + i! + 


rf,n 

do “I" di 


) 


(1 + a:) 


= Cie® + C2(l - x), 

where Ci = (do + di)/2 and C 2 = (do — di)/2. 


It happens in this illustration that the series appearing in the 
solution of the differential equation represent elementary func- 
tions, so that the general solution can be written in closed form. 
Ordinarily, the infinite series arising from the solution of linear 
differential equations with variable coefficients represent func- 
tions that cannot be expressed in terms of a finite number of 
elementary functions. This is the case discussed in the next 
section, where the series that provides the solution of the differen- 
tial equation represents a class of functions of primary importance 
in a great many problems in applied mathematics. 

It is quite obvious that the theorem of this section can be 
rephrased to include the case where the functions /i(3;) and 
possess series expansions in powers of x — a. In this case, 
there will exist two linearly independent solutions of the form 


Solve 


n -=0 

PROBLEM 


y" - (x - 2)y = 0 


by assuming the solution in the form y = 2 a«(a; — 2)’*. Also, 

w>=0 


obtain the solution in the form y = X anX^, 

n = 0 

100. Bessel’s Equation. An important differential equation 
was encountered by a distinguished German astronomer and 
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mathematician, F. W. Bessel ( 1784 r- 1846 ), in a study of planetary 
motion. The range of applications of the functions arising from 
the solution of this equation is partly indicated by the fact that 
these functions are indispensable in the study of vibration of 
chains, propagation of electric currents in cylindrical conductors, 
problems dealing with the flow of heat in cylinders, vibration of 
circular membranes, and in many other problems arising in every 
branch of applied mathematics. Some of the uses of this equation 
are indicated in the chapter on Partial Differential Equations. 
BesseFs equation has the form 

(100-1) a;y' + xy' -f (x^ — n^)y = 0, 

where n is a constant. It will be observed that this equation 
does not satisfy the conditions of the theorem of Sec. 99 because 
of the appearance of x^ in the coefl&cient of y'\ In the notation 
of Sec. 99, 

fi(x) = i and Mx) = 1 - 

and it is clear that fi{x) and f^ix) cannot be expanded in power 
series in x. 

In order to solve (100-1), assume that the solution can be 
obtained in the form of a generalized power series, namely, 


(100-2) 2/ = 2/ 

where m is a constant to be determined later and where ao can be 
assumed to be distinct from zero because of the indeterminate 
nature of m. 

Calculating the first and second derivatives with the aid 
of (100-2) and forming the terms entering into (100-1) give 


x^ ~~ = m(m ~ l)aoX'^ -f- m(m l)aix”‘+^ + 


+ ajcim + k){m + k -- l)x^'^^ + • * * , 
X ~ = maox”^ + (m + l)aix”‘+^ 


+ • * • , 

x^y = aox^+2 ^ ak^2X”^'^^ + * * * , 

—n^y = — n^aox*^ ~ n^aix^+^ — . . . _ _ . . . ^ 
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Adding the left-hand members of these expressions and equating 
the result to zero give (100-1). By hypothesis, (100-2) is a 
solution, and therefore the coefficient of each power of x in the 
sum must vanish. Hence, 

(m- — n^)ao = 0 (coefficient of x^), 

[(m -f 1 )- — n^]ai = 0 (coefficient of 



[(m + hy — nr]ak + a /,_2 = 0 (coefficient of 0 :^”+^). 

The coefficient of the general term gives the recursion formula 


(100-3) 


ak = 


Clk-2 

(m + ky — 


The equation resulting from equating to zero the coefficient of the 
term of lowest degree in x (here, x^) is known as the indicial 
equation. In order to satisfy the indicial equation, choose 
m = ±n. If m is chosen as -fn or —n, ao is arbitrary and the 
second condition requires that ai = 0 . 

For m = n the recursion formula becomes 


aje = — 


ak^ 


Ctk-2 


(n + ky — k(2n + k) 

Setting fc = 2, 3, 4, • • • in turn gives 
ao 


(jg = — 

as = — 
a^ ■“ ““ 
as = — 


= 0 , 


2 ( 2 n + 2 ) 
ai 

Z{2n + 3) 
a2 

4(2n + ^ ^ 2 ■ 4(2n + 2)(2n + 4)' 

as 


since ai = 0 , 
ao 


5(272- -{- o) 


r^=0, 


In this manner as many coefficients as desired can be computed; 
and if their values in terms of ao are substituted in ( 100 - 2 ), there 
is obtained the following series, which converges for all values of x, 

(100-4) y = aoa;» j^l - 3 ( 2^1 + 2) 2 • 4(2n -|- 2)(2n 4) 

2 * 4 * 6(2?2 -|- 2) (272- -f“ 4) (272 d- 6 ) 
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If m = — n is chosen, ao is again arbitrary and ai = 0, and 
the resulting series is 

(100-5) y = aox '* j^l -h 3 ( 2 ^ - 2) T- 4(2w - 2)(2n - 4) 

2 • 4 • 6(2n - 2)(2n - 4)(2n - 6) 

The series (100-4) and (100-5) become identical for n = 0. For 
positive integral values of n, (100-5) is meaningless, since some of 
the denominators of the coefficients become zero, and (100-4) is 
the only solution obtainable by this method. If n is a negative 
integer, (100-4) is meaningless and (100-5) is the only solution in 
power series in x. For n 0 or an integer, both (100-4) and 
(100-5) are convergent and represent two distinct solutions. 
Then (100-4) multiplied by an arbitrary constant and added to 
(100-5) multiplied b}^ an arbitrary constant gives the general solu- 
tion of the Bessel equation. 

The reason for the failure of this method to produce two dis- 
tinct solutions when n is zero or an integer is not hard to find. 
The success of this method depends upon the assumption that the 
solutions are representable in power series. The analysis leading 
to the determination of the second particular solution of (100-1) 
when n is an integer is not given here. * It is sufficient to mention 
the fact that the second solution can be obtained by assuming 
that it has the form, when n is a positive integer, 

00 

(100-6) 2/2 = Cyiix) log a; + ]£ 

where yi{x) is the solution (100-4) and C is a constant. Obvi- 
ously, this solution becomes infinite when a; = 0. 

It will be of interest to consider the particular solution obtained 
from (100-4) by setting 

1 

““ “ ¥^\ 


* See Watson, G. N., Theory of Bessel Functions; Gbay, A., G, B. 
Mathews, and J. M. MacRobeet, A Treatise on Bessel Functions and 
Their Applications to Physics; Whittaker, E. J., and G. N. Watson, 
Modern Analysis; McLachlan, N. W., Bessel Functions for Engineers. 
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The series (100-4) then becomes 


(100-7) Jnix) = 


X’* 


y»n-{-2 


+ 




2"n! 2'*+*(n + 1)! ' 2'*+«2!(n + 2) I 




».ri+2A; 


'+^’‘k\{n -h h) 


+ 


oo 


Y»n+2k 


A=0 


2n+2A^!(^ + *)! 


The function defined by this series is called the Bessel function 
of the first kind of order n. This series holds for non-negative 
values of n. For n = 0,* (100-7) gives 


Jq{x) = 1 


x^ 

^ 2^ (2!) 2 


^2k 

■ • • + (-l)*22ft('fc!)2 


and for n 

Ji(^) = I 


1, 

x^ 


+ 


X^k+l 

+ 22Wfc!(jfc 4 - 1 )! + • ■ ■ > 


which are called Bessel functions of the zero-th and first orders, 
respectively. 

The formula (100-7) can be generalized for non-integral 
positive values of n with the aid of the Gamma function by 
writing (n + k)\ = r(n + A + 1), so that 


(lOM) ■f.W-^C-D V^.irr+ii + i) - 

For ^ (100-8) becomes 


QQ 






22fc+^^!r^ 

* For n “ 0, w! is defined to be unity. This is consistent with the formula 




(n-l)! =• 


when n = 1, as well as with the general definition of n! in See. 81. 
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It is not diflBicult to show that this reduces to* 

Jnix) Bin X. 

This formula suggests that the behavior of Bessel functions may 
be somewhat similar to that of the trigonometric functions. This 
proves to be the case, and it will be shown in the next section that 
Bessel functions can be used to represent suitably restricted 
arbitrary functions in a way similar to that in which trigonometric 
functions are used in Fourier series. 

It is clear that Jq(x) is an even function and that Ji(x) is an 
odd function of x. Their graphs are shown in Fig. 91 . For large 



values* of x the roots of Jo(x) = 0 and Ji{x) = 0 are spaced 
approximately ir units apart. It can be shown that for large 
values of x the values of Jn{x) are given approximately by the 
formula 

It is not difl&cult to show with the aid of (100-6), by setting 
yi(x) = Jo(x)j that the second solution of Bessel^s equation of 
order zero has the form 

Koix) = Joix) logx + (l+^ + . . . 

— (—1)* — ... 

^ 22 • 42 • • - (2*)2 V ^ 2 ^ 

This function is Called the Bessel function of the zero-th ord(M* 
* Hee Prob. 2 at the end of this section. 
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and the second kind. Thus, the general solution of the equation ' 

y" + \.y' y = ^ 

X 

2/ = CiJo(x) + C^K,{x), 

where Ci and Ct are arbitrary constants. 

Bessel functions of the first kind and of negative integral order 
are defined* by the relation 

J-nix) = ( — l)’*J„(a;). 

The values of Bessel functions are tabulated in many books, f 
Electrical engineers frequently use the real and imaginary parts 
of which are denoted by the symbols lev and 

beinX, respectively, that is, 

x) = beVnX + i bei„x. 

There are also modified Bessel functions of the first kind, which 
are denoted in the literature by In{x). The commonly used 
notations for modified Bessel functions of the second kind arc 
F„(x), N„{x), H„{x). 

PROBXEMS 

1. Show that 

^Joix) = -Ji{x). 

2. Show that 



Note that r(n + 1) = »ir(n) and r(H) = Vv. 

3. Show that y = Jo(kx) is a solution of the differential equation 

+ y' + kHy = 0 . 

4. Show that 

rcY' + xy' + - n^)y = 0 ^ k 9^ Q, 

can be reduced to the form 

* See Byekly, W. E., Fourier Series and Spherical Harmonics, Sec. 120, 
p. 219. 

t Jahnke-Em:de, Funktionentafeln ; Byerly, W. E., Fourier Series arid 
Spherical Harmonics; Watson, G. N., Theory of Bessel Functions. 
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Hint: Set 2 = kx, and hence y' 


and 


6. Show that J-^(x) = . / — cos x, 


(iz dx ^ dz 



so that the general solution of 


Bessel’s equation with n = >2 is 

y = C\Jyi{x) 4- C2J -Yiix). 

6. Show that y = -v/x JnQ^x) is a solution of the equation 

Ax^y" + ( 4 W — 4 ?^^ + 1)2/ = 0. 

7. Show that y = x^Jn{x) is a solution of the equation 

xy'^ + (1 — 2n)y' xy = 0. 

8. Show that y = x~^Jn{x) is a solution of the equation 

xy" + ( 14 - 2n)y' + a;^/ = 0. 

101. Expansion in Series of Bessel Functions. It was pointed out 
in connection with the development of arbitrary functions in trigo- 
nometric series (Sec. 24) that the Fourier series development is only a 
special case of the expansion of a suitably restricted class of functions 
in series of orthogonal functions. It will be shown in this section that 
it is possible to build up sets of orthogonal functions with the aid of 
Bessel functions, so that one can represent an arbitrary function in a 
series of Bessel functions. 

It is shown in the treatises* on Bessel functions that the equation 
Jnix) = 0 has infinitely many positive roots Xi, X 2 , • • • , Xn, • • • , 
whose values can be calculated to any desired degree of accuracy. It 
will be established next that the functions 


\/xJn{'klX)j ^/xJn0^2X)j • • • , 's/xJnO^kX), * * • 

are orthogonal in the interval from x = 0 to a; = 1, so that 
(101-1) \/x Jn(\ix) * \/x Jn{\jx) dx = 0, iii 9^ j, 

The proof of this fact depends on the following identity, the validity 
of which, for the moment, will be taken for granted : 


(101-2) (X2 - jLt2) xJn(kx)JnifJX) dx 

= x[fiJn{\x)Jn(nx) — \Jn{y>x)JnQiX)]. 
* See the references given in the footnote, p. 335. 
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Let X == X; and m = Xi, where X» 9 ^ X/j then 

JJ V X JnO^iX) • \/« Jn(kjX) dx 

= - X;A(X.*)/n'(X,a:)J. 

vSetting z = 1 and remembering that J nO^i) = /h(X;) = 0 give the 
first part of the formula (101-1). 

In order to establish the second part, differentiate (101-2) partially 
with respect to X, and thus obtain 

(101-3) 2X xf„(Kx)Jn(iJut) dx + (\^ - M*) Jq x^J„(tix)JJilx) dx 

— x[fJLXJnQ<x)Jnif^x) — Jn{fJ^)dn0^x) — \xl n{tMX)J n" O^X)]. 

Set X = Ij X = At, and recall that if X is a root of J nix) = 0 then 
j^(X) = 0. Upon simplification of (101-3), one obtains the second part 
of the formula (101-1). 

In order to establish the identity (101-2), note that y = ^xJni\x) 
is a solution of the equation* 


4xY' + (4XV - 4712 + l)y = 0. 


Setting u = \/x Jn(\x) and v = \/'x Jnifxx) gives the identities 


and 


4x^u" + (4X2a;*- - 4^2 + 1)7^ = 0 


4x'v" -f {4ijlV — 47i2 -|- 1)?; = *0. 


Multiplying the first of these by v and the second by u and subtracting 
furnish the identity 

— (X 2 — jjL^)uv = u^'v — v"u. 


The integration of both sides of this identity, between the limits 0 and 
X, yields 


— (X2 — iP) uvdx - iu"v — v"u) dx 

“ " fo " [‘'Ho " So 

= u'v — 

Recalling the definitions of u and v gives the desired identity (101-2). 
Since the formula (101-1) is established, it is easy to see that if fix) 
* See Prob. 6, Sec. 100. 
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has an expansion of the form 

00 

fix) = 2) a,M\ix), 
i = l 

which can i>e integrated term by term, then* 

2 xfix)J„(Kix)dx 

[X7(xop 

The most common use of this formula is in connection with the expan- 
sion of functions in a series of Bessel functions of order zero. 


PROBLEMS 

d 

1. Show that ^ [xJi(x)] = xJo(x). 

2. Show that /(x) = l, 0<a:<l, when expanded in a series of 
Bessel functions of order zero, gives 

2iJ o(Xiic) 2J qQ^2x) I 2J o(Xnx) 

^ ■" Xi/i(Xi) XaJiCXs) + • • ■ + \J\(M + ' ‘ ‘ • 


Hint: Make use of the results of Prob. 1 above and Prob. 1, Sec. 100. 

3. Show that 


and 


4. Show that 


and 


^ [x^Ja{x)] = 

^ [a;-^/„(a;)] = -x-^Jn+i{x), 


6. Show, with the aid of the formulas of Prob. 3, that 


and 


d 

Jn-l(x) J n+l(x) — ^ 


+ /„+!(*) = ^ 

X 


* See Sec. 24. 



342 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §102 
6. Expand in a power series in h to obtain 

J('-0 = A.h«, 

n = — w 

and show that An — •/n(a;), so that 

= [Jaix) + hJi(x) + A'VsCj:) + • • ■ + h’Mx) + • ■ • ] 

+ [h-'J.^(x) + h-^J.Ax) + • • • + h--JUx) +■••]. 

102. Legendre’s Equation.* The equation 

(102-1) (1 - ^ ^ + I)?' = 0> 

w'here is a constant, occurs frequently in practical investigations 
when spheiical coordinates are used. One of the many uses of 
this equation in practical problems is indicated in the next 
chapter in connection with a study of the distribution of temper- 
ature in a conducting sphere. 

Assume, as in Sec. 100, that 

(102-2) y = aoO'"' + ^ ^ 

is a solution of (102-1). Then, 

d^v 

^ = m(m — l)aoa:”'“=^ (m -j- l)mairr"'“^ 

H- (m + 2)(m + l)a2a;^' + * * ' 

+ (m + k)(m + A; — + * * * , 

— = — m(m — l)aoa*”' . 

— (m + k — 2)(m + k — 3)afc_2ic”»+*”2 _ . , . ^ 

--2a: — = — 2waoa:’" ^ . . . _ 2(m + k — 

n(n + l)y = n{n + l)aox’^ + * * • + n(n + 

Adding these expressions and equating to zero the coefficients 
of * • * , give the system of equations 

* A, M. Legendre (1752-1833), an outstanding French analyst who made 
many brilliant contributions to the theory of elliptic functions. 
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il02 


m{m — l)ao = 0, 
m{m + l)ai = 0, 


(m + h){m + A; — !)«* 

+ (n-‘m — fc + 2)(n + m + A; — l)aic -2 = 0. 


In order to satisfy the first of these equations, m can be chosen as 
either 0 or 1. If m == 1, the second equation requires that 
ai ^ 0. For m = 0 the coeflBicient of gives the recursion 

formula 


CLk 


(fi — k 2i){n k — 1 ) 

k(k - 1) 




from which, in a manner analogous to that employed in Sec. 100, 
the coefficients a 2 , as, a 4 , • • * can be determined. If m = 0, 
the second of the equations of the system allows a i to be arbitrary. 

If the values of the coefficients in terms of no and ai are sub- 
stituted in (102-2), the following solution is obtained: 


(102-3) y 


= no 1 


n(n -i- 1) , n{n — 2)(n + l)(n + 3) 




2! 


4! 


+ tti 


_ (n - l)(rt + 2) 
a: . 3 ! a: 


(n - l)(n - 3)(n + 2)(n + 4) 

+ _ a; _ 


It is readily shown by means of the ratio test that for non- 
integral values of n the interval of convergence of the series in 
(102-3) is ( — 1, 1). Moreover, since the first sexies in (102-3) 
represents an even function and the second series represents an 
odd function; the two solutions are linearly independent. The 
sum of the two series, each multiplied by an arbitrary constant, 
gives the general solution of (102-1), which is certainly valid if 
|a;| < 1. It can be verified directly that the choice of m = 1 does 
not lead to a new solution but merely reproduces the solution 
(102-3) with ao = 0. 

An important and interesting case arises when n is a positive 
integer. It is clear that, when n is an even integer, the first series 
in (102-3) terminates and reduces to a polynomial, whereas, when 
n is an odd integer, the second series becomes a polynomial. If 
the arbitrary constants ao and ai are so adjusted as to give these 
polynomials the value unity when a: = 1, then the following set 
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of polynomials is obtained; 


Po{x) = 1. 
Plix) = X, 


P,(x) = - I 

Ps(x) = I - I X, 
o/n_7-5, o5-3,, 

Pi(x) — 4 . 2 ^ ^4-2^ 

Ty / \ 9*7 e f.7'6 31 

P 6 (a^) = ~ 2 a: + 


3 • 1 
4*2' 


5*3 

4*2 




where the subscripts on P indicate the value of n. Clearly, each 
of these polynomials is a particular solution of the Legendre 
equation in which n has the value of the subscript on P. These 
polynomials are known as Legendre polynomials. They are 
frequently used in applied mathematics. Very often, they are 
denoted by P«(cos 0 ), where cos ^ = a:, so that, for example, 

5 3 

Pz{cos ^ 2 ^ 2 


The values of the Legendre polynomials (sometimes called surface 
zonal harmonics) are tabulated* for various values of x. 


A solution that is valid for all values of x outside the interval ( — 1, 1) 
can be obtained by assuming it to have the form of a series of descending 
powers of x. A procedure analogous to that outlined above leads to 
the general solution of the form 


n(n - 1 ) 

^n -2 


, n{n — l)(n ~ 2){n — 3) 
2-4(2n - l)(2n - 3) 


+ 


y - ao 2(2n - 1) 

n{n — l)(n — 2)(n — 3)(n — 4){n — 5) 

2 ■ 4 • 6(2« - l)(2w - S){2n - 5) 

+ a, Tx-"-! 4- + ^) a.-n-s 

4- ffli + 2 • (2n + 3) ® 

(n + l)(n + 2)(« + 3)(ra + 4) 

2 • 4(2n + 3){2n + 5) ® 

(n + 1)(» + 2)(w + 3)(n + 4)(w + 5){n + 6) 

2-4-6(2n + 3)(2n + 5)(2n + 7) 

which is valid for |a;| > 1, and where n is a positive integer. 


x-n-7 


*See Jahnke, E., und E. Emde, Funktionentafeln; Byerly, W. K., 
Fourier Series and Spherical Harmonics. 
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It will be shown next that the Legendre polynomials are orthogonal 
in the interval from — 1 to 1, so that they can be used to represent a 
suitably restricted arbitrary function defined in the interval ( — 1, 1). 
Note that (102-1) can be written in an equivalent form as 

^ [(1 - x^)y'] + n(ri + l)y = 0, 

and let Pm{x) and Pn{x) be two Legendre polynomials. Then, 

^ [(1 - x^)PJ{x)] + m(OT + l)P„(a:) = 0 

and 

£ [(1 - x^)Pn'ix)] + n(n + 1)PM = 0. 

Multiplying the first of these identities by Pn(x) and the second by 
Pm{x) and subtracting give 

PUx) ^ [(1 - x2)P„'W] - Pnix) ^ [(1 - x^)PJix)] 

+ (n — m)(n + m + l)Pm{x)Pn(x) = 0. 

Integrating both members of this expression with respect to x between 
the limits —1 and +1 gives the formula 

Jh i ^ - /_\ Tx ^ 

+ (n — OT)(n + TO + 1) P^{x)Pn(x) dx = 0. 

The application of the formula for integration by parts to the first two 
integrals reduces this formula to 

(n — m)(n -h m + 1) Pmix)Pnix) dx = 0. 

Therefore, 

fli Pm(,x)Pn(x) da? = 0, if m n, 

so that the Legendre polynomials are orthogonal. 

It can be shown that 

The derivation of this formula is somewhat tedious and will not be 
given here.* 

*See Whittaker, E. J., and G. N. Watson, Modern Analysis, p. 306; 
MacRobert, J. M., Spherical Harmonics; Byerly, W. E., Fourier Series 
and Spherical Harmonics, p. 170. 
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Consider next a function /(re) that is defined in the interval ( — I, 1), 
and assume that it can be represented by a series of Legendre 
polynomials 

00 

(102-4) fix) = ^ aj^nix) 

» =0 

that can be integrated term by term. It follows immediately from 
Sec. 24 that the coefficients in the series (102-4) are given by the 
formula 

a» = J^^f(x)Pn(x) dx, (n = 0 , 1 , 2 , • • • ). 


PROBLEMS 


1. Show that the coefficients of A" in the binomial expansion of 

(1 — 2xh + are the Pn{x). 

2. Verify that 


P.{x) 


1 d”’ 


2«?i! dx^ 


; - 1 ) 


n 


by computing Pn{x) for n = 0, 1, 2, 3. 

3. Expand fix) = 1 + a; — in a series of Legendre polynomials. 

4. Show that 

Piuix) = P%n{—x) 

and 

Pin^xix) = -P^n^li—x), 

5. Show that 


P2n(0) 


(- 1 )” 


1 • 3 • 5 • • • (2n - 1) 
2 • 4 • 6 • • • 2n 


and 

P2n+l(0) = 0. 

6. Show, with the aid of the formula 

00 

(1 - 2xh + ^ h^Pnix) (see Prob. 1), 

71 *=0 

that 

P„(l) = 1 

and 

P«(->1) = (-!)«. 


103. Nmnerical Solution of Differential Equations. The 

method of infinite series solution of ordinary differential equations 
affords a powerful means of obtaining numerical approxima- 
tions to the solutions of differential equations, but its useful- 
ness is limited by the rapidity of convergence of the series. 
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Many differential equations occurring in physical problems 
cannot be solved with the aid of the methods discussed in this 
chapter, and one is obliged to resort to numerical methods. 
Only one of these methods, which was developed by the French 
mathematician E. Picard, is outlined in this section. * 

Consider the problem of finding that particular solution of the 
equation of first order, 

(103-1) ^ = fix, y), 

which assumes the value yo when x = Xo. If both members of 
(103-1) are multiplied by dx and the result is integrated between 
the limits xq and x, one obtains 

or 

(103-2) y==yo+ CfCx, y) dx. 

Jxo 

This is an integral equation, for it contains the unknown function 
y under the integral sign. 

Since the desired integral curve passes through (xo, yo), assume 
as a first approximation to the solution of (103-2) that y, appear- 
ing in the right-hand member of (103-2), has the value yo- Then, 
the first approximation to the solution of (103-2) is 

yi{x) = 2/0 + p/(a:, yo) dx. 

•fXO 

Performing the indicated integration gives 2/1 as an explicit 
function of x, and substituting yi(x) in the right-hand member 
of (103-2) gives the second approximation, namely 

y^ip^) = 2/0 + \ 2/iW] dx. 

The process can be repeated to obtain 

ysix) = yo+ I f[x, y 2 ix)] dx, 

t/Xo 

and so on. It is clear that the nth approximation has the form 
Vnix) = yo+ if [ 3 :, l/n-l(3:)] dx. 

Jxq 

* For other methods see Bennett, Milne, and Bateman, Numerical Inte- 
gration of Differential Equations, Bulletin of National Research Council^ 
1933. 
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The functions yiix), y^ix), • • • , Vnix) all take on the value 
2/0 when x is set equal to Xo, and it may happen that the successive 
approximations y\{x), yi{x), • • • , 2/«(x) improve as n increases 
indefinitely; that is, 

lim 2/n(x) = y{x), 

n—^ 00 

where y{x) is the solution of Eq. (103-1). It may be remarked 
that, in order to establish the convergence of the sequence of 
approximating functions, it is sufficient to assume that /(x, y) 
and df/dy are continuous in the neighborhood of the point (xo, 2/0) • 
Despite the fact that these conditions are usually fulfilled in 
physical problems, the convergence may be so slow as to make 
the application of the method impracticable. The usefulness of 
the method is likewise limited by the complexity of the approxi- 
mating functions. In many instances, it may be necessary to 
make use of numerical integration in order to evaluate the 
resulting integrals. * 

The method just outlined can be extended to equations of 
higher order. 

As an illustration of the application of the method to a specific prob- 
lem, let it be required to find the integral curve of the equation 

2/' = 2x -f 2/2, 

passing through (0, 1). 

Then (103-2) becomes 

(103-3) y ^ ^ jo {2x + y^) dx, 

and substituting y = 1 in the integrand of (103-3) gives 


yi 

= 1 + 

j 

C(2x + 1) 

dx = 1 -h X -h x\ 

Then, 





= 1 + ^ 

fj[2x + (l 

+ X -j- x^y] dx 


= 1 +a 

: + 2x2 -b X 


and 




2/3 

= 1 + 

fo + 

+ x + 2x'^ + x^ + dx 


=^l+x + 2x^ + Hx^ + -b 74x^ + 

+ Hox^ + + HibX^K 

Even though the integrations in this case are elementary, the process 
of computing the next approximation is quite tedious. As a matter of 
* See Sec. 167. 
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fact, in this case one can obtain the desired solution more easily by the 
method of infinite series. 

Thus, assuming 

00 

2 / = ^ o„a;» 

n = 0 


and applying the method of Sec. 98 lead to the solution in the form 


= Uo + CLq^X + (uo'^ + + 


3^0^ “b 2 ( 1(1 


+ 


6ao^ + 5ao^ 
6 • 


, 5ao® + 5ao® + 1 , , 
+ S + 


Since the integral curve must pass through (0, 1), it follows that ao = 1, 
and the desired solution is 


y = l+ x + 2x^ + Hx^ + iHx^ + ‘ . 

This agrees with the solution obtained by Picard^s method up to the 
terms in x*, 

PROBLEM 

Find, by Picard's method, solutions of the following equations: 

(а) y' = through (1, 1); 

(б) y' ^ X - y^ through (0, K); 

(c) ^' = 1 + 2 /^ through 1^ ; 

(d) ^ x + y through (1, 1). 



CHAPTER VIII 


PARTIAL DIFFERENTIAL EQUATIONS 

104. Preliminary Remarks. An equation containing partial 
derivatives has been defined in Sec. 67 as a partial differential 
equation. This chapter contains a brief introduction to the 
solution of some of the simpler types of linear partial differential 
equations which occur frequently in practice. It will be seen that 
the problem of solving partial differential equations is inherently 
more difficult than that of solving the ordinary equations and 
that Fourier series, Bessel functions, and Legendre polynomials 
play an important part in the solution of some of the practical 
problems involving partial differential equations. 

It was stated in Sec. 68 that the elimination of n arbitrary 
constants from a primitive f{x, y, Ci, C 2 , • • * , Cn) leads, in 
general, to an ordinary differential equation of order n. Con- 
versely, the general solution of an ordinary differential equation 
has been defined to be that solution which contains n arbitrary 
constants. In the next section, it is indicated, by some examples, 
that one is led to partial differential equations by differentiating 
primitives involving arbitrary functions, and it follows that 
partial differential equations may have solutions which contain 
arbitrary functions. However, it is not always possible to 
eliminate n arbitrary functions from a given primitive by n 
successive differentiations, and the temptation to define the 
general solution of a partial differential equation as the one con- 
taining n arbitrary functions may lead to serious difficulties. 

In some important cases of linear partial differential equations 
with constant coefficients, treated in Sec. 107, it is possible to 
obtain solutions that contain the number of arbitrary functions 
equal to the order of the differential equation, and the term 
general solution is used in this chapter only in connection with 
such equations. With the exception of the linear partial differen- 
tial equations of the first order and of certain important types of 
linear equations of the second order, no extensive theory of the 
nature of solutions has been developed so far. 

350 
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Just as in the case of the ordinary differential equations, the 
solution of a practical problem can be obtained by eliminating 
the element of arbitrariness with the aid of the initial or boundar^^ 
conditions. In practical problems the boundary conditions 
frequently serve as a guide in choosing a particular solution, 
which satisfies the differential equation and the boundary con- 
ditions as well. 

105. Elimination of Arbitrary Functions. Consider a family of 
surfaces defined by 

Z y), 

where / is an arbitrary function. 

If the argument of / is denoted by s, then 

z = f{x -\r y) = /(s) 

and 

dz _ df ds 
dx ds dx 

Since s — x + it follows that 
(105-1) || = fix -I- y), 


where /'(ic + y) denotes the derivative of /(a: + y) with respect to 
its argument x + y. Similarly, 

(105-2) 

Subtracting (105-2) from (105-1) leads to the partial differential 
equation of the first order 


dz 

dx 



whose solution, clearly, is z = f(x y). 
If 


then 



— — ^ — 
dx ” ds dx 


dy ds dy 


where s == y/x. 


and 
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Denoting df/ds by f'(y/x) and substituting the values of 
ds/dx and ds/dy give 



from which/ ( 2 / /x) can be eliminated to give 


dz , dz ^ 

X h V -r- = 0. 

dx^ ^ dy 


Again the result is a partial differential equation of the first order. 
On the other hand, if 

2 = fiix) + fiiy), 


where fi(x) and /(^z) are arbitrary functions, differentiations 
with respect to x and y give 


|=/((x) and fy=m. 

If the first of these relations is differentiated with respect to y, 
a partial differential equation of the second order results, namely, 


Bx By 

Differentiation of the second relation with respect to x wiU lead 
to the same equation, for the derivatives involved are assumed 
to be continuous. 

Another example, which is of considerable importance in the 
theory of vibrations, will be given. Let 


z = Si{x + at) +Mx — at). 

If X + at = r and x — at = Sj then 

z^=fi{r) +f2(s) 

and 

^ ^ d(/i +/2) ^ , B(fi +/) ^ 
Bx Br Bx Bs Bx 

= fi(x + at) +fi(x - at). 


Similarly, 

( 105 - 3 ) 


^,-mx + at)+mx^at). 
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Eliminating + at) and — at) from (105-3) and (105-4) 
gives 


dH 2 dH 
at^ ~ “ ax^’ 


regardless of the character of fi and/ 2 . This partial differential 
equation is of primary importance in the study of vibration and 
will be considered in more detail in Secs. 106, 108, and 109. 

106. Integration of Partial Differential Equations. This sec- 
tion contains two examples illustrating integration of partial 
differential equations. 

Let the differential equation be 


(106-1) 


dh 
dx dy 


= 0 . 


Integration with respect to y gives 


(106-2) 


dz 

dx 


= fix), 


where f{x) is arbitrary. If (106-2) is integrated with respect to 
Xj then 

2 :' = / f{x) dx + (p{y) 

= 'Pix) + (p{y)y 


where ^ and cp are arbitrary functions. 
Consider next 


(106-3) 


6 % d^z 
dt^ ^ 


Change the variables in this equation by setting r = x + at 
and s = X — at 80 that z becomes a function of r and s. Then 
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and since dr/dx = 1 and ds/dx = 1, it follows that 


and 

(106-4) 


dH 

dx^ 


Similarly, 


^ ^ _L ^ 

dx dr ds 

dr d^z ^ I ^ I 
\dr^ dx dr ds dx ds^ dx ds dr dx) 

dr^ ^ dr ds ds2* 

Jt ~dr~dl‘^ JsJV 


and since dr/dt = a and ds/dt = —a, it follows that 


dg dz dz 

di dr ds 


Differentiating this with respect to t gives 


(106-5) 


d^g 

di^ 


dHdr , 

a2|!? - 2a« 
dr^ 


dH ds dH ds 
dr dsm ~ 

dTTs'^'^W 


dh ^ 

ds dr dt 


Substituting (106-4) and (106-5) in (106-3) gives the equation 


d^g 
dr ds 


= 0, 


which is of the type (106-1), whose solution was found to be 
z = \{/(r) -f <p(s)j where \l/ and <p are arbitrary. Recalling that 
r = x + at and s = a; — a^, it is seen that 

(106-6) g = \(^{x -j- at) -f- <p{x — at), 

which is the solution in terms of the original variables. If in 
this solution yp and ip are so chosen that 

yp{x + at) ^ A sin k(x + at), 

<p(x -- at) ^ A sin k(x — at), 

where the variable t is thought to represent the time and x is the 
distance along the a;-axis, then the first of these equations repre- 
sents a sinusoidal wave of amplitude A and wave length X = 27r/fc 
which is moving to the left with velocity a, whereas the second 
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expression represents a similar wave moving with velocity a to 
the right (see Fig. 92). This can best be seen by recalling that the 
replacement oi xhj x — at in z fix) shifts the curve at units 
in the positive direction of x and that the substitution oi x + at 
for X translates the curve z = fix) at units in the opposite direc- 



tion. Since t is a continuous variable representing the time, 
it is clear that the expression 

A sin kix — at) 

states that the sinusoid 

z = A sin kx 

is advancing in the positive direction of the a;-axis with the 
velocity a. The period of the wave 

2 = A sin kix — at) 

is defined as the time required for the wave to progress a distance 
equal to one wave length, so that 

X = aT 
or 

r = — = 
a ka 

Consider next the wave resulting from the superposition of the 
two moving sinusoids A sin kix — at) and A sin kix + o£). 
Then, 

2 = A sin kix — at) A- A sin kix + at) 

= A (sin kx cos kat — cos kx sin kat) 

•+■ A (sin kx cos kat -h cos kx sin kat) 
or 

(106-7) z = (2 A cos kat) sin kx. 

The expression (106-7) is frequently referred to as a standing 
wave, because it may be thought of as representing a sinusoid 
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sin kx whose amplitude 2A cos kat varies with the time t in a 
simply harmonic manner. Several curves 

z = 2A cos kat sin kx 

are drawn in Fig. 93 for various values of t. The points 

a- = (n = 0, 1, 2, • • • ), 

are stationary points of the curve and are called nodes. 

Inasmuch as (106-7) is obtained from (106-6) by making a 
particular choice of \p and <p, it satisfies the differential equation 



(106-3), whatever be the values of A and k. This fact is of great 
importance in the discussion of Sec. 108. 


PROBLEMS 

1. Form partial differential equations by eliminating arbitrary 
functions. 


(a) z fix - 2y) + Zx + Ay, 
ih) z = fix^ + 2 /^ + ^2). 

Note that = fix^ A- (2x 4- 2z 

(c) z = e^fiy - x). 
id) z = fiix)f 2 iy). 

2. Prove that z = fiix A- iy) + / 2 (a; — ^V) is a solution of 


dx^ dy^ “■ 


3. Form partial differential equations by eliminating the arbitrary 
functions, in which x and t are the independent variables. 

(a) z = fiix — 20 -A f 2 ix H- 20; 
ih) z ^fix-t + z); 

(c) z = flix -H 20 + hix + 30 ; 



§107 


PARTIAL DIFFERENTIAL EQUATIONS 


357 


(d) z = xfi(x + t) +Mx + t); 

(e) X =/i (2 + x) +Mt); 

(/) 2 = fi{x — t) + xfi{x — t). 


4. Show that z = i{aiy — a^x) is a solution of the equation 




+ = 0, 


where ai and ao are constants. 

5. Verify that z = fi{y + 2x) and z — f^iy — 3a:) satisfy the equation 
d^z d^z d^z 


and hence deduce that z = fi(y + 2x) + f 2 (y — 3x) is also a solution of 
the equation. 

6. Show that 


2 = fi(y - + ^hiy - ix) + My + ix) + 0 / 4 ( 2 / — ix) 

is a solution of the equation 


dx^ ^ dx^ dy^ dy^ 


= 0 , 


provided that P = — 1. 


107. Linear Partial Differential Equations with Constant 
Coefl5.cients. A linear partial differential equation with constant 
coefficients that often occurs in applications has the form 


(107-1) 


d^‘'Z d'‘'Z 

dy‘- 


b^z b^z 


0 . 


Frequently, such equations are called ^^homogeneous’' because 
they involve only derivatives of the nth order. 

This equation can be solved by a method similar to that 
employed in solving an ordinary linear equation with constant 
coeiKcients. Introduce the operators 


DJ- 




and 


Ds = 


b^ 


dx^ ^ by^ 

with the aid of which (107-1) can be written as 

(107-2) (aoD? + aiDf-^D^ + + • • • 

-h + anDf)z = 0. 
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It is readily established* that the operators Di and D 2 formally 
obey the ordinary laws of algebra, so that one can deal with 
differential operators of the form 

L{Di, D 2 ) - ao-D? + aiDr^D2 + • * * + 

just as one would with polynomials in the two variables Di and 
D 2 . Accordingly, the left-hand member of (107-2) can be 
decomposed into a product of n linear factors, so that (107-2) 
reads 

(107-3) {pilDi -h ^lD2)ioc%Dl + ^ 2 -^ 2 ) * * * {oLnJ^l + = 0, 

where the quantities ai and A*, in general, are complex numbers. 
Now the system of equations 

(ojijDi -f- = 0, (^ = 1, 2, • • * , n), 

or 

(107-4) ~ (^* ~ ^^ * * * ? 

can be readily solved. It is easy to verify that 
2 = Fi{a^y — fiix), 

where Ft is an arbitrary function, is a solution of (107-4). Con- 
sequently,! the solution of (107-3) can be wnitten in the form 

(107-5) 2 = Fiiaiy - ^ix) + ^ 2 ( 0122 / - M + ’ ’ * 

-f Fn{any — ^nX). 

If the linear factors appearing in (107-3) are all distinct, the 
solution (107-5) contains n arbitrary functions and will be called 
the general solution of (107-1). 

If the ai in (107-3) are all different from zero, one can write 
(107-3) as 

(107-6) (Di - miD2){Di - mJD^) • • • (Di - rrinD^z = 0, 

where mi = (^ = 1, 2, • • • , 7^). In this case, (107-5) 

assumes the form 

(107-7) 2 = Fi{y + mix) + F^iy + m^x) + * ’ * 

+ Fn{y + rrinx). 

If some of the factors in (107-6) are alike, then the number of 
arbitrary functions in (107-7) will be less than n, but it is easy 

* See the corresponding discussion in Sec. 87. 
t See the corresponding case in Sec. 88. 
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to see that the equation 

(Di — mD^Yz = 0 

has the solution 

z = Fi(y + mx) + xF 2 {y + mx) + * • • + x^'-^Friy + mx). 

Consequently, one can obtain a solution of (107-6) that contains 
the number of arbitrary functions equal to the order of the 
differential equation even in the case when some of the factors 
in the left-hand member of (107-6) are not distinct. 

As an illustration, consider the equation, which frequently 
occurs in the study of elastic plates, 

^ I g _L ^ = 0 

dx^ dx^ dy^ dy^ ’ 
or 

{Dt + 2D\Dl Dt)z = 0. 

The decomposition into linear factors gives 

(Z)i — iD^{I)\ -f- iD^iDi — iD^z = 0, 

where It follows that the general solution of this 

equation has the form 

z = Fi{y - ix) + xF^iy — ix) -f- Fz{y -f ix) -f- xF^{y -f- ix). 

If the right-hand member of (107-1) is a function /(x, ?/), then 
the general solution of the equation is 

2 = ^{x, y) -f u{x, y), 

where u{x, y) is a particular integral and ^{x, y) is the general 
solution of the related homogeneous equation. The determina- 
tion of particular integrals of the equation 

(107-8) L{Dij D 2 )z = /(x, y) 

can be made to depend on the calculus of operators* as was done 
in Sec. 89. In many cases the particular integral can be obtained 
by inspection. If /(x, y) is a homogeneous polynomial of degree 
kj then the particular integral has the form 

(107-9) z = cox*+" + -f • • • -f Ck+ny^'^^'j 

in which the coefficients Ci can be determined by substituting 
(107-9) into (107-8) and comparing the coefficients of the corre- 

*See, for example, M. Morris and O. Brown, Differential Equations, p. 
294; A, Cohen, Differential Equations, p. 275. 



360 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §107 


spending terms of the resulting equation. 

As an example of this, consider 

which can be written as 

{DP + DiDi - = ex% 

or 

(Di - 2D2)iDi + ZD2)z = Qx^y. 

Assume the particular integral in the form 

(107-11) z = cqx^ + Cix^y + C 2 X^y^ + c^x^y^ + C 4 xy^ + Csy^^ 

Substituting (107-11) in (107-10) gives 

(20co + 4ci - 12c2)a;3 (12ci + 6c2 - ZQcz)x^y 

+ (6c2 + 6c3 - 72c^)xy^ + (2c3 + 4c4 - 120c5)y^ = i^x^y. 

Hence, equating the coefficients of like terms on both sides of this 
equation gives 

5co + Cl — 3 c2 ~ 0, 

12ci + 6 c 2 — 36c3 = 6, 

C2 Ca — 12 c 4 = 0, 

C3 + 2C4 - 60C6 == 0. 

This system of four equations in six unknowns can always be solved. 
Writing it as 

Cl — 3C2 + 0C3 + 0c4 = — 5co, 

2ci + C2 — 6 c 3 + 0c4 = 1, 

Oci “H C2 “1“ C3 — 12c4 = 0, 

Oci -f- 0c2 “b C3 H" 2c4 ~ 60c6, 


and solving for ci, C2, cs, and C4 in terms of co and cs give a two-parameter 
family of solutions, 

-65co + 6480 c5 + 21 

<^1 = 55 ’ 

70co 4- 2 I 6 OC 5 -I- 7 

55 > 

— lOco “{" 252OC5 — 1 

56 ’ 

780c 8 + lOco -h 1 

~ no 


Setting Co = cs = O and substituting the values of the coefficients in 
(107-11) give a particular integral of (107-10) in the form 
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u{x, y) = - H5^V + Mio^2/^* 

Therefore the general solution of (107-10) is 

« = Fi{y + 2a;) + F^iy — 3a;) + u{x, y), 
where Fi and F 2 are arbitrary functions. 


PROBLEMS 

1. Find the general solutions of 
dH dh 


d^z 


dh dH 
dx By ^ dy’^ ' 


b^z 


bH bH ^ 
bx by by"^ ’ 


b^z b^z 


3% 

'^^dxdy 


+ ^=0 
+ dy‘ 


2. Find the particular integrals for the following equations : 
b^z b^z b^z 


3 % dh 


b^z 

bx by ^ by^ — V + 


Hint: Obtain the particular integral for/(a;, y) = y^ and for/(a;, y) — x 
and add the solutions. 


bH 


x + y] 


108. Transverse Vibration of Elastic String. Consider an 
elastic string or wire of length I stretched between two points on 
the x-axis that are I units apart, and let it be distorted into some 
curve whose equation is ^ == f(x) (Fig. 94). At a certain instant, 
say t = 0, the string is released from rest and allowed to vibrate. 
The problem is to determine the position of any point P of the 
string at any later time t. It is assumed that the string is per- 
fectly elastic and that it does not offer any resistance to bending. 

The resulting vibration may be thought of as being composed of 
the two vibrations : 
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a. Transverse vibration, in which every particle of the string 
moves in the direction of the ^/-axis ; 

h. Longitudinal vibration, in which every particle oscillates 
in the direction of the x-axis. 

It is tolerably clear that, if the stretching force T is large com- 
pared with the force of gravity, then the horizontal component 
of tension in the string will be sensibly constant. Therefore the 
displacement of the point P in the direction of the a;-axis can be 
neglected compared with the displacement of P in the ^/-direction. 
In other words, the longitudinal oscillation of the string con- 
tributes so little to the resultant vibration that the entire vibra- 
tion may be thought to be given by considering the transverse 
component-vibration . 



The relation connecting the coordinates of the point P with 
the time t can best be stated in the form of a differential equation. 
Thus, denote the length of the segment of the string between the 
points P{x, y) and Q{x + Ax, y + Ay) by As, and let the tension 
at P be r and at Q be P + AT. In view of the assumption 
stated above, the horizontal components of tension at P and Q 
are nearly equal so that the difference AT of the tensions at the 
ends of the segment As is taken as equal to the difference between 
the vertical components of tension at Q and P. The vertical 
component of tension at P is 

and the vertical component of tension at Q is 

If it is assumed that the transverse displacement of the string 
is so small that one can neglect the square of the slope of the 
string in comparison with the slope byjbx, then the sine of the 
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angle can be replaced by the tangent,* and the resultant of 
the forces at P and Q is 

r . 

\ dx/ x+Ax \ dx / X 

By Newton’s second law, this resultant must equal the mass of 
the element of the string of length Ax multiplied by the accelera- 
tion in the direction of the ^/-axis. Hence, 

where p is the mass per unit length of the string and (d^y/dt^)x' 
denotes the acceleration of the element PQ of the string. 
Dividing both sides of (108-1) by p Ax reduces it to 



and passing to the limit as Aa:~^0 gives 


(108-2) 


dP 


a2 


dx^' 


where = T/p. 

The solution of (108-2) was found in Sec. 106 to be 
y ^|/{x + at) + <p(x - at), 


where V' and <p are arbitrary functions. These functions must 
be so chosen that, when t = 0, 

y = tA(^) + <p{^) 


represents the equation of the curve into which the string was 
initially distorted. Furthermore, the string was supposed to 
have been released from rest, so that dy/dt = 0 when ^ == 0. It is 
beyond the scope of this book to prove that these boundary 
conditions suffice for the unique determination of the functions 


* Note that 


ds 


sin 6 


tan 6 

Vl + tan* 9 



dy 

dx 



364 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §109 


f and <p. It will be shown in the next section how the solution 
of this problem is obtained with the aid of Fourier series. 

109. Foruier Series Solution. In the preceding section, it was 
established that the transverse vibrations of an elastic string are 
defined by the equation 


(109-1) 



d^y 

dx^’ 


and in Sec. 106 it was shown that a particular solution of this 
equation is given by 

(109-2) y = 2A cos kat sin kz 

for arbitrary values of A and k. Moreover, it is clear that the 
sum of any number of solutions of the type (109-2) will satisfy 
(109-1). 

Now, suppose that the string of length I is distorted into some 
curve y = f(x), and then released without receiving any initial 
velocity. The subsequent behavior of the string is given by 
Eq. (109-1), the solution of which must be chosen so that it 
reduces to y = f{x) when t = 0. In addition to this condition, 
dy/dt = 0 when t = 0, for, by hypothesis, the string is released 
without having any initial velocity imparted to it. Furthermore, 
since the string is fixed at the ends, t/ = 0 when x = 0 and when 

X = 1. 

Consider the infinite series 


, vot . vx . 2jrcit . 2 tx 

(109-3) y = ai cos -j- sm-j- + as cos — ^ sin -j- 

, Zirat . Svx , 

-b Os cos —j— sm — b 


each term of which is of the type (109-2), where k has been chosen 
so that each term reduces to zero when x = 0 and when x = 1. 
When t = 0, the series becomes 

(109-4) ai sin -b <12 sin — j — b 03 sin — j — b ' • • • 


If the coefficients o„ are chosen properly, (109-4) can be made to 
represent the equation y = f(x) of the curve into which the 
string was initially distorted; for a function f(x), subject to 
certain restrictions,* can be expanded in a series of sines (109-4) 
* See Sec* 20. 
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and the coefficients are given by 

( 109 - 5 ) ~ r Jo 


It is readily verified that the derivative of (109-3) with respect 


to t satisfies the remaining 
when i = 0. Hence the infi- 
nite series (109-3), where the 
values of an are given by 
(109-5), gives the formal solu- 
tion of the problem. 

Illustration, If the initial dis- 
tortion of the string (Fig. 95) is 
given by 


boundary condition, dy/dt = 0 



y = jx, 0 <a;< 2 » 

y=-ya;-l- 26 , 


then the solution of the problem is readily found to be 

86/1 . TX irat 1 . Zttx Zmt , 
2/ = -2 cos — - 32 sin — cos— + 



PROBLEMS 

1 . Carry out solution of the problem given in the illustration, Sec. 109. 

2. A taut string of length Z, fastened at both ends, is disturbed from 
its position of equilibrium by imparting to each of its points an initial 
velocity of magnitude f{x). Show that the solution of the problem is 


= - X (-®i 

aTT \n 


mrx . meat 
sin — r- sm —r- 
n I I 


fO^) sin ^ <i\)- 


Hint: The schedule of conditions here is: 


(а) y = 0 , when t = 0 ; 

( б ) ^ = fix), when t = 0 ; 

(c) 2 / = 0 , when a; = 0 ; 

(d) y — 0, when x = I, 


Observe that 


. mrx . mrat 
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satisfies conditions (a), (c), and (d), and build up a solution by forming 


, . mrx . 

^ An sm -y- sin 

n. = l 


mrat 

~ 


and utilizing condition (6). 

3. Show that the solution of the equation of a vibrating string of 
length Z, satisfying the initial conditions 


Sy 

y = f(x)j when t = 0, and ^ = g{x), when t = 0, 
is 

S . mrx mrat , 'A , . mrx . mrat 

a« sm -y- cos h On sm -y sm — y-) 

7i=l » = i 

On = yJI fix) sin ^ dx 
2 r* riTX , 


where 

and 


4. The differential equation of a vibrating string that is viscously 
damped is « 


^ da;2 



Show that the solution of this equation, when the initial velocity is 
zero, has the form 


y = ^ ane-^^ [^sin ^cos aj + ^ sin j. 


where 


nVrP 


— 6^ and = f Jo 




5. Show that the differential equation of the transverse vibrations of 
an elastic rod carrying a load of p(x) lb. per unit length is 


d^y _ pM _ ^ 

dx* ^ El ^ dP ' 


where E is the modulus of elasticity, I is the moment of inertia of the 
cross-sectional area of the rod about a horizontal transverse axis through 
the center of gravity, and m is the mass per unit length. 

Hint: For small deflections the bending moment M about a horizontal 
transverse axis at a distance x from the end of the rod is given by the 
Euler formula M — El d^y/dx^^ and the shearing load p{x) is given 
by d^M/dx^ = p{x). 



§110 


PARTIAL DIFFERENTIAL EQUATIONS 


367 


6. Show that the small longitudinal vibrations of a long rod satisfy 
the differential equation 

d^u __ E d^u 

dt^ ~ p 

where u is the displacement of a point originally at a distance x from 
the end of the rod, E is the modulus of elasticity, and p is the density. 

Hint: From the definition of Young^s modulus E, the force on a cross- 
sectional area q bA b, distance x units from the end of the rod is 
Eq{du/dx)xj for du/dx is the extension per unit length. On the other 
hand, the force on an element of the rod of length Ax is pq Ax dhc/dt^. 

7. If the rod of Prob. 6 is made of steel for which E — 22 • lO^ g. 
per square centimeter and whose specific gravity is 7.8, show that the 
velocity of propagation of sound in steel is nearly 5.3 • 10® cm. per 
second, which is about 16 times as great as the velocity of sound in air. 
Note that the c.g.s. system E must be expressed in dynes per square 
centimeter. 


110. Heat Conduction. Consider the slab cut from a body 
T by two parallel planes As units apart, and suppose that the 
temperature of one of the planes is u and that of the second plane 
isu + An. It is known from the results of experiments that heat 
will flow from the plane at the higher temperature to that at the 
lower and that the amount of heat flowing across the slab, per 
unit area of the plane per second, is approximately given by 


( 110 - 1 ) 



where fc is a constant called the thermal conductivity* of the 
substance. If the distance As between the planes is decreased, 
then the limit of (110-1), 


lim = k 
As-j-o As 


du 


gives the quantity of heat flowing per second per unit area of the 
surface whose normal is directed along s, and the quantity 
du/ds gives the rate of change of temperature in the direction of 
increasing s. 

Now suppose that the initial temperature of such a body is 
given by 

M = /(®, y, 2), 


and that it is required to find the temperature of the body at 
* The dimensions of k in the c.g.s. system are cal./(cm.-sec. °C.). 
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some later instant t. It is known* that the function which 
gives the temperature at any later time t, must satisfy the partial 
differential equation 


(110-2) 


du ^ k ( d^u , d^u , 
dt cp dy^ 


where c is the specific heat of the substance, p is the density 
of the body, and k is the conductivity.! Equation (110-2) is 
derived on the assumption that fc, c, and p remain independent 
of the temperature u, whereas in reality they are not constant 
but vary slowly with the temperature. Moreover, this equation 
is not true if there is any heat generated within the body.J 
This equation must be solved subject to certain boundary 
conditions. 

Thus, if the body is coated with some substance which makes 
it impervious to heat so that there is no heat flow across the sur- 
face of the body, then, if the direction of the exterior normal to the 
body is denoted by n, this boundary condition can be expressed 
mathematically as 


kp.O 

dn 


or 


dn 


On the other hand, if the surface of the body radiates heat 
according to Newrton’s law of cooling, § then 

1^ = e(M - Wo), 


where uo is the temperature of the surrounding medium and e is 
a constant called the emissivity of the surface. It can be shown H 
that, if the initial and surface conditions are specified, then the 
problem of determining the temperature at any later time t has 
only one solution. 

It should be observed that if the flow of heat is steady, so that 
the temperature u is independent of the time then du/dt = 0 

* See derivation of this equation in Sec. 130. 

t The dimensions of c and p are, respectively, in calories per gram per 
degree centigrade and grams per cubic centimeter. The constant k/cp = 
sq. cm. per second is frequently called the diffusivity, 

f See Sec. 130. 

§ See Problem 2, Sec. 70. 

II For detailed treatment see Carslaw, “Introduction to the Mathematical 
Theory of the Conduction of Heat in Solids.” 
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and (110-2) reduces to 
d^u 


(110-3) 


d^u 


+ 5^-0 

^ az‘ 


This is known as Laplace’s equation, and it occurs frequently 
in a large variety of physical problems. 

It may be remarked that the problems of diffusion and the 
drying of porous solids are governed by an equation similar to 
(110-2), so that many problems on diffusion and heat conduction 
are mathematically indistinguishable. 

111. Steady Heat Flow. Consider a large rectangular plate 
of width dj one face of which is kept at tem- 
perature u = uij whereas the other face is kept 
at temperature u = U 2 . If one face of the 
plate is placed so as to coincide with the 
yz-plme (Fig. 96), the surface conditions can 
be expressed mathematically as 


U«U| 


( 111 - 1 ) 




= Ui when x = 0, 

U 2 when x = dj 

and the temperature u must satisfy Eq. - 
(110-3). In this formulation of the problem, 
it is assumed that the plate extends indefi- 
nitely in the y- and ^-directions, a condition 
that is approximated by the large rectangular 
plate if the attention is restricted to the 
middle of the plate. With these assumptions, 
it is clear that the temperature u is inde- 
pendent of the 2/“ and ^-coordinates and that (110-3) reduces to 


U«U2 


Fig. 96. 


( 111 - 2 ) 


d^U 

dx^ 


= 0 , 


w^hich is to be solved subject to the conditions (111-1). 

The solution of (111-2) is easily found to be 

(111-3) u ^ cix + C 2 j 

where Ci and C 2 are arbitrary constants which must be determined 
so that (111-3) satisfies (111-1). Substituting x ^ 0 and x ^ d 
in (111-3) gives Ui = C 2 and = Cid + C 2 , so that 


U2 — Ui 

d 


2/ "i” W] 


u — 
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gives the solution of the problem. Recalling that the amount 
of heat flowing per second per unit area of the plate is 


it is seen that 
yi 


the amount of heat flowing in t sec. over the area 
A is given by 

Q = — ui)tA. 


k- d-H 


These results can be anticipated from physical 
considerations. 

A more difficult problem will be solved next. 
Suppose that a semi-infinite rectangular plate 
(that is, the plate extends indefinitely in the 
u-fw * positive direction o the tz-axis), of thickness 

has its faces kept at the constant temperature 
Fig. 97. u = 0, whereas its base 2 / = 0 is kept at tem- 
perature u = fix) (Fig. 97). It is clear physically that the tem- 
perature u at any point of the plate will be independent of so 
that in this case (110-3) becomes 


(111-4) 


dH d^u 
dx^ dy^ 


The solution of (111-4) must be so chosen that it satisfies the 
boundary conditions: 


(111-5) 


w = 0 

when X = 0, 

u — 0 

when X = d, 

U = fix) 

when 2 / = 0, 

u = 0 

when y = cc 


The last condition results from the observation that the tem- 
perature decreases as the point is chosen farther and farther from 
the a;-axis. 

In order to solve (111-4), recourse is had to a scheme that 
often succeeds in physical problems. Assume that it is possible 
to express the solution of (111-4) as the product of two functions, 
one of which is a function of x alone and the other a function of y 
alone. Then, 


(111-6) u^Xix)Yiy), 

Substitution of (111-6) in (111-4) and simplification give 
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(111-7) 


1 d^X ^ 1 d^Y 
X dx^ Y dy ^ ' 


It will be observed that the left member of (111-7) is a function 
of X alone, whereas the right member is a function of y alone. 
Since x and y are independent variables, Eq. (111-7) can be true 
only if each member is equal to some constant, say — a^. Hence, 
(111-7) can be written as 


or 


1 d^X _ 
X dx^ 


and 


1 d^Y ^ 
Y dy^ 


d^X 

dx^ 


-f = 0 


and 


dW 

dy^ 


- aW = 


0 . 


The linearly independent solutions* of these equations are 


X = sin ax, 

X = cds ax, 

Y = 

Y = 

and, since u = XY, the possible choices for w are 


u = 


6®*' cos ax, 
sin ax, 

Q-ay 

Q-ay ^ 2 - 


The first two of these particular solutions for obviously do not 
satisfy the last one of the boundary conditions (111-5). The 
third particular solution cos ax does not satisfy the first 
of the conditions (111-5). But if u is chosen as 6""®*' sin ax, then 
u = 0 when :r = 0 and u — 0 when 2 / = «> ; and if a is chosen 
as m/d, where n is an integer, then 


( 111 - 8 ) 


nir 

u — e ^ sm 


—rV . Tljrx 


satisfies all the conditions (111-5), except u — f(x) when 2 / = 0. 

It will satisfy this condition also if f(x) = sin 

Inasmuch as Eq. (111-4) is linear, any constant times a solu- 
tion (111-8) will be a solution, and the sum of any number of such 
* See Sec. 95. 
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solutions will be a solution. Hence, 


(111-9) 


= 2 ' 


a formal solution. When y = 0, (111-9) becomes 


= 2 


which must reduce to fix). But, in Sec. 20, it was shown that 
the constants can be chosen so that the function is represented 
by a series of sines. Therefore, if 

2 s . rnrx , 

then (111-9) will satisfy all the boundary conditions of the prob- 
lem and hence it is the required solution. 

Illustration. In the preceding problem suppose that fix) = 1 and 
d = TT. Then 

2 fT . 

an = - I sin nx dx, 

TT Jo ’ 

and the solution (111-9) is easily found to be 

-w = “ sin (c -h g sin 3a; -j- g sin 5a; -f- • • • 


PROBLEMS 

1. Using the result of the illustration just above, compute the tem- 
peratures at the following points: (7r/2, 1), (t/3, 2), (7r/4, 10). 

2. Obtain the solution of the problem treated in Sec. 109 by assuming 
that y can be expressed as the product of a function of x alone by a 
function of t alone and following the arguments of Sec. 111. 

3. Compute the loss of heat per day per square meter of a large con- 
crete wall whose thickness is 25 cm., if one face is kept at 0°C. and the 
other at 30®C. Use k = 0.002. 

4. A refrigerator door is 10 cm. thick and has the outside dimensions 
60 cm. X 100 cm. If the temperature inside the refrigerator is —10*^0. 
and outside is 20°C. and if k — 0.0002, find the gain of heat per day 
across the door by assuming the flow of heat to be of the same nature 
as that across an infinite plate. 

6. A semi-infinite plate 10 cm. in thickness has its faces kept at 0°C. 
and its base kept at 100®C. What is the steady-state temperature at 
any point of the plate? 
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112. Variable Heat Flow. Consider a rod of small uniform 
cross section and of length 1. It will be assumed that the surface 
of the rod is impervious to heat and that the ends of the rod are 
kept at the constant temperature u = 0°C. At a certain time 
t = 0, the distribution of tempera- 
ture along the rod is given by 
y = f{x). The problem is to find the 
temperature at any point x of the 
rod at any later time t. 

In this case the temperature u is 
a function of the distance along the 
rod and the time tj so that, if the rod (Fig. 98) is placed so as to 
coincide with the x-axis, (110-2) becomes 


x.l 


Fig. 98. 


( 112 - 1 ) 


du . d^u 


where — k/cp is the diffusivity. In addition to satisfying 
(112-1) the solution u must satisfy the boundary conditions 


( 112 - 2 ) 


u = 0 
w = 0 


u = fix) 


when X ^ 1 for all values of t, 
when X — I j 

when t = 0. 


As in Sec. Ill, assume that a solution of (112-1) is given by the 
product of two functions, one a function of x alone and the other 
a function of t alone. Then, 


= Xix)T{t), 


and the substitution 
simplification. 


of this expression in (112-1) gives, after 

I dT _ I 
a^T dt X dx~^' 


This equation can hold only if each member of it is equal to some 
constant, say — There result 

f + a»d g+«.0. 

The linearly independent solutions of these ordinary differential 
equations are readily found to be 

T = 

X = cos pxj 
X = sin fix. 



374 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §112 

Then, since by hypothesis u = TXj the possible choices for u are 

U = cos fiXj 

u = sin /Sx. 

The first particular solution does not satisfy the first one of the 
conditions (112-2). If /? is chosen as where n is an integer, 
then 

(112-3) u = e 

satisfies the first two conditions of (112-2) but not the last one. 

The sum of solutions of the type (112-3), each multiplied by a 
constant, T^dll be a solution of (112-1), since the equation is linear, 
so that 

(112-4) u = ^2 ^ ^ ^ %in ^ rc 

is a solution. For t = 0, (112-4) reduces to 


oe 

nw 

an sin — X, 

n = l 

which can be made equal to/(x), provided that 

2 . . 7nrx j 

an — j- I j{x) sin -y- dx. 

Then, 

(112-5) u = J' f(x) sin dx e “ ^ ^ ^ %in 

satisfies all the conditions of the problem and is therefore the 
required formal solution. 

Next, consider an infinite slab of thickness Z, whose faces are 
kept at temperature zero and whose temperature in the interior 
at the time Z = 0 is given by u = f{x). It is clear that the 
solution of this problem is independent of y and z, so that u satisfies 
the differential equation 

du _ „ 

The boundary and initial conditions are 


= 0 
u == 0 
u = fix) 


when X = 0 
when X = Z 


for all Z, 


when Z = 0. 



§112 


PARTIAL DIFFERENTIAL EQUATIONS 


375 


The mathematical formulation of this problem is identical with 
that of the preceding one, and therefore the solution of the 
problem is given by (112-5). 

The solutions of other important problems on heat flow are 
outlined in detail in Probs. 5 and 6 at the end of this section. 


PROBLEMS 

1. Suppose that in the first problem of Sec. 112 the ends of the rod 
are impervious to heat, instead of being kept at zero temperature. 
The formulation of the problem in such a case is 


^ = 0 
dx ^ 

p = o 

dx 


Show that the solution in this case is 


when X 


when X = I j 
when t = 0. 


for all values of 


-f+S"" 

n =1 

I 

2 

^ T Jo 


V * / cos 


nwx , 

cos — y- dx. 



2. A large rectangular iron plate (Fig. 99) is 
heated throughout to 100°C. and is placed in con- 
tact with and between two like plates each at 0°C. The outer faces of 
these outside plates are maintained at 0°C. Find the temperature of 
the inner faces of the two plates and the temperature at the midpoint 
of the inner slab 10 sec. after the plates have been put together. Given : 
a = 0.2 c.g.s. unit. 

Hint: The boundary conditions are 

-w = 0 when a; = 0 ) , „ ^ 

u ^ 0 when a; = 3 ) ^ ^ ' 

u — f(x) when t — 0, 

where f{x) is 0 when 0 < a; < 1, 

f ix) is 100 when 1 < a; < 2, 

f(x) is 0 when 2 < a; < 3. 


[ for all tj 




. nirx , 
sin dx 


'iAn ’ ^TTX 

100 sin dx. 
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3. An insulated metal rod 1 m. long has its ends kept at 0®C., and its 
initial temperature is 50° C. What is the temperature in the middle of 
the rod at any subsequent time? Use k = 1.02, c = 0.06, and p = 9.6. 

4 . The faces of an infinite slab 10 cm. thick are kept at temp. 0°C. 
If the initial temperature of the slab is 100° C., what is the state of 
temperature at any subsequent time? 

5 . Let the rod of Prob. 3 have one of its ends kept at 0°C. and the 
other at 10°C. If the initial temperature of the rod is 50°C., find the 
temperature of the rod at any later time. 

Hint: Let the ends of the rod be at = 0 and x = 100; then the 
conditions to be satisfied by the temperature function u{x, t) are as 
follows: ^^(0, t) = 0, ^^(100, t) = 10, u{x^ 0) = 50. Denote the solu- 
tion of Prob. 3 by v(x, t) ; then if the function w(x, t) satisfies the 
conditions 

^ w(0, t) = 0, «(100, t) = 10, w(x, 0) = 0, 


u{x, t) — v{Xy t) -h w{Xf t) will be the solution of the problem. Assume 
the solution w(Xf t) in the form t) = x/10 -|- (p{x^ t), and deter- 
mine the function <p(Xf t). 

6. Let a rod of length I have one of its ends a; = 0 maintained at a 
temperature = 0, while the heat is dissipated from the other end 
X — I according to the law 



—hu{lj t). 


Let the initial temperature be nix, 0) = fix), where fix) is a prescribed 
function. Choose a particular solution of (112-1) in the form 


Q-aWt sin 

and show that the boundary conditions demand that 


jS cos = —h sin pi. 
Write this transcendental equation in the form 


tan = 




and show that it has infinitely many positive real roots / 32 , * * ‘ , jSn. 
Hence, if 

uix,0) =fix) = ^ AnSmfinX, 
then the solution has the form 


uix,t) = ^ 

rt *= 1 
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The functions sin /Sno;, (n == 1, 2, * • • ), are easily shown to be orthog- 
onal in the interval (0, Z), so that the coefficients An in the solution are 
given by the formula 



113. Vibration of a Membrane. Consider an elastic mem- 
brane, of surface density p, which is under uniform tension T, By 
definition the tension is said to be uniform if the force exerted 
across a line of unit length in the plane of the membrane is 
independent of the orientation of the line. It will be assumed 



that the plane of the membrane coincides with the ic^-plane of the 
rectangular coordinate system and that the displacement of any 
point of the membrane in the direction normal to the aj^^-plane is 
denoted by z. Then a consideration of the forces acting upon 
the element dA of the membrane (Fig. 100) leads to the equation 



where = T/p. The analysis leading to (113-1) is quite similar 
to that used in deriving Eq. (108-2) for the vibrating string; 
and, just as in Sec. 108, the underlying assumption here is that 
the displacement z is not too great. 

The solution of the problem of a vibrating membrane consists 
of determining the function z = /(x, y, i), which satisfies the 
differential equation (113-1) as well as the boundary and initial 
conditions characteristic of the particular physical problem under 
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consideration. These remarks will be illustrated by a brief 
treatment of the case in which the membrane is circular. In this 
case the shape of the membrane suggests the use of the cylindrical 
(‘oordinate system in preference to the rectangular system. As 
will be seen presently, the choice of cylindrical coordinates is 
made because the boundary conditions assume particularly simple 
forms in these coordinates. 

The transformation of (113-1) can be accomplished readily 
with the aid of the relations* connecting cylindrical coordinates 
with rectangular, namely, 

X ^ r cos Bj y = r sin 6, z = z 
or 



It will be necessary to express dhfdx^ and dhfdy^ in terms of the 
derivatives of z with respect to r and 9, Nowf 

dz _ dz dr dz 66 
dx dr dx ~dd dx 

and 

dh ^ d^-z / drV dh dz dh I A- 2 — — 

dx^ dr^\dxj d~x^ dr'^ de-\dxj dx^ dd ^ dr dd dx dx 

But 


dr X .06 y sin 6 

Ox y 2 ox x^ + y^ r 

dh _ y- _ sin^ 6 0^6 _ 2xy _ 2 sin 6 cos 6 

dx^ {x^ -(- 2 /“)^'^ ^ r^ 

Substituting these values in the expression for dhlOx^ gives 

_ Oh ^ 2 ^ I £5 sin^ 6 dh si n^ 6 dz 2 sin 6 cos 6 

dx^ dr- dr r d6^ r^ dd r^ 

d^z (— cos 6 sin 6) 
'^^drdB r ' 

Similarly, 

dh _ dh 2 |9 I ^ 6 dz ( — 2 sin 6 cos 6) 

dif ~ dr- dr ~~r dd^ r ^ 



* See Sh!. 56. 
t Ke(‘ Sed. 39. 


r 
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dx^ dy^ dr^ r dr dd^ 
and (113--1) can be written as 


(113-2) 


^ = 2 ^ i ^ . i 

dt^ ^ r dr r‘^ dO^) 


It was remarked in Sec. 104 that the solution of such an equa- 
tion contains two arbitrary functions, and in order to make 
the problem definite it is necessary to know the initial and 
boundary conditions. Thus, suppose that the membrane is of 
radius a and is fastened at the edges. Then it is evident that the 
solution of (113-2), 

^ = Hr, e, 


must satisfy the condition z = 0 when r = a, for all values of t. 

If, moreover, the membrane is distorted initially into some 
surface whose equation is a function of the radius only (that is, the 
initial distortion is independent of ^), say z = fir) when t = 0, 
then it is clear that the subsequent motion will preserve the 
circular symmetry and that the solution will be a function of 
r and t only. These conditions alone are not suflScient for the 
unique determination of the function 

z = F(r, t), 


and it is necessary to specify the initial velocity of the membrane 
in order to make the problem perfectly definite. If the mem- 
brane is distorted and thereafter released from rest, then 

~ = 0 . when t = 0. 


Since the solution is assumed to be independent of 6, (113-2) 
becomes 

(IIM) + 

and its solution satisfying the boundary and initial conditions 

z = 0 when r a, 

z = fir) when i = 0, 

dz 


(113-4) 


di 


= 0 


when i = 0 


will be obtained by a method similar to that used in Sec. 111. 
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Assume that it is possible to express the solution of (113-3) as 
the product of two functions, one of which is a function of r alone 
whereas the other is a function of t alone. Then, 

^ = Fir, t) = E(r)Tit). 

Substitution of this relation in (113-3) leads to 


or 

(113-5) 


dt^ \dr^ r dr / 

i ^ , 1 dB\ 

T dt^ ^ V72 dr^ rR dr }' 


Since the left-hand member of (113-5) is, by hypothesis, a func- 
tion of t alone, whereas the right-hand member is a function of 
r alone, each member must be equal to some constant, say — 
Hence, (113-5) can be written as 


.( 113 - 6 ) ^ = 0 

and 

where k = £x?/c. 

Equation (113-6) is the familiar equation of simple harmonic 
motion, and Eq. (113-7) is easil}’^ reducible to the Bessel equation 
by the substitution x = fcr. Thus, if a; = hr, 


dR __ dR dr _1 dR 
dx dr dx h dr ^ 

^ £(1 1dm dr ^ 1 d^R 

dx^ dx \h dr / k dr^ dx k^ dr^ ^ 

so that (113-7) assumes the form 


-L. i ^ j- 7? — 0 
dx^ ^ X dx ^ ^ 


which possesses the solution (see Sec. 100) 


Therefore, 


R = Jo(x) = Joikr). 
z = RT = J’o(fcr) sin (at 


or 


z = Joikr) cos cat. 
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Since the last of the boundary conditions (113-4) requires 



when t = 0, 


it is necessary to reject the solution involving sin oit. Fui*ther- 
more, the first of these conditions demands that 


so that 


z — 0 when r = a, 

z = J o(fca) cos tof = 0 


for all values of t. This condition will be satisfied if the arbitrary 
constant k is so chosen that Joika) = 0. In other words, ka 



must be a root of the Bessel function of order zero (Fig. 101) ; and 
if the nth root of Jo(kr) is denoted by 

Xn = kna, 

then 


kn 

Since k = co/c, it follows that 


5?. 

a 


0) = knC, 


Hence, a solution of (113-3) that satisfies two of the boundary 
conditions (113-4) is given by 

Juiknv) cos knCt. 

The sum of any number of such solutions, each multiplied by an 
arbitrary constant, will be a solution, so that 

DO 

(113-8) ^ ~ X cos knCt 

n« 1 

will be a formal solution of (113-3). 
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But when i = 0, the second of the boundary conditions 
demands that z = /(r). Since (113-8) becomes, for t = 0, 

70 

(113-9) ^ X 

n- = l 

it follows that, if it is possible to choose the coefficients in the 
series (113-9) so as to make 


00 

(113-10) AnJoiKr) = f(r), 

71 = 1 

then (113-7) will be the required formal solution of (113-3) which 
satisfies all the conditions (113-4). 

The problem of development of an arbitrary function in a 
series of Bessel functions has been discussed in Sec. 101, where it 
was indicated that a suitably restricted function f(r) can be 
expanded in a series (113-10), where 

■ .■U.L)!- Jo 

114. Laplace’s Equation. Let it be required to determine 
the permanent temperatures within a solid sphere of radius unity 
when one half of the surface of the sphere is kept at the constant 
temperature 0°C. and the other half is kept at the constant 
temperature 1°C. 

From the discussion of Sec. 110, it is evident that the tempera- 
ture u within the sphere must satisfy Laplace’s equation 

d^u dH __ ^ 

dx^ dy^ dz^ 

The symmetry of the region within which the temperature is 
sought suggests the use of spherical coordinates. If Laplace’s 
equation is transformed with the aid of the relations* (Fig. 102) 

a: = r sin ^ cos 
y = r sin $ sin <p, 
z = T cos dj 

in a manner similar to that employed in Sec. 113, the equation 
becomes 
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It is necessaiy to seek a solution of this equation that will satisfy 
the initial conditions. 

If the plane separating the unequally heated hemispheres is 
chosen so that it coincides with 
the x^z-plane of the coordinate 
system and if the center of the 
sphere is taken as the origin, 
then it appears from symmetry 
that it is necessary to find the 
temperatures only for that por- 
tion of the sphere which lies to 
the right of the a: 2 :-plane (see 
Fig. 102) . Moreover, it is clear 
that the temperatures will be 
independent of <^, so that (1 14-1) 
becomes 

d‘^{ru) , 1 

^ dr^ 



Fia. 102. 


(114-2) 


+ 




0 . 


sin^d^V dd j 

The solution of (114-2) must be chosen so as to satisfy the bound- 
ary conditions 


(114-3) 


u \ for0<d<^ when r = 1, 

= 0 for~<d<'7r when r = 1. 


In order to solve (114-2), assume that the solution 


u = F{r, e) 

is expressible as the product of two functions, one of which is 
independent of d and the other independent of r. Thus, let 

u = jB(r)0(d). 


The substitution of this expression in (114-2) leads to the two 
ordinary differential equations 


dKrR) 


- = 0 




where is an arbitrary constant. 
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The first of these equations can be expanded to read 

2 , 2 ^ § 3 . — = 0 

^ dr “ 

which is an equation of the type treated in Sec. 97 and the linearly 
independent solutions of which are 

R = and R = 1/r^+S 

where 


so that 


m = —yi + + K, 


= m{m + 1). 

If this value of a is substituted in (114-4), this equation becomes 


The change of the independent variable 0 to a; by means of 
X = cos 0 leads to Legendre's equation 


(l_3;2)^_2a;^ + m(m + l)e = 0. 

If m is an integer, particular solutions of this equation are the 
Legendre polynomials 

Prr,(x) = Pm(COS 0), 

and hence the particular solutions of (114-2) are 

u = r”^Fm(cos 0), 

_ Pm(C0S 0) 


The second of these solutions evidently cannot be used, for it 
becomes infinite when r 0. Therefore, it will be necessary to 
build up the expression for the temperature u within the sphere 
from terms of the type r”^Pm(cos 0), where m is a positive integer. 

Consider the infinite series 


(114-5) u = ^ Amr^PJcos 0), 

m — O 

each term of which satisfies (114-2). When r = 1, (114-5) 
becomes 

oo 

'll ^ AmPm(,0OS 0 ) 

7«>=0 
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and, if it is possible to choose the undetermined constants in 
such a way that (114-5) satisfies the boundary conditions (114-3), 
then (114-5) will be the desired solution of the problem. Now, 
it was indicated in Sec. 102 that a suitably restricted function 

y = F{x) 

can be expanded in the interval ( — 1, 1) in a series of Legendre 
polynomials in the form 

00 

m=0 


where the coefficients are given by 


(114-6) dx. 

In the problem under consideration. 


u = f(B) = 1 

for 0 < 0 < 

u = f(8) = 0 

for 1 < 0 < ir, 


so that the problem is equivalent to expanding F{x) as 
F{x) = X 

w — 0 

where F{x) = 0 for — 1 < < 0, and F{x) = 1 for 0 < a; < 1. 

If formula (114-6) is used, it is readily found that the solution of 
(114-2), which satisfies the initial conditions (114-3), is 

M = ^ + I rPi(cos 9) — I • g r^Pz{cos 6) 

PROBLEMS 

1. Find the steady-state temperature in a circular plate of radius a 
which has one half of its circumference at 0®C. and the other half at 
lOO^C. 

Hint: Use Laplace^s equation for the plane in polar coordinates, 
d^u , r _ A 

and assume that u = R{r)B(d) as in 8ec. 114. Hence, show that the 
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physically possible solution is of the form 

u ^ ao + aiT cos 6 + a 2 r^ cos 26 + cos 30 + • • • 

+ biT sin 6 + sin 26 + bsr^ sin 30 + • * * • 

Determine the coefficients ai and bi so as to satisfy the boundary 
conditions. 

2. Show that Laplace’s equation in cylindrical coordinates is 

_L i— 4- — _i_ _ A 

dr^ r dr r'^ d<p“ ' dz^ 


and in spherical coordinates is 
d / « du\ , 1 d 


dr V dr) ^ sin 0 dd \ dd ) 


sin^ 0 d(p^ 


3. Find the steady-state temperature at any point of a semicircular 
plate of radius a, if the bounding diameter of tlie plate is kept at the 
temperature 0°C. and the circumference is kept at the temperature 
100°C. 

Hint: Use Laplace’s equation for the plane in polar coordinates, namely, 
dr^ r dr d6^ ~ 

4 . Outline the solution of the problem of the distribution of tem- 
perature in a long cylinder whose surface is kept at the constant tem- 
perature zero and whose initial temperature in the interior is unity. 

116 . Flow of Electricity in a Cable. A simple problem of^ 
determining the distribution of current and voltage in an elec- 

trical circuit, whose linear dimen- 

^ X sions are so small that one can 

^ CD disregard the variation of the e.m.f. 

i ^ along the circuit, has been discussed 

^ i in Secs. 90 and 91. This section 

^ ^ ’is concerned with the more compli- 

Fig. 103. , , . _ ^ , 

cated problem of the flow of elec- 
tricity in linear conductors (such as telephone wires or submarine 
cables) in which the current may leak to earth. 

Let a long imperfectly insulated cable (Fig. 103) carry an 
electric current whose source is at A. The current is assumed 
to flow to the receiving end at R through the load B and to 
return through the ground. It is assumed that the leaks occur 
along the entire length of the cable because of imperfections in 
the insulating sheath. Let the distance, measured along the 
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length of the cable, be denoted by x) then both voltage and 
current will depend not only on the time but also on the dis- 
tance X, Accordingly, the e.m.f. V (volts) and the current I 
(amperes) are functions of x and t. The resistance of the cable 
vtdll be denoted by Ji (ohms per mile) and the conductance from 
sheath to ground by G (mhos per mile). It is known that the 
cable acts as an electrostatic condenser, and the capacitance of the 
cable to ground per unit length is assumed to be C (farads per 
mile); the inductance per mile will be denoted b}^ L (henr 5 ^s 
per mile). 

Consider an (element CD of the cable of length ^x. If the 
e.m.f. is V at C and V + AV at D, then the change in voltage 
across the element Ax is produced by the resistance and the 
inductance drops, so that one can write 

. AV = - (iR Aa- + 

The negative sign signifies that the \'oltage is a decreasing func- 
tion of x. Dividing through by Ax and passing to the limit as 
Aar 0 gives the equation for the voltage, 

(116-1) 

The decrease in current, on the other hand, is due to the 
leakage and the action of the cal:)le as a condenser. Hence, the 
drop in current. A/, across the element Ax of the cable is 

AI VGAx -^CAx. 

01 

so that 
(115-2) 

Equations (115-1) and (115-2) are simultaneous partial 
differential equations for the voltage and current. The voltage 
V can be eliminated from these equations by differentiating 
(115-2) with respect to x to obtain 

dx^ dx^ ^ dx dt 
Substituting for dV/dx from (115-1) gives 
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d^I 

dx^ 


^IRG+LG^-C 

dt 


dW 
dx dt^ 


from which bW jbx dt can be eliminated by using the expression 
for dW/dtdx obtained from the differentiation of (115-1). 
Thus, one is led to 

(115-3) (LG + RC)^- RGI = 0. 

A similar calculation 3 delds the equation for F, namely, 

(115-4) - (LG + EC)^ -nGV = 0, 


which is identical in structure with (115-3). 

In general, it is impossible to neglect the capacitance C of the 
cable in practical applications of these equations to problems in 
telephony and telegraphy, but the leakage G and the inductance 
Lj normally, are quite small. Neglecting the leakage and induc- 
tance effects yields the following equations: 


(115-5) 

dY_ _ 
dx 

-IR, 

(115-6) 

E - 

dx 


(115-7) 

dH 

dx^ 


(115-8) 

_ 

dx^ 



It is clear from (115-7) and (115-8) that the propagation of 
voltage and current, in this case, is identical with the flow of 
heat in rods. 

In order to give an indication of the use of these equations, 
consider a line I miles in length, and let the voltage at the source 
A, under steady-state conditions, be 12 volts and at the receiving 
end be 6 volts. At a certain instant ^ = 0, the receiving end is 
grounded, so that its potential is reduced to zero, but the poten- 
tial at the source is maintained at its constant value of 12 volts. 
The problem is to determine the current and voltage in the line 
subsequent to the grounding of the receiving end. 

It follows that one must solve Eq. (115-8) subject to the follow- 
ing boundary conditions: 
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y = 12, at a; = 0 for all i ^ 0, 

F = 0, at = Hor all t ^ 0. 

In addition, it is necessary to specify the initial condition that 
describes the distribution of voltage in the line at the time t = 0. 
Now, prior to the grounding of the line, the voltage V is a func- 
tion of X alone, so that (115-8) gives 


the solution of which is 


dW 

dx^ 


y = C\X -j- C2. 


Since, prior to grounding, F = 12 at x = 0 and F = 6 at a; = 2, 
it follows that Ci = — 6/Z and C 2 = 12, so that 


^x 

F = - y -f- 12 


at Z = 0. 


Accordingly, it is necessary to find the solution of Eq. (115-8) 
subject to the following initial and boundary conditions: 


(115-9) 


I F(0, t) = 12, V{1, t) = 0, 


A reference to Sec. 112 shows that the mathematical formula- 
tion of this problem is similar to that of the problem of heat flow 
in a rod, except for the difference in the formulation of the end 
conditions.* Now, the voltage V(Xj t) in the line, subsequent to 
the grounding, can be thought of as being made up of a steady- 
state distribution F^’(a:) and the transient voltage Vt(x, Z), which 
decreases rapidly with the time. Thus, 

V(x, t) = Vs{x) + Vt{x, t). 

After the line has been grounded, the voltage at the ends of 
the line must satisfy the following conditions: 

F(0, t) = 12 and F(Z, t) = 0. 

It was noted above that the steady-state distribution of voltage 
is a linear function of x\ and since after the lapse of some time t 
the transient e:?ects will not be felt, it follows that 


F.(a;) = - 

‘See, however, Prob. 5, Sec. 112. 


}2 

I 


X -f 12. 
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Thus, 

1 2 

(116-10) V{x, t) = - ^ a: -I- 12 + Vt{x, t). 

The boundary conditions to be satisfied by the transient 
voltage Vt{x, t) can now be determined from (115-9). Thus, 

7(0, «) = 12 = 12 -b 7 t(0, t), 

V(l, 0 = 0 = Vt{1, t), 

V{x, 0)=-y + 12=-^ + 12-b Vt(x, 0). 


Hence, the function 0 satisfies the following initial and 

boundary conditions: 

Vt(0, t) == 7t(Z, t) = 0, 

Vr(x, 0) = ~ 

Since it is obvious from (115-10) that Vt(x, t) satisfies (115-8), 
it becomes clear that the determination of the transient voltage 
Vt(x, t) is identical with the problem of determining the dis- 
tribution of the temperature in a rod when the initial distribution 
is the linear function Qx/L Referring to the solution (112-5) 
and setting = 1/(RC) give 


Vt(x, t) 



^ RC\ I ) 


Sin 


UttX 

~ 


Therefore, the problem of determining the distribution of voltage 
is solved. 

The magnitude of the current in the line is obtained from 
(115-5). It is left as an exercise for the reader to calculate 
the expression for the current I, It is easy to see that the term- 
by-term differentiation of the series for Vt{x, t) is valid for all 
values of Z > 0. 

From the discussion of this problem, it is clear that the deter- 
mination of the temperature of a rod whose ends are kept at 
different fixed temperatures and whose initial temperature is a 
function of the distance along the rod can be effected in a similar 
way. 

PROBLEMS 

1. On the assumption that the length I of the line in Sec. 115 is 120 
miles, 22 = 0.1 ohm per mile, and (7 = 2- 10"® farad per mile, find the 
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current in the line. Note particularly the behavior of the solution at 
t = 0. How do you account for this behavior? 

2. Find the e.m.f. in the cable whose length is 100 miles and whoso 
characteristics are as follows; R = 0.3 ohm per mile, C = 0.08 micro- 
farad per mile, L = 0, (r = 0. If the voltage at the source is 6 volts 
and at the terminal end 2 volts, what is the voltage after the terminal 
end has been suddenly grounded? 

3. A rod 1 m. long has one of its ends kept at the constant tempera- 
ture 0°C. and the other at 100°C. If the initial temperature of the rod 
is 50°C., what is the temperature at any later instant? The diffusivity 

is 0.04. 

4 . A glass rod 10 cm. long has one end kept at the temperature 0°C. 
and the other at 20° C. until temperatures indistinguishable from steady- 
state are reached. At a later time the temperature of the cooler end 
is raised suddenly to 10°C., and that of the Avarmer end is kept 
unchanged. What is the state of the temperature in the rod? Use 

= 0.057. 

5 . Solve Prob. 4 if the rod is made of silver = 1.74). 

6. A silver rod 1 m. long, having thermal conductivity ^ = 1.04 cal. 
per centimeter per degi’ee per second, specific heat c == 0.056 cal. per 
gram per degree, and density p = 10.6 g. per centimeter, is kept at a 
temperature of 0°C. throughout. If the temperatures of its ends arc 
suddenly raised to 100°C., what is the temperature of the rod at any 
later time 

7 . Find the current in a cable 1000 miles long, whose potential at 
the source, under steady-state conditions, is 1200 volts and at the 
terminal end is 1100 volts. What is the current in the cable after the 
terminal end has been suddenly grounded? Use R = 2 ohms per mile 
and C = 3 * 10”^ farad per mile. 



CHAPTER IX 


VECTOR ANALYSIS 


The student who has had an elementary course in physics or 
mechanics undoubtedly has been impressed by the unnatural 
procedure of decomposing directed quantities such as force 
and velocity into their cartesian components along the coordi- 
nate axes, subjecting these components to some analytical 
transformations, and, then, in the final analysis, forming a picture 
of the effect of the magnitude by studying the effects produced 
by its components. It must have occurred to him that it ought 
to be possible to treat such a quantity as force, which is inde- 
pendent of coordinate systems, without the artificial process of 
referring it to an arbitrarily chosen set of coordinate axes. The 
present chapter answers some questions of this type and gives a 
brief development of the analytical shorthand known as the 
vector analysis. 

116. Scalars and Vectors. Some measurable quantities 
appearing in the study of physical phenomena can be completely 
specified by their magnitude alone. Thus, the mass of a body 
can be described adequately b^^^ a single number, say the number 
of grams, the temperature by degrees on some scale, the volume 



Fig. 104. 


by the number of cubic units, etc. A quan- 
tity that (after a suitable choice of the units 
of measure) can be completely characterized 
by a single number is called a scalar. There 
are also quantities, called vectors, that require 
for their complete characterization the speci- 
fication of the direction as well as the magni- 
tude. As a typical example of a vector 


quantity, one can take the displacement of translation of a particle. 


If a particle is displaced in a straight line from a position P to a new 


position P' (Fig. 104), then the changein position can be represented 


graphically by the directed line segment PP', whose length PP' 
equals the amount of the displacement and whose direction is 
U'om P to P'. Moreover^ a force, of magnitude K dynes, that is 

392 
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directed northeast can be represented by a line segment whose 
length is K units and whose direction coincides with that of the 
force. 

The initial point P, of a directed line segment representing a 
vector, is called the origin. In a great many problems the loca- 
tion of the origin of a vector is immaterial, and this chapter, for 
the most part, will deal with such problems. Accordingly, a 
vector quantity will be represented by a directed line segment 
whose origin can be chosen at will. From this graphical mode 
of representing vectors, it is clear that two vectors are regarded 
as equal if the lengths of the line segments representing them are 
equal and if their directions are parallel. 

In order to distinguish vectors from scalars, boldface type is 
used for vectors in this book. The magnitude of the vector A 
will be denoted either by |A| or simply by A. The equality 
of the vectors A and B will be denoted by the usual symbol, 
namely, 

A = B. 


If the magnitude A of the vector A is zero, then the vector is 
called a zero or a null vector. In this event the notion of the 
direction of the vector becomes meaningless. 

117, Addition and Subtraction of Vectors. In formulating 
the laws of the fundamental operations of algebra for vector 
quantities, it is natural to be guided by the 
physical meaning of such operations. 

Thus, if the vector A represents a displace- 
ment of a particle, it is desirable to make 
the vector —A mean the displacement of 
the particle through a distance A in the di- 
rection opposite to that of A. Therefore, 
the vectors A and —A are equal in magni- 
tude but opposite in direction. Again, if P 
the particle is displaced from its initial posi- 
tion P to P', so thatPP' = A, and subsequently it is displaced to 

a position P" (Fig. 105), so that P'P" = B, then the displace- 
ment from the original position P to the final position P" can be 



Fig. 105 . 


accomplished by the single displacement PP” = C. Thus, it is 
logical to write 


A + B = C. 
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This leads to the following definition of addition of two vectors: 
If the initial point of the vector B is placed in coincidence with 
the terminal point of the vector A, then the vector C, which joins 
the initial point of A with the terminal point of B, is colled the 
sum of A and B and is denoted hy A + B = C. This is the 
familiar “parallelogram law of addition used in physics, and its 
immediate extension to three or more vectors is obvious. Clearly , 
the commutative and associative laws hold for vector addition. 
Thus, 

A + B = B “t" A, 

A + (B + C) = (A + B) + C = A + B + C. 

Subtraction of the vector B from the vector A is defined as the 
addition of the negative vector —B to A. Thus, 

A--B^A + (~B); 
and it follows that, if 

A + B = 0, 

then A = — B. 

If n is a scalar, then nA, or An, is defined as the vector B whose 
magnitude is B == |n|A and whose direction is that of A if n is 
positive and is opposite to that of A if n is negative. If n = 0, 
then the product is also zero. 

A vector whose magnitude is 1 is called a unit vector. Thus, 
a unit vector ai that is directed along the vector A can be written 
as 

A 

ax = 


Since the multiplication of a vector by a scalar does not alter 
the direction but simply multiplies the magnitude, it follows that 


Also, 

and 


m(nA) = (mn)A = mnA. 
(n + m)A == nA + mA, 
n(A + B) = nA + nB. 


Thus, the rules governing the addition of vectors and the multi- 
plication of vectors by scalars are identical with those of ordinary 
scalar algebra, and one is justified in using the algorithms of 
ordinary algebra in solving linear equations. 
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The equation of the line determined by the points A and B 
can be written down at once (Fig. 106). Choose an arbitrary 
point 0 as the origin and let a represent the position vector 
locating A relative to 0, and let b be the position vector locating 


B. Then the vector AB = h — bl. If P is any point of the 
line and is determined by the position vec- 
tor r, then 

r = ^ +ip 

= a + 6*(b — a), 

where s is a scalar number such that 



s(b - a) = AP. 

Therefore, 

r — a + ^(b — a) 

is the equation of the straight line, where s 
is an arbitrary scalar parameter. If s = 0, 
r = a; if 5 = 1, r = b; for s > 1, the point P will lie on an 
.extension of AB. 

The proofs of many important geometrical theorems become 
surprisingly easy. For example, let it be required to show that 
the diagonals of a parallelogram bisect each other. 

Choose some point 0 as the origin, and locate the vertices of 
the parallelogram by position vectors, as shown in Fig. 107. 

Let r 1 be the position vector of the mid- 
point of AC; then, since AC = c — a, 

(117-1) ri = a-f i(c-a) = 

Lot T 2 be the position vector of the 
midpoint of BD] then 

(117-2) r2 = b-hj(d-b) = ^:-^.- 



But since the figure is a parallelogram, 


a = c — d 


or 


a “f* c = b “h d) 


and it follows from (117-1) and (117-2) that ri and T 2 are equal 
and hence locate the same point. 

Another proof of this theorem, although asymmetric in form, 
may be instructive. Let D be the point of intersection of the 
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diagonals of the parallelogi'am (Fig. 108), and choose the vertex 
P as the origin. Let 

PS = a and FQ = b; 

then the diagonal PR = a b, and QS = a — b. Now, 

DS = m(a — b) and PD = n(a + b), 

where m and n are certain scalars. But 



PD +DS = PS = a, 


so that 


or 


m(a — b) + n(a + b) = a, 

(m + n — l)a + (n — m)b = 0. 


Since a and b are not collinear, this equation cannot be satisfied 
unless m + — 1 = 0 and n — = 0. Therefore, m = n = 


PROBLEMS 

Show that the lines joining the midpoints of the opposite sides of 
a quadrilateral bisect each other. 

2. Show that the medians of a triangle intersect in a point. 

Show how to find the vectors A and B if their sum and their dif- 
ference are known. 

/4. Discuss graphically the commutative and associative laws of 
addition of any three vectors. 

6. Show that a line from a vertex of a parallelogram to the midpoint 
of a non-ad jacent side trisects a diagonal. 

6. Show that the equation of the plane determined by the three points 
A, B, and (7, whose position vectors are a, b, and c, respectively, is 

r = a + s(b — a) + i(c — a). 

7. Show that the bisectors of the angles of a triangle meet in a point. 
Hint: Construct the unit vectors directed along the sides of the 

triangle; then, the resultant of the two unit vectors issuing from any 
vertex bisects the angle at that vertex. 

118. Decomposition of Vectors. Base Vectors. It follows 
from the definition of the addition of vectors that any vector A 
lying in the plane of two non-collinear vectors a and b can be 
resolved into components directed along a and b. This resolu- 
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tion is accomplished by constructing the parallelogram whose 
sides are parallel to a and b (Fig. 109). Then one can write 


A = rra + ^b, 



where x and y are the appropriate scalars. 

If there are given three non-coplanar vectors a, b, and c, then 
any vector v can be expressed as 

"v = xQ. + yh + zc, 

where v is the diagonal of the paral- 
lelepiped whose edges are a:a, t/b, and 
zc (Fig. 110). The vectors a, b, a xa 

and c are called the base vectors 

and the scalars x, t/, and z the measure numbers. It is clear 
that, if the base vectors are known and the measure numbers 
are prescribed, then the vector v is uniquely determined, since 
there is only one way of constructing the diagonal of a parallele- 
piped whose edges are known. Thus, for the specification of a 
space vector one needs three scalar numbers. 




An important special case of the notion of base vectors is a 
system of three orthogonal unit vectors referred to a cartesian 
system of coordinate axes. Let i, j, k be the base vectors of 
unit length that are directed along the positive directions of the 
a:- , 2/“ , and ;s-axes, respectively (Fig. 111). It mil be assumed 
]ien(ieforth that the system of axes is a right-handed system, that 
Is, such that a right-hand screw^ directed along the positive 2 :-axis 
will advance in the positive direction when it is rotated from the 
positive x-axis toward the positive y-axis through the smaller 
(90°) angle. 
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Any vector A can be represented uniquely in the fom 
A = A j + AJ + Ask, 

where A*, Ay, As are the coordinates of the terminal point of the 
vector A. Since the coordinates of the terminal point are 
As, Ay, As, the length A of the vector A is 

A = Vir+AfTAl. 

The direction of the vector can be specified by the direction 
angles, that is, the angles which the vector m^kes with the 
coordinate axes. If the angles between A and the positive x-, y-, 
and 3 -axes are denoted by (A, x),' (A, y), and (A, z), respectively, 
then 

As = A cos (A, x), Ay = A cos (A, y), As = A cos (A, z), 

and, since A = VAI -h A| -|- As, 

(118-1) cos^ (A, x) + cos® (A, y) + cos® (A, z) = 1. 

Thus, the direction angles are not independent and if any two of 
them are specified then the third must satisfy (118-1). The 
cosines of the direction angles are called the direction cosines. 

Since the projection of A in any direction s is equal to the sum 
of the projections of the components of A in that same direction, 
it follows that 

As = A cos (A, s) 

= Ax cos (s, x) + Ay cos (s, y) -f As cos (.5, z). 

Moreover, 

cos (A, r) = cos (A, y) = cos (A, 2 ) = 

SO that 

cos (Aj s) = cokS (A, x) cos ( 5 , x) + cos (A, y) cos (s, y) 

+ cos (A, z) cos (s, z), 

which is the familiar formula for the cosine of the angle between 
the two directions specified by A and s. If A and s are orthogonal, 
then cos (A, s) = 0, 

PROBLEMS 

1. Find the components of the vector A = 2i — 3j + 4k in the direc- 
tion of the two vectors whose direction angles are 70°, 40°, and 7 °. 
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2. The vector whose magnitude is 10 units makes equal angles with 
the coordinate axes. Find Axj Ay, JL-. 

3. Find the direction and the magnitude of the vector whose com- 
ponents in the i, j, k system are 1, 3, 5, respectively. 

4. If the vectors of lengths a, a, \/a are mutually orthogonal, what 
is the magnitude of their resultant and what are the angles between the 
direction of the resultant and the directions of the three vectors? 

5. What is the cosine of the angle between the vectors 

A = 3i -f- 4j + k and B = i — j + k? 

119. Multiplication of Vectors. There are two kinds of 
multiplication used in vector analysis, scalar multiplication and 
vector multiplication. By the scalar product of two vectors 
A and B is meant the scalar quantity representing the product 
of the length of one of the vectors by the scalar projection of the 
other vector upon the first. The scalar product is sometimes 
called the dot product and is denoted by 

(A, B) or A • B. 

It follows from the definition that 

(A, B) = AB cos {A, B), 

Inasmuch as cos (A, B) = cos (J5, A), it is evident that 

(A,B) = (B,A), 

so that the commutative law holds for scalar products. If 
(A, B) = 0 and if A and B are both different from zero, then 
cos (A, B) ” 0, and the vectors A and B are orthogonal. Also 
(A, A) = since cos (A, A) = 1. From the definition of the 
scalar product, it follows that the distributive law holds for 
scalar multiplication, that is 

(A,B + C) = (A,B) + (A,C). 

Since the distributive law holds, 

(119-1) (A, B) = (A A + Ay] -|- A«k, Bxi + By] + B^ls.) 

= AxBx “j“ AyBy -j- AzBz- 

This result is obtained by observing that 

(i. i) = (j. j) = (k, k) = 1 

and 

(i. j) = (j, i) = (i, k) = (k, i) = (j, k) = (k, j) = 0. 



400 MA TfIKMA TICS FOR ENGINEERS AND PHYSICISTS §119 

Formula (119-1 ) is important in that it enables one to write down 
at once the scalar product of the two vectors whose cartesian 
components arc 

Ax, Ay, Az and Bx, By, Bz. 

The product obtained by the second kind of multiplication is 
called a vector product or a cross product. The vector product 
of A and B is a vector C, which is normal to the plane of the 
vectors A and B and so directed that the vectors A, B, C form a 
right-handed system. The absolute value or magnitude of C 
is equal to the product of the length of A by the length of B by 
the absolute value of the sine of the angle between them. The 
vector product of A and B is denoted by* 

[A, B] or A X B. 

Hence, if 

[A,B] - C, 

then 

C ^ AB |sin {A, B)\. 

Numerically, the value of C is equal to the area of the parallel- 
ogram constructed with A and B as sides 
(Fig. 112). 

Since sin {A, B) = — sin {B, A), it is 
clear that 

[A,B] = -[B,A], 

so that the commutative law does not hold 
for vector products. The distributive law 
holds unrestrictedly, and this will be estab- 
lished for coplanar vectors only. The proof 
for space vectors requires a more complicated diagram and can 
be constructed along the same lines by the student. 

It is required to show that 

[A + B, C] ^ [A, C] 4- [B, C]. 

This fact will be established by observing that [A + B, C] is a 
vector whose direction is normal to the plane of A -|- B and C, 
which is also the plane of A, B, and C inasmuch as A, B, and 

* Since both notations are in common use, the reader is urged to rewrite 
all formulas of this and the succeeding sections with the aid of the dot and 
cross notation. It is important to acquire equal facility in reading both 
notations. 



Fig. 112. 
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A + B are always coplanar. PJach of the vectors [A, CJ and 
[B, C] is perpendicular to the plane of A, B, and C, so that the 
direction of 

[A, C] + [B, C] 

is the same as that of 

[A + B, C]. 

It remains to be shown that the magnitudes of the vectors are 
also equal, that is, to show that 

|[A + B, C]| = |[A, C]1 + |[B, C]l. 

By definition the magnitude of a vector product is equal to the 
area of the parallelogram having the given vectors as sides. 
The parallelograms arising in this case have C as their common 
base, with the vectors A + B, A, and B, respectively, forming 
the second sides. Inasmuch as the parallelograms have a com- 
mon base, they can be com- q 
pared by comparing their al- 
titudes ps, m, and qn. From 
the geometry of Fig. 113 it is 
clear that 

n 

ps = m + 

so that the magnitudes of the 
vectors in question are also m 
equal. 

Since the commutative law 
does not hold for vector prod- Fig. iis. 

ucts, care must be exercised not to permute the order of the vectors 
entering into vector products. The definitions of the vector 
product and the unit vectors i, j, k lead at once to the following 
formulas : 

[i> i] = [j, j] = [k, k] = 0, 

[i. j] = -[jji] = k, 

[j,k] = -[k, j] = i, 

[k,i] = -[i,k] = j. 

If the vectors A and B are given in terms of their cartesian 
components as 

A = >14 + Ay] + AX and B = B4 + B,,] + 
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the application of the distributive law gives the following results: 

[A, B] == [AJ. + Ayi + A:k, BJ. + Byj + B^] 

= AxBx[h i] + AyBxlh i] + AzBx[is.y i] 

+ AxBy[i, j] + AyByih j] + A,By[k, j] 

+ k] + AyBl], k] + k] 

= (AyBz — AzBy)i + (AzBx ■“ AxBz)j 

+ (AxBy - AyBx)k. 

This result can be written convenient!}’' in determinant form as 

i j k 

(119-2) [A,B] = Ax Ay Az‘ 

Bx By Bz 

120. Relations between Scalar and Vector Products. There 
are two important vector relationships that occur frequently in 
vector analysis, and their proofs will be indicated in this section. 
These identities are 

(120-1) (A, [B, C]) = (B, [C, A]) ^ (C, [A, B]) 

and 

(120-2) [A, [B, C]] = B(A, C) - C(A, B). 

The proof of the first of these relations follows at once from 
geometric considerations. The vector product [B, C] is numeri- 
cally equal to the area of the parallelogram formed by the 
vectors B and C, and the direction of this vector product is normal 
to the plane of B and C. Thus, (A, [B, C]) is numerically equal 
to the volume of the parallelepiped formed on the three vectors 
A, B, C. The two other scalar products can be interpreted 
similarly as being equal numerically to the volume of the same 
parallelepiped. It is easy to verify that in cartesian coordinates 

Ax Ay Az 
(A,[B,C]) = Bx By Bz^ 

Cx Cy Cz 

The correctness of (120-2) can be established easily with the 
aid of (119-2). Observe that 

[A, [B, C]] = [A, i(ByCz - BzCy) + j(BzCx - BxCz) 

+ k{BxCy - ByCx)\ 

= i[Ay{BxCy - ByCx) " A z{ B zC , - B xC z)] 

+ ][Az{ByGz - BzCy) - AxiBxCy - ByCx)\ 

-h k[Ax{BzCx - BxCz) “ Ay{ByCz - BzCy)\. 
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By adding and subtracting 

lA^xBxC X “i” -f" ^AzBzCz) 

the foregoing result can be written as 

[A, [B, C]] = i[BxU.Cx + AyCy + AzCz) 

- CxiAxBx + AyBy + AzBz)] 

“f" ^{^Byi^AxGx “f” AyCy “|“ A zC ^ 

Cy(AxBx + AyBy + 

“h ^[Bz^AxCx “b AyCy -|- AzCz) 

Cz(AxBx + AyBy + AzB:^\ 

= B(A,C) - C(A,B). 

PROBLEMS 

1. Prove that (A, [A, B]) = (B, [A, B]) = 0. 

2. Prove that [[A, B], [C, D]] = C([A, B], D) - D([A, B], C). 

3. Show that ([A, B], [C, D]) = (A, C)(B, D) - (A, D)(B, C). 

4. With the aid of Prob. 2, show that 

[[A, B], [A, C]J = A(A, [B, C]). 

5. Given a vector whose initial point is at (2, —4, 0) and whose 
terminal point is at (5, 8, 4), write this vector in the form 

L4.a + iAy + ]sAz, 

6. Find the scalar and vector products of the vector of Prob. 5 
with a unit vector that makes equal angles with the coordinate axes. 

7. Rewrite the formulas of Sec. 119 in the dot and cross notation. 

8. Show that the necessary and sufficient condition that the vectors 
A, B, and C be coplanar is that 

(A, [B, Cl) - 0. 

9. Show that 

[A, [B, C]] + [B, [C, All + [C, [A, B]] = 0. 

10. Let the X, Y, Z system of axes be rotated about the origin so 
as to occupy a new position X', F', Z'. Let the unit vectors along the 
X-, F-, F-axes be i, j, k, respectively, and those along the X'-, F'-, 
F'-axes be i', j', k', respectively. If a;, y, z are the components of the 
vector A referred to the X, F, Z system and x\ y\ z* are the compo- 
nents of the same vector referred to the X', F', Z' system, show that 

a; = a;'(i,i')+ 2 /'(i,j 0 +^'(i, k'), 

2 = ic'Ck, i') + t/'(k, j') 4* «'(k, k') 
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and 

x' = x{i, i') + vQ, i') + *(k, i'), 

y' = a;(i. j') + y(j, i') + s(k, j')i 

z' = xii, k') + y(j, k') + «(k, k'). 

These are the equations of transformation of rotation. 

121. Applications of Scalar and Vector Products. The work 
done by a constant force F producing a displacement s in the 
direction of the force is defined as the product of the magnitude 
of F b^^' the distance s. If the direction of the force makes an 
angle 6 with the vector s, denoting the displacement, then the 
work done by the force F is defined as 

W = FaS = Fs cos d, 

where Fa is the component of F in the direction of s. Thus, it is 
evident that W can be written in vector 
notation as 

PF = (F, s) or TV = F • s. 

Two illustrations of the application of 
vector products will be chosen from dy- 
namics. Let the vector 6> represent the 
angular velocity of a rotating body; that 
is, <a is a vector whose magnitude is the 
angular speed in radians per second and 
whose direction is parallel to the axis of 
rotation. The positive sense of <0 is 
chosen as that in which a right-handed 
screw would advance if the screw were rotated in the same direc- 
tion as the body. Let r be a vector locating any point P of the 
body relative to some point 0. It is required to find the linear 
velocity v of the point P. If the distance of P from the axis of 
rotation is a, then (Fig. 114) 

V = coa = cor sin (r, co). 

Moreover, v is normal to the plane of r and o) and is so directed 
that < 0 , r, and v form a right-handed system. Hence, 

(121-1) V = [(*), r] or v = a> X r. 

If V, <a, and r are expressed in terms of their cartesian components, 


10 
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so that 
(121-2) 


V = + ivy + kv^ = 


i j k 

0)x 03y COgJ 
Tx Ty Tz 


! Vx — z^y y^zj 

Vy = VxCOz — TgOixf 

Vz ~ "^yOix '^'xf-^y- 


These are the well-known expressions for the components of the 
linear velocity in terms of the components of the angular velocity. 
It must be observed that the single vector equation (121-1) is 
easier to remember and thus possesses a distinct advantage over 
the cumbersome set of cartesian equations (121-2). 

Another example from dynamics will illustrate this compact- 
ness of the vector notation. Consider a rigid body r, and let 0 
be a fixed point in the body. Let the force F be applied at a 
point P, which is located by the vector r, whose origin is at 0. 
The force F establishes a torque, or moment of force, T which 
tends to rotate the body about an axis that passes through 0 
and is normal to the plane of r and F. The magnitude of T is 
given by 

T = rF |sin (r, P)|. 


In addition, r, F, and T form a right-handed system, so that 
T = [r, F] or T = r X F. 


It is clear from this formula that the torque does not change 
if the force is displaced along the line of action of the force. 

If 0 is chosen as the origin of the cartesian coordinate system, 
then 

t = ix +]y + kz 

and 

F = iZ + j7 -f kZ, 


where Z, Y, and Z are the rectangular components of F. Hence 


T = iTx + iTy + kTz 


i j k 

X y Z) 
X Y Z 


and the cartesian components of the torque are given by 
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T, = yZ - zY, 

Ty=zX - xZ, 

T,-=xY - yX, 

122. Differential Operators. If in any region of space a 
function u is defined for every point of the region, then this 
region is called a field. It is assumed throughout the remainder 
of this chapter that the functions under consideration are single- 
valued, continuous functions, possessing continuous first space- 
derivatives in the regions under discussion. If the function u 
is a scalar point function, that is, if is a function of the three 
variables x, y, z such that corresponding to every triplet of 
values Xj y, z 2 b scalar number u is defined, then the field is called 
a scalar field. Examples of such functions are the temperature 
and the electrostatic potential due to a charged body. If the 
function is a vector point function, that is, a function that 
defines a vector at every point of the field, then the field is 
called a vector field. An example of a vector point function 
is the function representing the force at every point of the field 
under consideration. 

It will be shown in this section that, with the aid of certain 
differential operatoi*s, it is possible to associate a vector field with 
each scalar field. This connection is of fundamental importance 
in many investigations in mathematical physics. 

Let a scalar point function u = f{x, y, z) be defined in a certain 

region of space, and consider 
those points of the field for 
which u has a fixed value C. 
The totality of points satisfy- 
ing the equation /(re, y^z) = C 
defines, in general, a surface. 
Such a surface is called a 
level surface, since at every 
point of the surface u has a con- 
stant value C. Let/(rr, y,z) = 

, C and /(re, 2 ) = (7 + AC 

define two neighboring level 
surfaces (Fig. 115). If one 
passes from the point P(rc, y, z) on the level surface C to some 
point Q on the surface C + AC, the change in the value of u is 
AC. This change is entirely independent of the path PQ, but 
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clearly the rate of increase of u per unit arc length PQ is not 
independent of the path. It is evident that the greatest rate of 
change of u will occur when the path PQ is chosen in the direction 
of the normal to the surface C, Hence, the maximum rate of 
change of u is 

lim ^ 

An->oAn ”” dn 


It is seen from the figure that, if ds makes an angle 6 with the 
direction of dn, then 

ds = dn sec 0, 

so that 


du 

ds 



d. 


Let the unit vector directed along the arbitrarily chosen direction 
of the positive normal* to the surface be denoted by ni, so that 
the vector 

du 

is a quantity which represents in magnitude and direction the 
greatest rate of increase of 'W = /(a:, y, z). This vector is called 
the gradient of w, and is denoted by grad u or by Vw.f By 
definition 

|Vw| = Igrad u\ = ~ 


On the other hand, the derivative of u in the direction s is 


du 

ds 


_ dudx du dy , du dz 

dx ds dy ds dz ds 


du 

= cos 
dx 


S, a:) + cos (s, 2/) + ^ cos (s, z). 


Now, compare this equation with the component in the direction 
s of the vector A = iA* + jAy + kA^ (see Sec. 118). This 
component is 

As = Ax cos (ij, x) + Ay cos {Sj y) + Ag cos {s, z), 
which suggests that du/ds may be thought of as representing the 

* If the surface is closed, thou the direction of the exterior normal will be 
regarded as positive. 

t The symbol V// is read ‘^labla or “del u.” 
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component in the direction s of the vector 


(122-1) 


. du , . du , , du 


Inasmuch as the maximum component of any vector is in the 
direction of the vector itself, (122-1) represents the vector 
measuring the greatest rate of increase of u. Thus, 


and 


The symbol 



is of frequent occurrence in vector analysis and represents a 
vector differential operator somewhat similar to the differential 
operators studied in Chap. VIL 
It should be borne in mind that the symbol V does not itself 
represent a vector quantity. It is merely a symbol expressing 
the fact that certain operations of differentiation are to be 
performed on the scalar function which follows it. Thus, 
V(x^yz) means 


, d(x^yz) , , d(x^yz) , d{x^yz) 
^ dx dy 


i2xyz + jx^z + kx^y. 


It will be observed that this result is a vector point function 
which was obtained from the scalar point function x^yz. Hence, 
Vu forms the vector field that is associated with the scalar 
field u. 

As a physical example of an important scalar field, consider 
the gravitational potential <i> due to a concentrated mass m, 
namely, 

* fcm 
$ = — , 
r 

where r is the distance from the point {x, y, z) to the point of 
location of the mass. It was indicated in Sec. 66 that the com- 
ponents of force Z, 7, and Z are given by d<^/dx, d^/dy, and 
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d^IdZj respectively, so that the resultant force is 

F = i — + 3— +k— • 
dx by bz 

Therefore, the gravitational force is equal to the gradient of the 
gravitational potential. 


PROBLEMS 

1. Compute the component of a vector Vu in the direction of a unit 
vector 


, dx , .dy . ^ dz 
^ ~ ^ ds'^ ^ ds ds 


Hint: s). 

2. Find Vu, if 


( 6 ) u = -\r 

id) u = log {x^ + ‘if + z ^) ; 


(a) u = xyz] 

(c) u = {x^ + 2/^ + 

(e) u = {x^ + 2 /‘^ + z^yy^. 

3. Show that 

(V.)..(W,V.,-(|)- + (g)- + (g)- 

4. If ds = i dx + j ^ 2 / + k dz^ show that 

du == (ds, Vt^). 


5. Compute the directional derivative at (1, 2, 3) of w = + 2/^ + 2^ 

in the direction of the line 

^ 

3 4 5' 

6. What is the greatest rate of increase of = xyz^ at (1, 0, 3)? 

7. Show that 


(a) V{u + v) = Vw + Vv; 

(h) grad (uv) = V{uv) = uVv + vVu. 

123. Vector Fields. A definition of the line integral and a 
number of important theorems concerning such integrals were 
given in Chap. VI. This section will reestablish, with the 
aid of the vector differential operators, some of the results that 
were obtained in Chap. VI. A different interpretation of these 
results will be found in this and succeeding sections of this 
chapter. 

Consider a region of space in which a vector A is defined. If 
Po and P are any two points of the region, which are joined by a 
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(*ontinuoii8 curve C (Fig. 116), then a vector A is defined at every 
point of C. Choose n — \ points Pi, which divide the curve into 
'/? segments and form the sum 

n — 1 

(123-1) X 

i = 0 

where Ai is the value of A at Pi(x, y, z), and AQ is the vector 
whose rectangular components are Axi, Ayt, AZi and which 
joins P^-l and Pi. Each term of the sum represents the product 
of the component of A in the direction ACi by ACi. If the sum 
(123-1) approaches a definite limit when the number of points of 

division is increased indefi- 
nitely so that ACi 0, then 
this limit is defined as the line 
integral As ds along the 
curve C. Thus 
— 1 

lim V (As, AC<) ^ LA, ds. 

n—>’ » 

A reference to Sec. 60 will suf- 
fice to establish the fact that 
this definition is equivalent to 
the one previously given. 

In general, the value of this integral will depend upon the path 
C joining the end points Po and P. Now, suppose that the vector 
A is the gradient of some function u, that is, 



* - , du , .du , du 

A = Vw = i— -hj-^ + k — 
dx dy bz 


The restriction that the vector A = iAx + ]Ay -|- kA* is the 
gradient of u implies that 


^ b^u ^ ^ 
by by dx bx by bx 

Similarly, 

b^ _ bA, bA, _ bAx 

bz by bx ^ bz' 


These conditions are precisely the same as those discovered in 
Sec. 63 and are the necessary and sufiicient conditions that the 



§124 


VECTOR ANALYSIS 


41J 


expression 

Ax dx Ay dy + As dz 

be an exact differential of some function u. 

If the vector ds is defined by the equation 

ds = i dx -jr j dy + dZj 

then the line integral As ds can be written as (A, ds). 
Moreover, if A = Vu, then 

(A» ds) = (i + j || + k 0, i f/j + j rf?/ + k 

du , , du j , du . , 

= — dx + — dy + — dz ^ dUy 
dx dy dz 

so that 

(123-2) A, ds = {Vu, ds) J^du = u(x, y, z) = Upo, 

a result that depends solely upon the values of u at the end 

points of C. If Po and P coincide, so that the curve C is closed, 

then the value of the integral is zero.* This is a familiar result, 
which was discussed in Sec. 63, The function u whose gradient 
is the vector A is called a potential function, and the integral 
(123-2) measures the difference of potential between P and Po- 
The vector function A obtainable from a potential function u is 
usually called the force function, and it is clear that the integral 
(123-2) measures the work done in a force field in moving from 
Po to P. In this case (A == Vw) the integral around the closed 
curve C is zero, and for that reason the field of force is called 
conservative. Examples of such fields are gravitational and 
electrostatic fields of force (see Sec. 66). 

124. Divergence of a Vector. If some physical entity is 
generated within a certain region of the field, that region 
is termed a source. On the other hand, if the physical entity is 
absorbed, then the region is called a sink. Clearly, if there arc 
no sources and sinks present in the field, then the net outflow of 
the incompressible physical entity over any part of the region is 
zero. If the total strength of the sources is greater than that 
of the sinks, the net outflow is said to be positive, and conversely. 

* Note that the continuity of u and of its derivatives thro\ighout the 
region enclosed by the curve C is assumed in the foregoing. In this connec- 
tion, see Example 1, Sec. 63. 
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Consider a volume element At (enclosing a point P) of a vector 
field. The net outflow per unit volume of a vector A over the 
surface of the element is 



where An is the component of A along the exterior normal to the 
surface of the volume element under consideration and Aa is the 
surface enclosing At. The quantity 



where the limit is computed by shrinking At to the point P, is 
called the divergence of A at P and is denoted by div A. This 
quantity does not take into account the direction of the outflow 
and is therefore a scalar quantity. 

Inasmuch as it is inconvenient to compute div A directly from 
the defining equation 

I An dcr 
div A = lim ; 


it is desirable to develop a simple formula for the computation 
of the divergence at any point of a vector field. Let the rec- 
tangular components of the vector 
k{x, y, z) be Ao:, Ay, Az, and con- 
sider a point ix, y, z) of the field. 
Surround the point with a paral- 
lelepiped whose edges have lengths 
Ax, Ay, Az, in such a way that the 
point {x, y, z) is at the center of the 
parallelepiped (Fig. 117). The to- 
tal outflow of the vector quantity 
over the surface will be computed 
next. Consider first the front face 
of the parallelepiped, whose area is Ao- = Ay Az, The component 
of A normal to this face, A*, is responsible for the outflow, and its 
value will be computed at the center of this front face. Now, 
if the volume element Ar is small, the approximate outflow over 
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An Ac = {A^) Ay Az, 

Moreover, the outflow over the back face which is parallel to the 
is approximately 

AnAc = — (A^) Ax Ay Az. 

^ 2 

Then, the net outflow over the faces parallel to the ?/2-plane is 

[(Ax) - (Ax) Ax] Ay Az. 

x+Y ^--2 

Proceeding similarly for the other faces gives two analogous 
expressions, and the sum of these three results yields the total 
outflow over the surface, which is given by 

(124-1) [(Ax) Ax - (Ax) ax] Ay Az + [(A^,) a?/ 

- (Ay) Ay] Ax Az -h [(A,) - (A^) Az] Ax Ay. 

2/~*j z-Y 

If the value of (Ax) , ax is computed in terms of the values of 

Ax and its derivatives at the point (a:, y, z), there results 


(Ax) Ax = (Ax)x + 




6Ax \ Ax 

' W )^-2 




Similar expressions can be obtained for {A^) >^x, {Ay) etc 


«+f 


When these series are substituted in (124-1), the expression for 
the net outflow becomes 


+ 


+ 

+ 


+ 


Ay Az 
Ax Az 


Since At = Ax Ay Az^ the net outflow per unit volume is 

[(^1 + (f*). + (^). + =■>' ' 
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where 0(Aa:^ Ay^, Az^) represents the terms of the series contain- 
ing the powers of AXj Ay, and Az which are higher than the first 
and which vanish as Ax 0, A?/ 0, and Az — ^ 0. 

By definition, the limit of (124-2) as Ax, Ay, and Az approach 
zero is the divergence of A at {x, y, z). Thus, 


4 dAx , dAy 

div A = ^ h ^ + 

dx dy 


dA, 
dz ' 


where it is understood that the values of the derivatives are 
computed at the point (x, y, z). This formula enables one to 
(‘onipute the divergence of A easily when A is^given in the form 
lAx + ]Ay + It is worth noting that, if V is treated as a 

vector, then 


^Ax , ^Ay . ^Az 
dx dy dz 


div A. 


Example, Consider the vector 


A = iSx^ -h j^xy^ + 


Here, 

Az 

II 

= bocy\ 

Az == xyz^, 

and 

dAr 

== 6a;, 


dAz 


dx 

= 10®2/, 

17 = 

so that 







div A 

= 6rc + IQxy + Sxyz"^. 


If the value of div A is desired at (1, 2, 3), it is therefore 
div A - 6 +-20 + 54 = 80. 


1. Find div A if 


PROBLEMS 


(a) A = Lr + jy + kz; 

(b) A = i ^ + j ^ + k where r = \/x^ + + z^; 

(c) A - i(z — y) + j(x — 2 ) + k(y - x). 

2. Show that 


div Vu 


d'^u 

dx^ 


d'^u 

dy^ 


+ + 


dz‘^ 




3. Compute V div A, where A = + jAy + kA^. 
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4. Show that 


(а) div (u + v) = div u + div v; 

(б) div (w) = V • (uv) = (Vu, v) + ^(V, v) ; 

(c) div [u, v] = V • [u, v] = (v, [V, u]) - (u, [V, v]). 

6. Show that div [r, c] = 0 if r = ic + jy + ka and c is a constant 
vector. 

6. Find div (uv) if u = -f and v = ix + jy kz. 


125. Divergence Theorem. An important theorem associated 
with the names of Green and Gauss permits one to express certain 
integrals calculated over the vol- 
ume by means of surface integrals. 

It has many fruitful uses in applied 
mathematics and is commonl^^ 
known as the divergence theorem. 

Consider a field in which a vec- 
tor A is defined, and let a closed 
surface be taken in this field. Sub- 
divide the volume enclosed by this 
surface into volume cells An, and 
consider the divergence over one of these cells (Fig. 118). By 
definition, 



r Andd 
div A = lim ^ 

Ar,-^0 ATi 

SO that 

div A An = An An + 


where An is the surface area of the cell An and is an infinites- 
imal. If this equality is summed over the common surface area 
of two adjacent cells, Ao- is identical in both, whereas An in one 
cell is the negative of An in the other (for An denotes the exterior 
normal). Hence, the terms An Act will vanish over the common 
boundary. If the summation is extended over the entire volume 
r, the only terms of the sum SAn A^i which will contribute to the 
result are those which involve the exterior boundary, enclosing 
the volume r. All the other terms will cancel each other in pairs. 

Now, let the number of cells be increased indefinitely in such 
a manner that Act and Ar, which represent the surface and the 
volume of the largest cell, approach zero. Then, 

lim An A<r,: = lim div A Ar,: — lim V €,■ At,-, 

A<r-40 ^ Ar~^0 
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which can be written as 


(125-1) Jl Andor — divAdr, 

where the integral on the left is taken over the exterior surface 2 
of the volume r and the integral on the right is extended through- 
out the volume t. The restrictions imposed on A in Sec. 122 
permit one to show that 

lim Aril ^ lim le^^Aril = r lim [el = 0, 

Ar-i-O Ar — ^0 ^ Ar ->-0 


where jej is the value of the greatest |ei|. 
Recalling that 


and 


An — A a: cos (iT, 7l) + Ay COR (y, Tl) + As, COS (s, u) 


div A = 


dx 


dAy dAz 
dy dz' 


enables one to write (125-1) in the form 



COS (Xj n) -f Ay cos {y, n) + Az cos {Zj n)] do- 



, j- Mf 
dy dz 


dr. 


If the surface 2 encloses some sources and sinks, then it is clear 
that the total normal flow (flux) of the physical entity over the 
surface can be measured in two ways: (1) by summing the out- 
ward normal flux over the surface, or (2) by computing the 
algebraic sum of the sources and sinks throughout the volume. 
Stated in words the divergence theorem is: a vector field the 

surface integral of the normal component of flux is equal to the 
volume integral of the divergence taken throughout the volume. 

It is easy to establish, with the aid of the divergence theorem, 
the following useful formula: 


f 125-2) X = /s ““ 

where n is the unit normal exterior to the surface 2 bounding the 
volume r. Indeed, 

n = i cos (Xj n) -}- j cos {y, n) + k cos {z^ n). 
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Hence, (125-2) is equivalent to the three scalar equations 
r ^ X cos (x, n) (Iff, 

X = X- 




u COS (2, n) d<x, 


whiefc. are precisely the statements of the divergence theorem 
applied to the vectors iw, jw, and kw, respectively. 

Example, Verify (125-1) for 

r •* r r 

where ^ + 2 - and r is the sphere = dK The 

computation of div A gives 

dAg. -h dAy x^ + 

Bx 

and 

BAi x^ + 


so that 

Then 


+ 02)3,4 

"" (X2 -f 2/2 + g2)5.i» 


{x^ +• y- + 2^)^^ 


div A — — 

T 


/divAdr = = sX 

= 47ra^, 

since dr = sin d dS d<p dr in spherical coordinates. On the other 
hand, since the normal component of A is directed along the radius r 
and since the vector A is a unit vector, it is evident that 

Anda = j*^l ’ da = 


PROBLEMS 

1. If is a scalar and A is a vector, show that 

div uA = u div A + (A, Vu), 

2. If n is an exterior unit-normal to the closed surface E and r is 
the position vector of any point on S, show that 

X (a, r) do- = 3t, 

where r is the volume bounded by iJ. 
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3. If u and p are scalar point functions and A — Vu and = p 
(see Prob. 2, Sec. 124), show that 



where r is the volume bounded by 2. 

4. Substitute for A in (125-1) the vector uVVj where u and v are scalar 
point functions. Then, 




jT div (uVv) = Jl. ('^V?;)„ d<r, 
ritte: 


Show that this equation can be written as 

fdu dv 


dv , 
da 

s dn 


dx dx dy dy dz dz) 


In this last result set = ^^ and obtain another important theorem 
bearing the name of Green, 

6. Using Prob. 4, obtain the symmetrical form of Greenes theorem, 

I = X (“ -£) 


which is of frequent use in numerous investigations in mathematical 
physics. 

126. Curl of a Vector. In Secs. 63 and 123 the necessary and 
sufficient conditions for independence of the path of the line 
integral were given. It will be shown in this section that these 
conditions are intimately connected with the notion of the curl 
of a vector, which will be developed next. 

If a closed curve C is drawn in a vector field, then the line 
integral 

(126-1) (A, ds) = A, ds 

depends in general upon the vector A and the contour C. The 
value of (126-1) is called the circulation of A around the path C. 
If the circulation of A is zero for every closed path C (that is, if 
As ds is an exact differential), then the vector field is said to be 
irrotational; otherwise it is called rotational. The reason for this 
terminology will appear when the applications are discussed in 
Secs. 129, 130, and 131. 
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The average circulation of the vector A per unit area of an 
arbitrary surface 2) spanning C (that is, 2 passes through C and 
has C for its boundary) is 


(126-2) 


X (A. As) 


which clearly depends upon the path C and the area of 2. Con- 
sider a point P on 2, and let the contour C shrink to the point 
P. Then the limit of the quotient (126-2), if it exists, is called 
the circulation at the point P. It must be kept in mind that the 
circulation at a point depends, in general, upon the choice of the 
arbitrary surface 2. However, if A fulfills the conditions imposed 
in Sec. 122, there will exist a unique limit that is independent of 
the type of surface 2 and of the mode of approach of 2 to zero. 
It will be assumed henceforth that such is the case. 

It is possible to construct a vector whose component in the 
direction of the positive normal to 2 is the circulation at P; such 
a vector is called the curl of A at P and is denoted by the symbols 
curl A or rot A. Inasmuch as it is inconvenient to apply this 
definition for purposes of computation, it is desirable to develop 
a set of formulas for computing curl A when A = iA® + 

-I- kAs is given. 

It will be observed that the definition of curl A is somewhat 
similar to that of div A given in Sec. 124. A procedure similar 
to that employed in developing the formula for div A can be used 
in deriving the expression for curl A, considering one component 
of curl A at a time. That is, one can apply the defining equation 


X 

(126-3) curL A = lim - — 

A<r->o Act 


to the elements of area Aa that arc normal to the coordinate axes. 
As a result of such a development, it is found that curl A is a 
vector whose y, z components are 



bAy 


curly A = 


dA* 

bz 


bx ^ 


curb A = 


bAy 

bx 


bAx 

by 
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Hence, in convenient determinant form, 


(126-4) 


curl A = 


i j k 

A A 1 

dx Sy dz 
A X Ay A z 


Upon recalling that the operator V repi*e8cnts 


It — h j — h 
dx By 


k 


d 

dz 


(126-4) can be written compactly as 

curl A = [V, A]. 


If curl A s 0, it follows that 

eurlx A = curlj, A = 


Hence, 


curb A — 0. 


dAz __ dAy _ ^ dAx __ dAz _ ^ dAy __ dAx _ ^ 
dy dz ^ ^ dz dx ’ dx dy ’ 

which are precisely the necessary and sufficient conditions that 
Ax dx + Ay dy + Az dz 
be an exact differential.* 

Example. Compute curl A if 

A = ixyz + ixyz^ + )sx^yz. 

Since 

Ax = xyz, Ay = xyz^, Az = x^yz, 
curl A = i(xh — 2xyz) + j{xy — Sx^z) + kiyz^ — xz). 


PROBLEMS 

1. Find curl A, if 

(а) A = Lc 4- iy + kg; 

(б) A = i2 + j I + k^, + 2/» + 

(c) Find curl Vu where u = x^ + y^ + z^. 

2. Show that div curl A s 0. 

3. Show that curl A s 0, if A = Vu, where is a scalar point function 
having continuous second partial derivatives. 

4. Show that curl curl A = — V^A + V div A. 

*In this connection see Prob. 3, just below. 
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6. Show that curl A can be defined as 

lim ;r Is 

Ar—^0 At 

See Wills, A. P., Vector and Tensor Analysis, page 85. 

6. Show that 

(a) curl (u + v) = curl u + curl v ; 

(jb) curl (w) = [Vii, v] + u[V, v]. 

7. Show that curl r^r = 0 if r = Lr + 32 / + 

127. Stokes’s Theorem. This important theorem permits 
one to transform certain integrals calculated over the surface into 
line integrals. It can bo stated as follows; 

Theorem. The line integral of the tangential component of 
a vector A around a closed path is equal to the surface integral 
of the normal component of curl A over the surface enclosed by the 
path. 

In symbols the statement of the theorem becomes 
(127-1) J^Asds = ciirln A da, 

or, when written out in full, 



it is obvious that the line integral in the left-hand member can be 
written as 

(A* dx Ay dy + Az dz). 

A proof of this theorem, which makes use of the definition of 
curln A [see (126-3)], can be constructed in a manner similar to 
that given for the divergence theorem in Sec. 126. If the surface 
2, bounded by the closed curve C, is divided into small triangular 
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areas Ao-,-, of which XABC (Fig. 119) is typical, then from the 
definition (120-3) it follows that 

curl,. A Aar, = (hi + e, Act,-, 

wh(*re the integral is extend(‘(l (>v(‘r the Ijoundary of the tri- 
angular an^a Act/ and e, is an infiiiit(‘sinial. Form the sum 

( 127-2; ^ curl,* A Act,- = ^ ds + ^ e,- AcTij 

i i " ‘ i 

\vli(‘r(‘ the summation extends over the entire area of S. The 
line integrals over the common parts of the boundaries of the 

triangles Act,- cancel, for these com- 
mon parts of the boundaries vdll be 
traversc^d twice in opposite direc- 
tions. Thus the integral in the right- 
hand member of (127-2) represents 
the line integral around the curve C. 
If the number of triangular areas is 
increased indefinitely, Eq. (127-2) 
redu(‘es to (127-1). The passage 
from (127-2) to (127-1) needs some justification, even though 
it ma}' appear physically obvious. 

128, Two Important Theorems. There are two theorems in 
vector analysis that are of cai'dinal importance in hydrodynamics, 
theory of elasticity, and electrodynamics. 

Theorem 1. The necessary and sufficient condition that the 
curl of a vector va^iish identically is that the vector be the nabla of 
some function. 

The proof of the sufiB.ciency part of this theorem was given as 
an exercise in Prob. 3, Sec. 120; thus, atssuming that A ~ Vtt and 
computing curl A give curl A = curl Vu = 0. In order to prove 
the necessity, assume that curl A s 0. Then, by Stokes's 
th(‘orem, 

As ds = curln A do- s 0, 

and, since the integral around an arbitrary closed curve C is 
zero, the expression risds is an exact differential (see Sec. 123), 
so that 

A = Yu. 
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Theorem 2. The necessary and sufficient condition that the 
divergence of a vector vanish identically is that the vector be the curl 
of some other vector. 

To prove the sufficiency part, assume that A = curl B. Then, 
by Prob. 2, Sec. 126, 

div A = div curl B = 0. 

The proof of the converse is not so simple as that given in the 
preceding theorem. It can be made to depend upon a demon- 
stration of the existence of a solution of a certain partial differ- 
ential equation and will not be given here.* 

PROBLEMS 

1. Show that (r, dr) = 0 if r is the position vector of a point on the 
closed contour C. 

2. If u and v are scalar point functions, show that 

C dv r du 

Jc^rs= 

3. A vector field A whose divergence vanishes everywhere in the 
region (that is, div A s 0) is called solenoidal. Prove that the neces- 
sary and sufficient condition that the surface integral (n, A) da shall 
be capable of transformation into a line integi’al around the contour 
bounding S is that the field be solenoidal at all points of the surface. 

4. A vector field A is said to be la7nellar, or irrotational, if curl A = 0 
in the region. Show that the necessary and sufficient condition that 

the field is lamellar is that J* q (A, ds) = 0 over all contours C bounding 
simply connected regions. 

5. Show, with the aid of Greenes theorem (Problem 5, Sec. 125), 
that a vector point function A is uniquely determined within a region r, 
bounded by a surface S, when its divergence and curl are given through- 
out r and the normal component of curl is given over S. 

129. Physical Interpretation of Divergence and Curl. From 
the definition of the divergence (Sec. 124), it is clear that the 
operator div applied to a vector function A gives at each point 
the rate per unit volume at which the physical entity is issuing 
from that point. If the vector A represents the flow of heat and 

*The student who is interested in the proof and applications of this 
theorem will find it profitable to consult the mathematical appendix of 
an excellent treatise on electrodynamics by M. Mason and W. Weaver, 
'rhe Electromagnetic Field. 
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if div A is positive at a point P, either there must be a source of 
heat locatc^d at P, or else heat must be leaving P so that the 
temperature at P is decreasing. If A represents the vector 
velocity of a fluid and if div A is positive at P, then there must 
1)0 a source of the fluid at P or else the density at this point is 
decreasing. For an incompressible fluid a non-vanishing value 
of the divergence at P indicates the rate at which the fluid is 
being introduced or removed at P and thus gives the measure 
of the strength of the source or sink at P. If there are no sources 
or sinks in some portion of the incompressible fluid, then the 
divergence is zero at every point of such a region. 

The physical interpretation of the curl of a vector is not so 
simple as that of the divergence. It will be shown that the curl 
of a vector function A gives a measure of the angular velocity at 
every point of the vector field. Let the vector A represent the 
velocity at e^’'ery point of an incompressible fluid, and at a given 
instant consider a small sphere of fluid whose center is at the 
point P. At a later instant, this sphere may have been trans- 
lated to a new position, or it may have been subjected to a strain 
that leaves it no longer a sphere, or it may have been rotated 
as a w’hole about some definite axis. The general motion of a 
small sphere of fluid is made up of the three types of motion 
just listed, and the curl of a vector gives the measure of the last 
one of the three enumerated. 

For simplicity the only case considered vdll be that of rigid 
body motion. Let Vp be the instantaneous velocit 3 ^ of a point 
P of the body. It is known that Vp can be resolved into two 
components, one of which is the velocity of translation Vo of an 
arbitrarily chosen point 0 of the body, whereas the other is due to 
the angular velocity of rotation (*> of the body about a line 
passing through 0. Let r be the vector from 0 to P; then the 
velocity of any point P of the body [see (121-1)] is 

Vp = Vo + [o), r], 

and 

curl Vp = curl Vo -f curl [ci>, r]. 

Now the velocity of translation Vo, at a given instant of time, 
is the same for all points of the body, and hence it is independent 
of the coordinates or, y, z of the points of the body. Conse- 
(piently, curl Vo - 0. If the point 0 is chosen as the origin 
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of coordinates, then r = io: + + fcs and, from (121-2), 

[g>, r] = i{oiyZ - + k{co^y - ojyx). 

Calculating curl [to, r] gives 

curl [<o, r] = 2(icjJx + j% + kco.) = 2(o. 

Thus the angular velocity of rotation 6>, at any instant of time, 
is equal to one-half the curl of the velocity field v. 

The following two sections contain applications of the diver- 
gence and Stokes’s theorems to the derivation of some important 
differential equations of mathematical physics. 


PROBLEMS 

1. Show that div [A, B] = (B, curl A) — (A, curl B). 

2. Show that curl [A, B] = A cHv B - B div A -h (B, V)A - (A, V)B. 
The symbol C = (A, V)B is a vector whose components are 


3. Show that 


^ . dB. . dB. . BBx 

do: ^ dy ^ dz 
C — A -4“ A 4- A 

- A* -h Ay -h A. 


curl uA — u curl A -|- [Vw, A] 


where w is a scalar point function. 


130. Equation of Heat Flow.* The following derivation of 
the Fourier equation of heat flow illustrates admirably the use 
of the divergence theorem in mathematical physics. 

It is known from empirical results that heat wiU flow from 
points at higher temperatures to those at lower temperatures. 
At any point the rate of decrease of temperature varies with the 
direction, and it is generally assumed that the amount of heat 
AH crossing an element of surface Act in At sec. is proportional 
to the greatest rate of decrease of the temperature u, that is, 

AH = kAa At 

Define the vector q, representing the flow of heat, by the 
formula 


— 

dn 


q = -‘hVu, 


See also Sec. 110. 
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where k is a constant of proportionality known as the thermal 
conductivity of a substance. [(The units of k are cal./(cni. 
sec. °C.).] The negati\'e sign is chosen in the definition because 
heat flows from points of higher temperature to those of lower, 
and the vector Vw is directed normally to the level surface 
a = const, in the direction of increasing u. 

Then, the total amount of heat H flowing out in At sec. from 
an arbitrary volume r bounded by a closed surface S is 

( 130-1) H = -At k (Iff = At q„ dff, 
since ~ — /t du/dn. 

Oil the other hand, the amount of heat lost by the body r 
can be calculated as follows: In order to increase the temperature 
of a volume element by one must supply an amount of heat 
that is })roportional to the increase in temperature and to the 
mass of the volume element. Hence 

AH = c Au p At = At p At, 


where c is the specific heat of the substance [cal./(gr. °C.)] and 
p is its density. Therefore, the total loss of heat from the volume 
T ill At sec. is 


f 130-2) 


Equating (130-1) and (130-2) gives 


(130-3) 


and (130-2) gives 


Appljmg the divergence theorem to the left-hand member of 
(130-3) yields 

r , Cdu. 


J div q (fr = "■ J* 


and since q = —kVu, the foregoing equation assumes the form 


(130-4) 




div (— A*Vw.) + c/t = 0. 


Xow.* if k is a constant, 

div (kVu) == kV^u 


"' See Proh. 2, Sec. 124. 
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and (130-4) becomes 

(130-5) J (^-kV^u -I- cp ^ dr = 0. 

Since this integral must vanish for an arbitrary volume r and 
the integrand is a continuous function, it follows that the 
integrand must be equal to zero. For if such were not the case, 
r could be so chosen as to include a region throughout which the 
integrand has constant sign. But if the integrand had one sign 
throughout this region, then the integral would have the same 
sign and would not vanish as required by (130-5). 

Therefore, 

, — ^ ~ ^ 
or 

(130-6) 
where 

Equation (130-6) was developed by Fourier in 1822 and is of 
basic importance in the study of heat conduction in solids. A 
similar equation occurs in the study of current flow in conductors 
and in problems dealing with diffusion in liquids and gases. 

It follows from (130-6) that a steady distribution of tempera- 
tures is characterized by the solution of Laplace^s equation, 

- = 0 . 

It was assumed in this derivation that the body is free from 
sources and sinks. If there are sources of heat continuously 
distributed within r, then it is necessary to add to the right-hand 
member of (130-2) the integral 

V, 2 , 0 dr, 

where /(x, y, t) is a function representing the strengths of the 
sources. The reader will show that in this case one is led to 
the equation 

^ -h f, 

at cp 


du 

It 




cp 
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provided that the thermal conductivity of the substance is con- 
stant. Thus the presence of sources leads to a non-homogeneous 
partial differential equation. 

131. Equations of Hydrod 3 ntianiics. Consider a region of 
space containing a fluid, and let v denote 
the velocity of a typical particle of the 
Z'' " fluid. The amount Q of fluid crossing 

an ai’bitrary closed surface 3 drawn in 
the region can be calculated by deter- 
mining the flow across a typic*al element 
A(r of the surface A particle of fluid 
is displaced in M sec. through a dis- 
tance V ; and since only the comijonent 
of the vector v normal to the element Acr contributes to the flow 
acTOss this element, the amount AQ of the fluid crossing A<r is 

AQ = pVn Ao- At, 

where p is the density (Fig. 120). 

The entire amount Q of fluid flowing out of the volume r, which 
is bounded by S, in At sec. is 

Q = At Jl pVn dcr. 

On the other hand, the quantity of the fluid originally con- 
tained in r will have diminished by the amount 

for the change in mass in At see. is nearly equal to (dp/dt) At At, 
and the negative sign is taken because p is a decreasing function 
of L 

Equating these two expressions for Q gives 



Fig. 120. 


(131-1) 



Appl^nng the divergence theorem to the left-hand member of this 
equation gives 




/ _\ .7 


dp 
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Since the integrand is continuous and the volume r is arbitrary, 
one can conclude that 

(131-2) ^ + div (pv) = 0. 

This is the basic equation of hydrodynamics, known as the 
equation of continuity. It merely expresses the law of conserva- 
tion of matter. 

It has been assumed that there are no sources or sinks within 
the region occupied by the fluid. If matter is created at the 
rate kp(Xj 2 , t)^ then the right-hand member of (131-1) should 
include a term that accounts for the increase of mass per second 
due to such sources, namely, 

^ kp dr. 

In this event the equation of continuity reads 
^ + div (pv) = kp. 


The constant of proportionality k is sometimes called the growth 
factor. 

Since the density p(a;, y, z, t) of a particle of a fluid, located at 
the point {x, y, z) at the time t, changes as the particle is dis- 
placed, the total derivative of p with respect to t is 


(131-3) 


dt di dx dt dydt dz dt ' 


In this equation, dp/dt means the rate of change of density as one 
moves with the fluid, whereas dp/dt is the rate of change of 
density at a fixed point. 

Upon noting that 


V 





and 


_ . dp . . dp , . dp 

Vp = 1 ~ + k 

dx dy dz 


the formula (131-3) can be written as 


(131-4) 


dp 

dt 


= « + (Vp, V). 
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Substituting from (131-2) in (131-4) gives 

(131-5) ^ = -cliv (pv) + (Xp, V). 

But div fpv) - fVp, v) +pdivv [see Frob. 4(6), Sec. 124], so 
that (131-5) becomes 


or , 

(131-G) clivv=-i^- 

P (it 

Ft- is clear from (131-6) that div v is equal to the relative rate of 
change of the density p at any point of the fluid. Therefore, 
if th(‘ fluid is incompressible the velocity field is characterized by 
the equation 

(131-7) div V = 0. 

If the flow of fluid is irrotational, then curl v = 0, and one is 
assured that there exists a scalar function 4> such that* 


V = 


Substituting this in (131-7) gives the differential equation to 
satisfied b}" namely, 


(131-8) 


V2<|) = 


dr- dy^ 


d2$ 

q- r_l = 0 


be 


The function 4> is called the velocity potential. A similar result 
was obtained in Sec. 66 for the two-dimensional flow. 

If the fluid is ideal, that is, such that the force due to pressure 
on any surface element is ahvays directed normally to that 
surface element, one can easily derive Euler's equations of 
hydrodynamics. Denote the pressure at any point of the fluid by 
p; then the force acting on a surface element Ac is — pn A<r, and 
the resultant force acting on an arbitrary closed surface S is 

-f^pnda. 

The negative sign is chosen because the force due to pressure 
acts in the direction of the interior normal, whereas n denotes 
the unit exterior normal. 

* See Theorem 1, Sec. 128. 
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Let the body force, per unit mass, acting on the masses con- 
tained wdthin the region r be F; then the resultant of the body 
forces is 

fFpdr. 

Hence, the resultant R of the body and surface forces is 
(131-9) R = Fp dr — pn da 

= ^ Fp dr — Vp dr, 

where the last step is obtained hy making use of (125-2). 

From Newton's law of motion, the resultant force is equal to 


(131-10) 


R 


Jr ^ dt^ 


where r = ix + }y kz is the position vector of the masses 
relative to the origin of cartesian coordinates. It follows from 
(131-9) and (131-10) that 




and since the volume element is arbitrary and the integrand is 
continuous, 

(131-11) p ^ = Fp - Vp. 


This is the desired equation in vector form, and it is basic in 
hydro- and aerodynamical applications. 

In books on hydrodynamics, the cartesian components of the 
velocity vector dr/dt are usually denoted by u, v, and w, so that 


dt 


. , . , . .dx,,dy.r.dz 


Since u, v, and w are functions of the coordinates of the point 
(x, y, z) and of the time t, it follows that 


W ~ '^dt dz dt) 


+ 


dv dx ^ 

dt dx dt dy dt dz dt) 

x^fdw.dwdx^^^,^ 

^ \M '^'dxdi'^'^dt ^ dz dt)' 
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Substituting this expression in (131-11) and setting F = 

+ }Fy 4- lead to three scalar equations, Avhich are associated 
with the name of Euler.* 


(131-12) 


dll , du , du , du rr 

dt ^ dx ^ dy ^dz 

dv , dv , dv dv p 

1“ + + 5s . F, _ 

di^dx^dy^dz 


1 ^ 
p dx^ 

1 ^ 
p dy 
1 ^ 
p dz 


It is possible to show with the aid of these equations (and by 
making some simplifying assumptions) that the propagation of 
sound is governed approximately by the wave equation 


d*-.v 




In this equatioHj a is the velocity of sound and 6* is related to the 
density p of the medium by the formula 



where po is the density of the medium at rest. 


PROBLEMS 

1. Show’ that in the case of irrotational flow of a fluid the equations 
of the stream lines (that is, the curves having the direction of the 
velocity v) are determined from 

dx ^ dy ^ ^ 

Vx V y Vz 

Note that the stream lines are normal to the equipotential surfaces. 

2. Prove that for irrotational flow of a fluid the circulation around 
every closed path is zero. 

3. Ill a certain tw'o-dimensional flow’ of a fluid the velocity potential 

is $ = >2 log Find the components of velocity, and show 

that a suitable stream function is "F = tan”^ iy/x). 

* For various applications of these equations to problems in hydro- and 
aerodynamics, see L. Praiidtl and 0. (1. Tietjens, Fundamentals of Hydro- 
and Aeromechanics; L. Prandtl and 0. G. Tietjeiis, Applied Hydro- and 
Aeromechanics; H. Lamb, Hydrodynamics, 

An exposition of the fundamentals of hydrodynamics will also be found 
in L. Page, Introduction to Theoretical Physics, Chaps. V and VI; H. Lamb,* 
Hydrodynamics. 
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4. Discuss the two'dimensional flow of a fluid for which the velocity 
potential is = cx. What is the stream function for this flow? 

5. Find the velocity potential of a two-dimensional flow if the stream 
function is ^ = 2xy. 

132. Curvilinear Coordinates. One of the chief advantages 
of the vector representation is that the equations appear in a 
form that is independent of the particular choice of the coordi- 
nate system. 

The choice of the coordinate system to be used in any par- 
ticular problem is dictated by the simplicity of the equation of 
the boundary of the surface entering in the problem. Thus, in 
treating the problems of Sec. Ill it was found expedient to use 
the cartesian system, because the equations of the boundaries 
of the rectangular plate are simply expressed with the aid of the 
equation x = const. The cylindrical coordinate system, on 
the other hand, was used in treating the problem of the vibrating 
membrane (Sec. 113), because the circular boundaiy of the mem- 
brane then has the simple equation p = const. Likewise, the 
advisability of using spherical coordinates in Sec. 114 w^as dic- 
tated by the fact that the equation of a sphere is given by the 
simple relation p = const. In ellipsoidal coordinates the bound- 
ary of an ellipsoid is represented by the equation u = const. 

Up to this point the vector equations have been 'translated’' 
into the language of orthogonal cartesian coordinates, and it 
remains to translate the expressions for various vector operators 
into the languages of other coordinate systems that are commonly 
used in applied mathematics. It will be seen that all the 
coordinate systems used in this book are merely special cases of 
the general curvilinear system which will be discussed next. 

Consider the three independent functions u, v, w of the inde- 
pendent variables x, y, z, 

U = Mx, y, z), 

V = h{x, y, z), 
w = U{x, y, z), 

where, by independent functions, it is meant that these equations 
can be solved uniquely for x, y, and z to yield 

X = <pi.{u, V, w), 
y = V, w), 

z = <ps(u, V, w). 
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For example, in the case of spherical coordinates the latter set of 
ecpiations has the form 

j = p sin B cos ifi 
y = p sin $ sin (p, 
z = p cos Bj 

wliere u = p, r == B, and w = <p] for the cylindrical coordinate 
system, they are 

X ^ p cos 0, 

2 / = p sin d, 
z = z, 

where u = p, = B, and w — z. 

If a, V, and w are assigned the fixed values ito, ^’o, Wo, respectively, 
the equations 

I z) = Mo, 

(132-1) lhix,y,z) == Vu, 

y, z) = “’ll 

determine three surfaces. Two of these surfaces intei-sect in 
general in a space curve, and the third intersects the space curve 
in a point. Thus, a triplet of values wo, vo, Wo determines a point 
in space. The surfaces (132-1) are called the coordinate sur- 
faces, and the space curves in which each pair of surfaces intersect 
are kno^ni as the coordinate lines. 

The rectangular coordinate system is a very special case of the 
general cur\dlinear system which corresponds to the choice 

fi = O', /2 = y, fz 

so that the surfaces in question are the planes 

X — Uo, y — Vqj Z = Wq. 

The intersection of any two planes is a straight line and the third 
plane cuts this line in the point (wo, Wa). 

If the three families of surfaces (132-1) intersect orthogonally, 
the coordinate system is said to be orthogonal. This section will 
be restricted to the discussion of oi-thogonal systems only, for 
most physical problems can be treated successfully with their aid. 

Examples of oi-thogonal systems that are in frequent use are 
the cartesian, spherical, cylindrical, and ellipsoidal systems. In 
spherical coordinates the surfaces (132-1) are concentric spheres 
p == const., a family of cones B == const, having a common 
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axis and vertex, and a family of planes (p = const, intersecting 
in one straight line. In c^dindrical coordinates the surfaces 
(132-1) represent a family of coaxial cylinders p = const., a 
family of planes <p = const, intersecting in the axis of the cylin- 
ders, and a family of parallel planes z = const, that cut the axis 
of the cylinders at right angles. The ellipsoidal coordinate 
system makes use of the three conlocal families of ellipsoids, 
unparted hyperboloids, and biparted hyperboloids. 

Although the expression for the element of distance ds in 
cartesian coordinates is 

ds = V (dx)^ + (dyy + {dzY, 

it is not so simple in either spherical or cylindrical coordinates. 
In fact, if the polar coordinates (r, 6) locate a point in a plane, the 
el ement of distan ce ds is given not by \^{dTy -f {dSY but by 
V [dry + (r dey, where dr represents the change in distance 
measured along the radius vector and 
r is the distance along the circular 
arc in the direction of increasing 6 
(Fig. 121). 

Similarly, in spherical coordinates 
the linear element of distance i s given 
notby\/(dp)^ + {dsy + (d^)^ but by 

-v/ {dpy + (p dsy + (p sin 6 d<py, Fig. 121 . 

where the distances in the direction of increasing p, 0, and 
which are dp, p dS, and p sin 6 d<p, are shown in Fig. 46. 

By examining Fig. 47 the student can readily convince him- 
self that the distances in cylindrical coordinates in the directions 
of increasing p, 0, and z are dp, p dd, and* dz and that the element 
of distance is 

ds = Vidpy + (p dd)^ + {dz)\ 

In general, the distance dsu, measured in the direction of u 
between two surfaces for which u differs by an amount du, is 

dsu = ei du, 

where ei is some function of u, v, and w. Similarly, 

dsv = ^2 dv 



and 


dsw = ezdw. 
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The quantities ei, e^i, ez can be calculated analj^tically; but in 
most cases the functions ei, co, ez can be obtained directly from a 
figure by inspection, for they are those quantities by which the 
increments du, d.i% dw of the variables must be multiplied in order 
to give the distances measured in the directions of increasing 
y, and w. For example, in spherical coordinates the point is 
located with the aid of the numbers p, 6, Setting u = 

V — dj w = ip, one obtains, from Fig. 46, 

dsp = dp, dsfi = p dd, ds^ = p sin 6 d<p, 

so that 

= 1, Co = p, C3 = p sin 6. 
hi cylindrical coordinates, 

u = p, V = dj w = z 

and 

dSp = dp, dse = pdd, dsz == dz. 

Therefore, 

ei =1, C2 = p, cs = 1. 

The analytic calculation of the quantities ei, e^, es in the case 
of more complicated coordinate systems can be performed as 
follows: If the equations of transformation from the cartesian 
coordinate system j, y, z to tx curvilinear system u, v, w are 

a- = <pi(u, V, w), 
y = V, w), 
z = ipz{u, V, w), 

then 

dx - ^ dll + dv + ~ dw, 
du dv dw ^ 

with similar expressions for dy and dz. Forming {ds)^ = (dxy 
+ {dy)“ + (dz)^ \’vith the aid of these expressions gives 

= ^ix (du)- + 2^12 du dv + 2giz du dw 
+ 2^23 dv dw + ^22 (dvY + grjs (dwY, 
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where the coefficients gr,, are expressions in terms of the partial 
derivatives. For example, 


gii 

gi2 




d(pi d(pi d(p2 d<p2 
du di' du dv 


, d(p^ , 
+ -j- ^ etc. 

an dv 


If the system u, v, w is orthogonal, then it can be shown 
that Qij = 0 if i 7^ i, so that the quantities Ci, 62, and cs, defined 
above, are related to the “metric coefficients’^ Qij as follows: 

ei = VUi, 62 = V9'22, 63 = Vgu- 

Frequently, it is found more convenient to express a vector A, 
not in terms of its cartesian components as AJl + AJ + AJs, 
but in terms of its components in the direction of increasing 
u, Vj and w. For example, in many problems requiring spherical 
symmetry it is found expedient to resolve a vector A in the 
directions specified by p, and and express it in the form 


A = 9iAp + BiAb + 

where 91, di, and are the unit vectors in the directions of 
increasing p, and respectively. 

Consider a vector A that is expressed ^ 
in terms of its components in the u-^ t;-, 
and ic?-directions as 

( 132 - 2 ) A = UiA« + ViA„ + WiA«„ 

where Ui, Vi, and Wi are unit vectors in 
the directions of increasing u, Vj and w. 

The expression for the divergence of 
( 132 - 2 ) can be obtained by the use of 
a method employed in Sec. 124 . All that is necessary is to replace 
dr = dx dy dz by the corresponding volume element in curvilinear 
coordinates (see Fig. 122 ) 

dr = dsu, dsp dsto — 616263 du dv dWj 

and the elements of area dx dy, dy dz, dz dx, by 

d(Tuv == ^162 du dv, 
dcTvv = 6263 dv dw, 
d(Tuw — 6163 du dw. 
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The result of such substitutions leads to the general expression 
for div A in curvilinear coordinates, namely, 


a32-3) divA = 


1 




diAueaCs) I diAveies) . d(Aweie2) 


du 


dv 


dw 


Similarly, it is found that 


{ 132-4) curl A = Ui 


J_ 

C2C3 


d je^Au:) _ djeoAc) 
dv dw 


+ Vi — 


dje-L. 

dw 


4jt) d (ezA,r) 

V du 


Wi 


1 <3(e2A„) ^ d(eiAu) 

2 L dw 


C1C2 


dv 


The expression for the gradient of a scalar function is obtained 
readily, for 


so that 
(132-5) 


__ d^ . d^ . 

= Ui h Vi— -|- Wi— ; 

dSu dSj} uSy) 


V<f» __ d4> Vi Wi d^ 

e I du Co dv es dw 


Inasmuch as div V4> = it is checked readily with the aid of 
(132-3) that 


(132-6) = 


1 

C1C2C3 


dil\ Cl duj dr \ 62 dv J di4?\ 63 dw/_ 


If the appropriate values of ci, 62 , cs, for various systems of 
coordinates, are substituted in (132-3) and (132-6), the following 
important relations result: 

a. Polar coordinates in the plane: 


div A = - 
r 


= ± 
r 


0(rAr) . dAi 
dr dd 


I 

; 


idr \ dr J d6 \r dd / J 
5. Cylindrical coordinates: 


rfiv A = 4. i 4. d(A.) 

p dp p dd' dz ^ 


V2<|> = - 
P 


A^fy^ 


dp 


,33$ 32cj, 

"*■ p2 se^ dz^ ■ 
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c. Spherical coordinates : 

dp p Sin 0 


V2$ = 


A't) 


dp 


+ 


sin 6 


d(sin 6 Ab) , 1 

dd ^ p sin 6 d<p ^ 
f . <34>\ 

ae p2 sin2 d d<p^' 


PROBLEMS 

1. Using (132-5), write the expressions for V$ in cylindrical and 
spherical coordinates. 

2. Show that (132-4) can be written as 

e2Vi esWi 

A A 

dv dw 

e^Av BsAtp 

3. Express curl A in cylindrical and spherical coordinates (see 
Prob. 2). 

4. Show that <i> = 1/p satisfies Laplace’s equation. 

6 . Find the metric coefficients and hence the quantities ei, 62 , 
for polar and spherical coordinates. Verify that, in these cases, 
Qij = 0 if f j. 

6. If the position vector of the point (u, v, w) is 

r = i<pi('w, V, w) + i^Piiuy V, w) + k<pi(uj v, w) 

= ix + jy -\-kz, 

show that the metric coefficients gij are given by the formulas 
gij = (at, a,), where ai = dx/du, a .2 = dx/dv, as = dx/dw. 

Hint: {dsY — (dr, dr). 

7. Referring to Prob. 6, show that the volume element is 

dr = ± (ai, [a 2 , as]) du dv dw. 

8. The expression for {dsY in parabolic coordinates is 

{dsY = + v^)[{duY + {dvY] + uh)Kdip)\ 

What is the form assumed by Laplace’s equation in the^e coordinates? 

9. Show that 

^ — p cos B H — 

satisfies Laplace’s equation in spherical coordinates. 

10. The force per unit charge due to a dipole of constant strength p 
is given by 

„ _ 2peos0 psintf 

' = ri -3 h »i 

Oomjiute div F and curl F. 


curl A — 


616263 


eiUi 

\du 

eiAu 
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COMPLEX VARIABLE 

133. Complex Numbers. The analysis in the preceding 
ehaptei's was concerned principally with functions of real var- 
iables, that is, such ^'ariables as can be represented graphically by 
points on a number axis, say the x-axis of the cartesian coordinate 
system. The reader is familiar with the fact that the calculation 
of the zeros of the function/(x) = ax-+ hx + c, in the case where 
the discriminant — 4ac is negative, necessitates the introduc- 
tion of complex numbers of the form u + iv, w’here u and v are 
real numbers and i is a number such that P = — 1. 

A number of the form u + iv can be represented by a point in 
a plane referred to a pair of orthogonal x- and y-axes if it is agreed 
that the number u represents the abscissa and v the ordinate of 

the point (Fig. 123). No confusion 
is likely to arise if the point (w, y), 
associated with the number u -b iv, 
is labeled simply u -|- iv. It is clear 
that the point {u, v) can be located 
by the terminus of a vector z whose 
origin Is at the origin 0 of the coor- 
dinate system. In this manner a 
one-to-one correspondence is estab- 
lished between the totality of vectors in the xy-plane and the 
complex numbers. The vector z may be thought to represent 
the respltant of tw^'o vectors, one of which is of magnitude u and 
directed along the x-axis, and the other of magnitude v and 
directed along the y-axis. Thus, 

z = u iv, 

where u is spoken of as the real part of the complex number z 
and iv as the imaginary part. Therefore, if the points of the 
plane are referred to a pair of coordinate axes, one can establish 
a correspondence betw^een the pair of real numbers {u, v) and a 
single complex number u + iv. In this case the xy-plane is 

440 
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railed the plane of a complex variable, the a:-axis is called the 
real axis, and the ^/-axis is called the imaginary axis. 

If V vanishes, then 

z = u + 0‘i=u 

is a number corresponding to some point on the real axis. Accord- 
ingly, this mode of representation of complex numbers (due to 
Gauss and Argand) includes as a special case the usual way of 
representing real numbers on the number axis. 

The equality of two complex numbers, 

u ib c 'bdj 

is interpreted to be equivalent to the two equations 
a = c and b = d. 

In particular, a + ih = 0 is true if, and only if , a = 0 and & = 0. 

If the polar coordinates of the point {u, v) (Fig. 123) are 
(r, d)j then 

u = r cos d and z; = r sin ^ 

so that 

T = V and d — tan”^ — 

u 

The number r is called the modulus, or absolute value, and B 
is called the argument, or amplitude, of the complex number 
z ^ u iv. It is clear that the argument of a complex number 
is not unique; and if one writes it as 0 + 2kTr, where —Tr<d<T 
and fc = 0, ±1, ±2, • • • , then B is called the principal argu- 
ment of z. The modulus of the complex number z is frequently 
denoted by using absolute value signs, so that 

r \z\ = \u iv\ = + v^, 

and the argument B is denoted by the symbol 

B = zxgz. 

The student is assumed to be familiar with the fundamental 
algebraic operations on complex numbers, and these will not be 
entered upon in detail here. It should be recalled that 

Zi Ar ^2 — {xi + zVi) + (^2 + iyi) = (iCi + + i{yi + 2/2), 

iSi - 212 = {Xx + iyi) • (X2 + iy^ = (^10:2 - yiy%) + iixiy^ + x^yi), 

£1 ^ Xi + iyi _ X1X2 + yiy2 , . X2y\ — Xiy^ 

^2 X2 + iy2 xl +yl ^2 + 2^2 ' 

provided that \z2\ = \/xl + yl 9^ 0. 
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Tt follows from the polar mode of represontatiori that 

* ^2 = rifcos $1 + i sin di) * roCcos 62 + i sin ^2) 
^ == rir2[f‘OS {B\ + 62) + i sin id\ + d^]] 


that is, the moduluH of the product is equal to the product of the 
moduli and the argument of the product is equal to the sum of the 
'xrguments. Moreover, 


zi Ti (cos Si + i sin ^1) ri r n \ i • • /a 

- = -M ^ ^ ■" ^2) + ^ sm (^1 

So r2 (cos $2 + 1 sm 62) 


^2)], 


so that the modulus of the quotient is the quotient of the moduli and 
the argument of the quotient is obtained by subtracting the argument 



of the deno7mnator from that of the numerator. If n is a positive 
integer, on(‘ obtains the formulas of De Moivre, namely, 

— [r(cos 9 i sin 0 )]”- = r”(eos nd + i sin nd), 

1 

= {r[(‘os {6 + 2 kw) 4 - i sin {d + 2 fc 7 r)]}” 

I / S + 2k7r ... 6 + 2kT\ 

\ n ^ / 

— i?(eos ip + i sin <p), 

so that 


<P = 


d ^kir 

, 

n 


(k = 0 , 1 , 2 , 


n — 1 ). 


This last formula can be illustrated by finding the expressions 
for the cube roots of 2 = 1 — f. Since u = 1 and ^; = ~ 1 , it 

follows that r — \/2 and 6 = tan~"^ Hence 
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/ - 7 + 2ft7r - ^ + 2A,r\ 

^ ^ \^cos -^-3 + i sin -^3 )■ 

Assigning k the values 0, 1, and 2 gives the values of the three 
roots as (Fig. 124) 



The following important inequalities will be recalled, for they 
are used frequently in this 
chapter. 

(133-1) Ui -h ^2| 

^ l^il + \z2\j 
that is, the modulus of the sum 
is less than or equal to the sum 
of the moduli. This follows 
at once upon observing (Fig, 

125) that the sum of two 

sides of the triangle is not less than the third side. 

(133-2) l^si -|- 02 I — l^^il ““ 1221, 



that is, the modulus of the sum is greater than or equal to the dijffer- 



Fig. 126. 


ence of the moduli. This follows 
from the fact that the length of 
one side of a triangle is not less 
than the difference of the other two 
sides. 

(133-3) |;2i| - I 22 I 

< - Z2\ ^ l^ll + I22I. 

This follows from Fig. 126. 


PROBLEMS 

^ 1. Find the modulus and argument of 
^ { cl ) 1 -j- »/(6) 2 •+ 2i, 


J{e) (1 + i)/{l - i). 
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2. If 2i = and Z 2 - e find zi * and Zi/Z 2 > Illustrate the 
results graphically. 

yS. Under what conditions does one have the following relations? 


{a) l^, + 22I == |2i! 4- N; 
ib) |2i + 5r,l = \zi\ - \zi 


yA, Setting s = r(cos 6 + i sin d), show, with the aid of the formula 
of De Moivre = r^feos ?i6 + f sin nB)^ that 


cos 26 = cos- 6 — sin- 6 and sin 28-2 sin 6 cos 6. 


Find all the fifth roots of u nit^^, a nd represent them graphically. 
6. Find all the values of -^1 + i and v'f, and . represent them 
graphicall3^ 

^7, Find aU the roots of the equation — 1 = 0. 

8. Write the following complex numbers in the form a + bi: 


(a.) %/t; 

( 6 ) vT^i; 
Jc) (1 - 






V3i 


1 + i 


Express the following functions in tlic form u iv: 


l/(«) 

{b) 


] 


z — f’ 
z — 
z + P 


(c) 2- - 2 -f 1; 


(e) 


v/10. The conjugate of a complex number a + ib is defined as a — ib. 
Prove that 

>/\a) The conjugate of the product of two complex numbers is equal 
to the product of the conjugates of the complex numbers. 

Ab) The conjugate of the quotient of two complex numbers is equal 
to the quotient of the conjugates of the complex numbers. 


134. Elementary Functions of a Complex Variable. A com- 
plex quantity z = x + iy, where x and y are real variables, is 
called a complex variable. If the assignment of values to z 
determines corresponding values of some expression f{z), then 
f{z) is said to be Si function of the complex variable z. For example, 
if 


f{z) == 2;^ 
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the values of f{z) can be determined by recalling that, i{ z ^ x 
+ iVy then 

= X- — 2/^ + 2za-i/. 

So long as the functions under consideration involve only the 
operations of addition, subtraction, multiplication, division, and 
root extraction, the discussion of Sec. 133 provides methods of 
determining the values of these functions when arbitrary values 
are assigned to z. Thus, if f{z) is any rational function of z, 
that is, the quotient of two polynomials so that 

^ hoz^ + biz”^-^ + ' ‘ ’ + bj 


there is no difficulty in ascertaining its values. The discussion 
permits one to ascribe a meaning even to such an expression as 


m = 


For, if z = X + iyj then 


1 

yjz‘^ — 1 


where 


^z^ — I = — 2/^ — 1 

= [r(cos B -\- i sin 0)]^% 


r = y/ {x^ — y"^ — 1 )^ + 


and 


6 = tan“ 


2xy 


— 




Applying De Moivre^s formula gives 

y/z^ — I — r^^[cos 3^(0 + 2hir) + i sin + 2fc7r)], (fc = 0, 1), 
and therefore, 


\/z 


( < 

^-1 V 


B 4“ 2hK . . 6 2kT 
cos t sin : 


> 


(k = 0 , 1 ). 


Matters become somewhat more involved when it is necessary 
to define transcendental functions of z such as 


e% sin Zj log z^ etc. 

It is evident that it is desirable to define these functions so that 
they will include as special cases the corresponding functions 
of the real variable x. It was indicated in Sec. 73 that the series 
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which converges for all real valu(\s of a*, can be used to define 
the function c-, where z = x + iy, so that 




+ - 
V 2! ^4! 


+ i 


,■ (,, _ j. £’ 

'v 3! ^5! 


)J 


■•) 

= c^^fcos y + i sin y). 


Also, from S(‘c. 73, 

COS // = 2 ' 

sill y = 


These formulas lead one to define the trigonometric functions 
for a complex variable z as 


cos z 


2 


tan z = 


cos z 


sec z = 


1 _ ^ 
cos z 


sin z 


cot 2 
CSC z 




cos z 
sin z 


1 

sin z 


It can be easily verified by the reader that these definitions 
permit one to use the usual relations between these functions, 
so that, for example, 


sin- z + cos- 2=1, 

sin (2x + 22) = sin 2i cos 22 + cos 21 sin 22. 

The logarithm of a complex number 2 is defined in the same 
wa^” as in the real variable analysis. Thus, if 


then 

Setting w u gives 


w = log 2, 
2 = e'^. 


z = 6 “+''' = e*"(cos V + i sin v). 


On the other hand, 2 can be written as 

z — X + iy = r(cos ^ ^ sin B). 
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Therefore, 

r(cos B + i sin 6) = 6“(cos v + i sin v), 

which gives 

^ r, V -= e + (^ = 0 , ± 1 , ± 2 , ± • • • ). 

Then, since u and r are real, u — log r, so that 

(134-1) w — u iv = log 2 = log r -f (^ + 2^x)^^ 

Hence, the logarithm of a complex number has infinitel}’- many 
values, corresponding to the different choices of the argument of 
the complex number. Setting k = 0^ one obtains the principal 
argument of log 2 , if it is assumed that —x < 0 < tt. 

It is obvious that (134-1) provides a suitable definition of 
log 2 for all values of 2 with the exception of 2 = 0, for which 
log 2 is undefined. 

The definition (134-1) permits one to interpret the complex 
power 'UJ of a complex variable 2 by means of the formula 


and since log 2 is an infinitely many-valued function, it follows 
that, in general, likewise has infinitely many values. 

PROBLEMS 

1 . Verify the formulas 

(a) e*i • e*2 = 

{h) sin^ 2 -f cos^ 2 = 1; 

(c) cos (21 + 22) = cos 2i cos 20 — sin Zi sin 22; 

{d) cos iz = cosh 2; 

(e) sin iz = i sinh 2. 

2. Represent graphically the complex numbers defined by the 
following; 

(a) logi; 

(b) log (-1); 

(c) log (1 - -v/Si); 

3 . Show that 

, , , 1 - 1 

(a) tan2 = T^;^; 

gt-2* 4. I 

(b) cotz = i Y 


(d) V] 

(e) e*’* 
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4. Express tan z in the form u + iv. 

5. Express sin z in the form u + iv, 

6. If a and h are real integers, show that 

= 7'«e“*'®[cos {aB -f- h log r) + i sin {ad + 6 log r)]. 

7. Write in the form r(cos B + i sin B) 

{a) (1 + (d) IS- 

{h) (1 - {e) 

(c) 

136 . Properties of Functions of a Complex Variable. Let 

w = f{z) denote some functional relationship connecting w with 
z. If z is replaced by x + iy, w can be written as 

w ^ J{x + iy) = u{x, y) + iv{x, y), 

where u{Xj y) and v{xj y) are real functions of the variables 
X and y. As an example, one may consider the simple function 

= (a; + iyy = + 2ixy, 

If X and y are allowed to approach the values Xo and 2/o> respec- 
tively, then it is said that the complex variable z ^ x + iy 
approaches 2!o = a;o + ^2/0. Thus the statement 

z-^Zq^ or X + iy — ^ a;o + 
is equivalent to the two statements 

x—^xo and y yo. 

Since f(zo) is, in general, a complex number, one extends the 
definition of continuity in the following way: The function f{z) 
is said to he continuous at the 'point z = Zo provided that 

(135-1) f{z) -^f{zo) when z Zq. 

Since f{z) = u{Xj y) + iv{x, y) and J{zo) = u{xq, 2/0) + iv{xo, 2/0), 
the statement (135-1) implies the continuity of the functions 
u{x^ y) and v{xj y). If the function f{z) is continuous at every 
point of some region R in the 2-plane, then f{z) is said to be 
continuous in the region R. 

The complex quantities z and w can be represented on separate 
complex planes, which will be called the 2-plane and the ^^?-plane, 
respectively. Thus the functional relationship w = f(z) sets 
up a correspondence between the points {x, y) of the 2-plane and 
the points (u, v) of the u;-plane (Figs. 127 and 128). 
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If the variable 2 = a* + W acquires an increment Az, then 
(Fig. 127) 

z + Az + A:r) + i{y + Ay) 

and 

As = Ax + iAy. 

The change in w = f{z)y which corresponds to the ciiange Az in 
z, can be denoted by Aw (Fig. 128), and one defines the derivative 
of w with respect to z to be the function f{z) such that 


(135-2) 


f(z) = lim 

Az— ►O 


f{z + As) - f(z) 


where the limit must exist and be independent of the mode of 
approach of Az to zero. 



It should be noted that this requirement, that the limit of 
the difference quotient have the same value no matter how Az 
is allowed to approach zero, narrows down greatly the class of 
functions of a complex variable that possess derivatives. Thus, 
consider the point P in the s-plane that corresponds toz = x + iy, 
and let Q be determined by js + As: = (x + Ax) -|- i{y + Ay), 
In allowing the point Q to approach P, one can choose any one 
of infinitely many paths joining Q with P, and the definition 
(135-2) demands that the limit f {z) be the same regardless of 
which one of the paths is chosen. 

Let it be assumed for the moment that w = f{z) has a unique* 
derivative at the point P; then 

*It is assumed throughout that we are concerned with single-valued 
functions; hence, the discussion of the derivatives of such functions as 
yjl — for example, is restricted to a study of one of the branches of the 
function. 
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(135-3) 

where 


rw 


ii„/(l+i£WW, 

A2-40 


f(z) = u{x, y) + iv{x, y). 


If Q is to approach P along a straight line parallel to the a;-axis, 
then Ly = 0, As; = Ax, and 


(135-4) 


df _ df __ du ^ .dv 
dz ~~ dx dx ^ dx 


On the other hand, if Q approaches P along a line parallel to the 
2/-axis, then Ax = 0, As; = i A^, and 


(135-5) 


dz i dy ~~ i \dy ^ dy) 
__ dv __ .du 
dy ^ dy 


Since the derivative is assumed to exist, (135-4) and (135-5) 
require that the functions ^^(x, y) and v{Xj y) satisfy the conditions 


(135-6) 


du _ dv dv _ du 

dx dy dx dy 


These are known as the Cauchy-Riemann differential equations^ 
and the foregoing discussion proves the necessity of the condi- 
tion (135-6) if f{z) = u{;Xj y) 4- iv{x, y) is to possess a unique 
derivative. 

In order to show that the conditions (135-6) are sufficient for 
the existence of the unique derivative /'(is), one must suppose that 
the functions u{Xj y) and v{x, y) possess continuous partial 
derivatives, * 

It is not difficult to show that the usual formulas for the differ- 
entiation of the elementary functions of a real variable remain 
valid, so that, for example, 



■1 



d sin z 
dz 


cos Zj etc. 


As an illustration of the application of the formulas (135-4) and 
(135-5), consider the calculation of the derivative of 

■y; = e* = 
or 

w = u + iv — e^(cos y + isin y). 

* Only the existence of these derivatives was required in the proof of the 
necessity. See references at the end of Sec. 141. 
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Here, u — cos y, v ~ sin y, and it follows that 

du du 

^ = e* cos y, ^ = -e* sin y, 

dv . dv 


^ = e* sin 2/, 




= e* cos : 


Since Eqs. (135-6) are satisfied and the partial derivatives are con- 
tinuous, dw/dz can be calculated with the aid of either ( 135-4) or (135-5). 
Then, 

dw 

•^ = e* cos y + te® sin y = e». 

The functions of a complex variable z that possess derivatives 
are called analytic or holomorphic. * A point at which an analytic 
function ceases to have a derivative is called a singular point. 
It is possible to prove f that, if f{z) is analytic in some region R 
of the 2 :-plane, then not only the first partial derivatives of u and 
V exist throughout the region iS, but also those of all higher orders. 

This last statement leads to an important consequence of Eqs. 
(135-6). Differentiating (135-6) gives 

A ( — A (1 A ^ ^ ^ 

dx\dx) dx\dy) dy\dx) dy\dy/ 

and adding gives 

Similarly, one obtains 

^2 + Jy2 - 

Hence, the real and imaginary parts of an analytic function satisfy 
Laplace^ s equation. 

On the other hand, if a function u{x, y) satisfying Laplace^s 
equation is given, one can construct an analytic function fiz) 
whose real part is u. Multiplying the first of Eqs. (135-6) by 
dy and the second by dx and adding give 




du ^ , du j 

— do; + ^ dy. 
dy dx ^ 


Then, since dufdy and du/dx are known, 

(135-7) 

* The term regular is also used, 
t See Sec. 140. 
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where the line integral (135-7) will not be ambiguous if it is 
independent of the path joining some fixed point (xqj yo) to 
the point {Xj y). Applying the conditions for the independence 
of the path,* namely, 

\ ^y) 

gives 

which is precisely the condition assumed to be satisfied by u{x, y). 
Since the line integral (135-7) depends on the choice of the point 
(iCo, 2/o), it is clear that the function v{x, y) is determined to 
within an arbitrary real constant, and hence the function 
S{z) — u + iv is determined save for a pure imaginary additive 
constant. 

It may be further remarked that the function v{Xj y) may 
turn out to be multiple-valued (if the region of integration is not 
simply connected) even though u{x, y) is single-valued. The 
connection of analytic functions with Laplace’s equation is one 
of the principal reasons for the great importance of the theory of 
functions of a complex variable in applied mathematics, f 


PROBLEMS 

1. Determine which of the following functions are analytic functions 
of the variable z = x + iy'^ 

(a) X — iy\ 

(b) 0:2 - 2/2 + 2ixy; 

(c) K log {x^ + 2 / 2 ) + t tan-i {y/x) ; 

(d) x/{x^ + 2/2) + iy/{x^ + y^); 

(e) x/(x^ + y^) - iy/{x^ + 2/^). 

2. Verify the following formulas: 

, . <^(cos z) 

W — — — = — sin z\ 


dz 
d(Xogz) 

-r 


, ^ d(ta,n z) 

ic) = sec* 2 : 

* See Sec. 63. 

t See, in this connection, Secs. 66, 111, and 130. 
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- 1 
2 \/ 1 -{-~z 
1 

^ (1 - 2 ) 2 - 


3. Find a function w such that w = u iv is analytic if 


(a) u — — y'^; 


^ ^ ^ + y ^) ' 

(c) u = X) 

(d) = log + y^] 

(e) u — cosh y cos x. 


4. Prove that 


(a) sinh 2 = “ 6“*) is analytic; 

lb) cos {z + 2A)7r) = cos 2 :, (/c = 0, ±1, ±2, • • • ); 

(c) sinh (z + 2^ib^) = sinh z^ (k = 0, ±1, ±2^ • • • ); 

(d) log zi 02 = log 01 + log 02 ; 

(e) log z^ = a log 0 , where a is a complex number. 

6. Show how to construct an analytic function f{z) — u{x, y) 
+ iv{x^ y) if v{Xj y) is given, and construct f{z) if ?; = '^x’^y — y^. 

6. An incompressible fluid flowing over the j;?/-plane has the velocity 
potential ^ — x^ — y^. Find a stream function 

7. Referring to Prob. 6, what is the velocity potential if the stream 
function is ^ = Sx^y — y^^ 

136. Integration of Complex Functions. Let C be a curve 
defined by the parametric equations 

X = 

y = 'Pit), 

where (p and \l/ are real differentiable 
functions of the real variable t. Con- 
sider a continuous (but not necessarily 
analytic) function /( 0 ), of the complex 
variable z+ iy, defined at all points Fia. 129. 

of C. Divide the curve C into n parts by inserting the points 
Po, Pi, * * • , Pn~i; Pnj where Po coincides with the initial 
point 00 of the curve and Pn with the end point Zn (Fig. 129). 
Let be any point on the arc of the curve joining Pi_i with Pi, 
and form the sum 

-Sn= Xfitdim-e^i). 
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The limit* of this sum as ^ in such a way that each element 
of arc Pi-.\Pi approaches zero is called the line integral of f{z) 
along the contour C, that is, 

7i 

(136-1) Lf{z)(iz= lim X/(fi)(2i - 

J 0 Yi—i' 00 i— i 

The fact that this integral exists follows at once from the 
existence of the real line integrals into which (136-1) can be 
transformed. Indeed, separating f{z) into real and imaginary- 
parts as 

f{z) = u{x, y) -t- iv{x, y) 
and noting that dz = dx -]r i dy give 

(136-2) f^f(z) dz = f^(udx-v dy) +i (v dx + u dy). 

Thus, the evaluation of the line integral of a complex function 
can be reduced to the evaluation of two line integrals of real 
functions. It follows directly from the properties of real line 
integrals that the integral of the sum of two continuous complex 
functions is equal to the sum of the integrals, that a constant 
can be taken outside the integral sign, and that the reversal of 
the direction of integration merely changes the sign of the 
integral. 

It follows from (136-1), upon noting that the modulus of the 
sum is not greater than the sum of the moduli, that 

I ^ Sc 

If, along C, the modulus of f{z) does not exceed in value some 
positive number ikf, then 

(136-3) I f{z) dz\ ^ M \dz\ = M \dx-Pidy\ ^ M ^^ds = ML, 
where L is the length of C. 

* The precise meaning of the symbol lim in (136-1) is the following: Con- 
sider any particular mode of subdivision of the arc into ni parts and denote 
the maximum value of \zi — Zi-.i\ in this subdivision by 5i, and let Sn^ stand 

ni 

for 2 A new sum, corresponding to the subdivision of the 

1 

arc into na parts, is denoted by Sn^, and the maximum value of \zi — 
in this new subdivision is 52, etc. In this way, one forms a sequence of 
numbers Sn^, Sn^, • • • , Sn^, • • • in which the numbers Um are assumed to 
increase indefinitely in such a way that the 8i -*■ 0. 
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137 . Cauchy’s Integral Theorem. The discussion of tli(' 
preceding section involved no assumption of the analyticity of 
the function f{z) and is applicable to any continuous complex 
function, such as for example f{z) = z = x — iy, in which event 

~ 

If the integral (136-1) is to be independent of the path, then 
it immediately follows from (136-2) that 

^ ^ dv _ du^ 

dy dx By Bx 

Thus, the conditions that the integral of a complex function f{z) 
he independent of the path are precisely the Cauchy-Riemann con- 
ditions; in other words, the function /(s:) must be analytic. 

Now, let R be any region of the s-plane in which/( 2 :) is analytic, 
and let C be a simple closed cmwe l 5 dng entirely within R] then 
it follows from the properties of line integrals that* the following 
important theorem holds: 

Cauchy’s Integeal Theorem. If f{z) is analytic within 
and on a simple closed contour C, then ~ 0. 

It should be noted carefully that the theorem has been estab- 
lished essentially with the aid of Green’s theorem, which requires 
not only the continuity of the functions u and v but also the 
continuity of the derivatives. Thus, the proof given above 
implies not merely the existence of f'{z) but its continuity as 
welLf It is possible to establish the validity of Cauchy’s 
theorem under the sole hypothesis Xh.atf{z) exists and then prove 
that the existence of the first derivative implies the existence 
of derivatives of all orders. Accordingly, the proof given above 
imposes no practical limitation on the applicability of the 
theorem. 

138 . Extension of Cauchy’s Theorem. In establishing 
Cauchy’s theorem in Sec. 137, it was assumed that the cui've C 
is a simple closed curve, so that the region bounded by C is 
simply connected. It is easy to extend the theorem of Cauchy 
to multiply connected regions in a manner indicated in Sec. 64. 
Thus, consider a doubly connected region (Fig. 130) bounded 

* See Sec. 63. 

t See (135-4) jiiicl (135-5). 
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by the closed contours Ci and C 2 , where Ca lies entirely within Ci. 
It will be assumed that the function /(^i) is analytic in the region 
exterior to C 2 and interior to Ci and analytic on C 2 and Ci. The 
requirement of analyticitj- on Ci and C 2 implies that the function 
f{z) is analytic in an extended region (indicated by the dotted 
curves Ki and K 2 ) that contains the curves Ci and C 2 . 

If some point A of the curve Ciis joined with a point B of C 2 
by a crosscut AB, then the region becomes simply connected and 
the theorem of Cauchy is applicable. Integrating in the positive 
direction gives 

Iapao + Jab + Sbqbo + Iba 


where the subscripts on the integrals indicate the directions of 
integration along Ci, the crosscut AB, and C 2 . Since the second 

^ and the fourth integrals in (138-1) 

calculated over the same path 
in opposite directions, their sum is 
zero and one has 



<> 38 - 2 ) * 

+ X,a-^« * - 


where the integral along Ci is trav- 
ersed in the counterclockwise direc- 
tion and that along C 2 in the 
clockwise direction. Changing the order of integration in the 
second integral in (138-2) gives* 


(138-3) 




This important result can be extended in an obvious way to 
multiply connected regions bounded by several contours, to yield 
the following valuable theorem. 

Theokem. If the function f{z) is analytic in a multiply con- 
nected region hounded by the exterior contour C and the interior 
contours Ci, C 2 , * • * j Cn, then the integral over the exterior contour 
C is equal to the sum of the integrals over the interior contours 
Ciy C 2 , * • * , C 71 . Itisassumed, of course j that the integration over 
* See See. 64. 
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all the contours is 'performed in the same direction aiid that f(z) is 
analytic on all the contours, 

139. The Fundamental Theorem of Integral Calculus. Let/( 2 :) 
be analytic in some simply connected region R, and let the curve 
C join two points Po and P of P 
(Fig. 131). The coordinates of Po 
and P will be determined by the 
complex numbers Zq and z. Now 

consider the function F{z) defined / ^ ^ ^ 

by the formula F{z) = dz. I 

The function F{z) will not depend V 
uponthepathjoining; 2 owithzsolong Y ^ 
as these points lie entirely within P. Y. 

Forming the difference quotient 


F(z + A 2 :) — F(z) 
Az 


f(z) dz 


-ajJ. 


f{z) dz 


f{z)dz- f(z)dz 


In order to avoid the confusion that may occur if the variable z 
appears in the limits and also as the variable of integration, 
denote the latter by so that 

( 139 . 1 , 


/(f) 


-ii '■ 

- 1 w f. 

+ 

= 


i/a) -m +/(«)] df 


[/(r) -/(2)]rfrj 

[/(f) -m]di-, 


since fl'^'^d^ 
Now if 

(139-2) 


1 r 

?0 A2 J, 


/(«)] df = 0, 
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then it follows from (139-1) that 


dF\z) 
dz ' 


= /( 2 ). 


In order to prove that (139-2) holds, one merely has to make use 
of (136-3) and note that max !/((■) — f(z)\ — » 0 as A3 0. 

Any function Fi(z) such that 

is called a 'primitive or an indefinite integral of f{z)^ and it is easy 
to show that if Fi{z) and Fi{z) are any two indefinite integrals of 
f{z) then they can differ only by a constant.* Hence, if Fi{z) 
is an indefinite integral of J{z), it follows that 

F{z) = f'Kz) dz = Friz) + C. 

JZQ 

In order to evaluate the constant C, set z = Zq] then, since 
§lf{z) dz = 0,c = F^izo). Thus 

(139-3) F(z) = Cm dz = Fi(z) - Fi(3o). 

The statement embodied in (139-3) establishes the connection 
between line and indefinite integrals and is called the fundamental 
theorem of integral calculus because of its importance in the 
evaluation of line integrals. It states that the value of the line 
integral of an analytic function is equal to the difference in the 
values of the primitive at the end points of the path of integration. 

As an example consider 

hti 

Q dz = e*l = — 1 = —2. 

This integral can also be evaluated by recalling that 

6* = cos y + ie® sin y. 

* Proof: Since Fi'iz) = F 2 iz) = fiz), it is evident that 

Fi'(z) - F.'iz) = diFi - F 2 )/dz s dG/dz - 0. 

But if 60/ dz = 0, this means that G'(z) = ~ -f ^ ~ ^ ^ = 0, so 

„ ox ax ay ay 

that ^ ^ do not depend on x and y. 
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J *7ri /*(0,Tr) 

^ e‘ dz = (e* cos 1/ + sin •^)(dx + i dy) 

J *(0,7r) 

(0,0) ydx - sin y dy) 

J *(0,ir) 

(0 0) y dx + cos 2/ 

As a more interesting example, consider 

J (Z — ( 2 )" dZy 
2() 

where w is an integer and the integral is evaluated over some curve 
joining 00 and z. If n — 1, an indefinite integral is 

^(2) = 

For n ^ 0, the integrand f{z) = (2 — a)” is analytic throughout the 
finite si-plane and hence 

(139-4) P {z - a)'* = ■— rn [(2 - «)’*+* - (20 - a)»+i]. 

Jza n -T I 

If the variable point z is allowed to start from Zq and move along some 
closed contour C back to So, then 


x 


{z — a)'^ dz = 0. 


Of course, the latter result could have been obtained directly from 
Cauchy's integral theorem. 

Suppose next that n < — 1 and that the path of integration does not 
pass through the point a. If the point a is outside the closed contour 
C, then the integrand is analyiiic and it 
follows at once from Cauchy's integral 
theorem that 

(2 — aY dz = 0. 

Suppose now that the point a is within the 
contour C, Delete the point a by enclos- 
ing it in a small circle of radius p, and con- 
sider the simply connected region jK shown 
in Fig. 132. Then, so long as n 7*^ —1, 
the single-valued function f{z) = (2 — a)" is analytic in R and (139-4) 
is applicable to any curve C joining 2J0 and z in R. Now if z is allowed 
to approach Zq, then it follows from the right-hand member of (139-4) 
that 



X 


(2 — aY dz = a 


for 91 7^ — 1. 
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There remains to be investigated the case when n = —1. For any 
path C not containing ;r = a, one obtains 


(139-5) = log (2 - a) 

3 0 / 

= log 
= log 


2o — a\ 
z — a 


Zq — a\ 


= log ^ 

^ Zq - a 
, . z - a 

+ i arg {z — a) — i arg (20 — a). 


Now if the point 2 starts from 20 and describes a closed path C in such 
a way that a is within the contour, then the argument of 2 — a changes 
by 27r, and therefore 

dz 


fc 


— 2Tri, 



cz — a 

If a is outside the contour, then (2 — is analytic within and on C 

and hence the line integral is zero by 
Cauchy’s theorem. 

A different mode of evaluating the 
integral 

(2 - o)-* dz, 

where n is an integer greater than unity 
and C is a closed contour, will be given 
next. If the point a is outside C, then 
the value of the integi'al is zero by 
Cauchy’s theorem. Accordingly, consider the case when a is inside C. 
Draw a circle y of radius p about the point a (Fig. 133) and, since the 
integrand is analytic in the region exterior to y and interior to C, it 
follows from the theorem of Sec. 138 that 

(2 — a)“« dz — (z — a)“"‘ dz. 

But z — a = and dz — ipe^* dd on 7, so that 
dz ^ 2 it ipe^^ dd 

|2t 


Fig. 133. 


c (2 - ay ■" Jo p"“i Jo ‘ 


pn-l 


= 0 , 


if n 7*^ 1. 


This is the same result as that obtained above by a different method. 
The reader should apply the latter method to show that, if a is inside (7, 

then J^{z — a)-^ dz = 2Tn, 
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PROBLEMS 

1. Show that zdz — — 20 ^) for all paths joining Zq with z, 

2. Evaluate the integral (2 — a)~^ dz, where C is a simple closed 
curve and a is interior to C, by expressing it as a sum of two real line 
integrals over C, 

Hint: Set z — a — pe^^; then dz = e^^{dp + i pdB), 

3. Evaluate J* z~^ dz where the path C is the upper half of the unit 
circle whose center is at the origin. What is the value of this integral 
if the path is the lower half of the circle? 

4. Evaluate J * q 2 “^ dz, where C is the path of Prob. 3. 

5. Evaluate ( 2 ^ — 22 + 1) dz, where C is the circle x‘^ = 2. 

6. Discuss the integral j dz, where C is a path enclosing 
the origin. 

7. What is the value of the integral (1 + 2 ^)“^ dz, where C is the 
circle + 2 /^ = 9? 

8. Discuss Prob. 7 by noting that y o = tv- f — — • 

i “P 2* ZiZ \Z % 2 "t” 

evaluating the integrals over the unit circles whose centers are at 
z — i and z — —i. Note the theorem of Sec. 138. 

140. Cauchy’s Integral Formula. The remarkable formula 
that is derived in this section permits one to calculate the value 
of an analytic function f{z), at any interior point of the region 
bounded by a simple closed curve C, from the prescribed bound- 
ary values of f{z) on C, 

Let f{z) be analytic throughout the region R enclosed by a 
simple closed curve C and also on the curve C. If a is some 
point interior to the region R (see Fig. 133), then the function 


(140-1) 


m 

z — a 


is analytic throughout the region R, with the possible exception 
of the point z = a, where the denominator of (140-1) vanishes. 
If the point a is excluded from the region i? by a circle 7 of radius 
p and with center at a, then (140-1) is analytic throughout the 
region exterior to 7 and interior to C, and it follows from Cauchy’s 
integral theorem that 



dz -h 



dz = O 3 
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or 

(140-2) 


r f m,, 

Jco Z - a Jyo Z - a 


The integral in the right-hand member of (140-2) can be 
written as 

(14(M) * + f(a) f - 

^ jy^ - a Jy z - a ^ JyZ - a 

It was demonstrated in Sec. 139 that 



and it will be shown next that the first integral in the right-hand 
member of (140-3) has the value zero. Set z — a — pe^'] 
then, so long as z is on 7 , dz = ip&^ dd, 
and hence 

(140-4) X 

If the maximum of \f{z) — f(a)\ is denoted by M, then it follows 
from Sec. 136 that 


(140-5) 


C m -m 

Jy z - a 


dz\ 


r^2r 

^ M j d$ = 2TrM. 


Now if the circle 7 is made sufficiently small, it follows from 
the continuity of f{z) that \S{z) — /(a)| can be made as small as 
desired. On the other hand, it follows from (138-3) that the 
value of the integral (140-4) is independent of the radius p of 
the circle 7 , so long as 7 is interior to R. Thus the left-hand 
member of (140-5) is independent of p; and since ilf 0 when 
p — > 0 , it follows that the value of the integral is zero. 

Accordingly, (140-2) becomes 


where a, which plays the role of a parameter, is any point interior 
to (7. Denote the variable of integration in (140-6) by f, and 
let z be any point interior to C] then (140-6) can be written as 


m = 


JL. f m 

27 rt Jc ^ ^ z 


(140-7) 



§140 


COMPLEX VARIABLE 


463 


The relationship stated by (140-7) is known as Cauchy^ s integral 
formula. 

It is not difficult to show that an integral of the form (140-7) 
can be differentiated with respect to the parameter z as many 
times as desired, * so that 




’«-2sX 


/(f) 


(140-8) 


c (f - 2) 


2) 


rff, 

l<^f, 




= f— 

25rf Jc (f — 


/(f) 


2) 


«+l 




In fact, iif{z) is any continuous (not necessarily analytic) function 
of the complex variable then the integral 




defines an analytic function F{z). To show this, all that is 
necessary is to form the difference quotient [F{z + As:) — 
F( 2 :)]/A 2 ! and to evaluate its limit as Aa: — » 0, It follows from 
such a calculation that 

= X (/?!?*■ 


The assertion made in Sec. 137, concerning the fact that the 
continuity of the derivative of an analytic function follows from 
the assumption that the derivative exists, is now made clear. 


1. If 


PROBLEMS 


r 4- 7f + 1 


df, 


where C is the circle of radius 2 about the origin, find the values of 
/(I — i) and /"(I — i). 

2. Apply Cauchy^s integral formula to Prob. 7, Sec. 139. Use the 
integrand in the form given in Prob. 8. 

* Form the difference quotient [f(z + As) — f(z)]/Az, and investigate the 
behavior of the quotient as Az — > 0. 
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3. Evaluate with the aid of Cauchy’s integral formula 

3r + r 


c ar + f 


where C is the circle | = 2. 

4. What is the value of the integral of Prob. 3 when evaluated over 

the circle |f — 1 1 = 1 ? 

5. Evaluate 

Jc z ' 



where C is the circle \z\ = 1. 

141. Taylor’s Expansion. Let f(z) 
be analytic in some region R, and 
let C be a circle l.^dng wholly in R 
and having its center at a. If z is 
any point interior to C (Fig. 134), then it follows from Cauchy ^s 
integral formula that 


(141 






± r /(r) / 1 

2«Jcf — al z — a \ 

\ r - a/ 


But 


= 1 + f + 


+ <”-1 + 




and substi- 


l -t • - ' I - t' 

tuting this expression, with t = (z — a)/(f — a), in (141-1) 
leads to 

M [ X dt + (z-a) + 


+ (a 


where 


/(f) 


(r-a) 


n^r 


+ Rn 


Rn = 


(Z- 


- a)“ r /(rt 

Jc (f - a)"(f - z) 


Making use of (140-8) gives 
(141-2) fiz) = f(a) +f'(a)(.z _ a) -h® (z - ay 


+ 
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By taking n sufficiently large, the modulus of Rn may be made 
as small as desired. In order to show this fact, let the maximum 
value attained by the modulus of /(f) on C be M, the radius of 
the circle C be r, and the modulus of 2 ; — a be p. Then z\ 
> T — p, and 


^ \z - ai” I r /(r) 

IJc (r - - z) 

^ M2rr ^ Mr /pV* 
2t — p) r — p \r/ 


Since p/r < 1, it follows that lim \Rn\ == 0 for every z interior 

n —*^ 00 

to C, 

Thus, one can write the infinite series 


f(z) = f(a) + f (a) {z - a) +1^ 


(z - ay + 

I 

n\ 


(z - a)” + • • • , 


which converges to f{z) at every point z interior to any circle 
C that lies entirely within the region R in which /(s) is analytic. 
This series is known as the Taylor’s series. * 


PROBLEMS 

1. Obtain the Taylor’s series expansions, about 2 = 0, for the follow- 
ing functions: 

(a) e*, (6) sin 2 , (c) cos 2 , {d) log (1 + 2 ). 

2. Verify the following expansions: 

, V . 2^ 225 

(a) tan 2 = 2 + ^ • • • ; 

Q>) sinh + 

(c) cosh **■ f 

{d) (1 + 2 )”^ = 1 + m.z + 2 ^ + * * • . 

142. Conformal Mapping. It was mentioned in Sec. 135 that 
the functional relationship w = f{z) sets up a correspondence 

* For a more extensive treatment, see D. R. Curtiss, Analytic Functions 
of a Complex Variable; E. J. Townsend, Functions of a Complex Variable; 
H. Burkhardt and S. E. Rasor, Theory of Functions of a Complex Variable. 
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between the points s = a; + iy, of the complex s-plane, and 
w = u of the complex ^£?-plane. li w = f(z) is analytic in 

some region E of the ^-plane, then the totality of values w belongs 
to some region R' of the ty-plane, and it is said that the region R 
maps into the region R\ If G is some curve di*awn in the region 
R and the point z is allowed to move along C, then the corre- 
sponding point w will trace a curve C' in the "i^-plane (Fig. 135), 
and C' is called the map of the curve C. 

The relationship of the curves C and C' is interesting. Con- 
sider a pair of points z and z + Az on C, and let the arc length 
between them be As = PQ, The corresponding points in the 



Fig. 135 . 


region R' are denoted by w and w + Aw, and the arc length 
between them by As' = P'Q', Since the ratio of the arc lengths 
has the same limit as the ratio of the lengths of the corresponding 
chords, 

As' ,. ,. Aw dw 

lim -T— = hm Yt-t = hm t"" = ‘ 

>0 Az — >0 Az— »o Az dz 

The function w = f{z) is assumed to be analytic, so that dwfdz 
has a unique value regardless of the manner in which Az 0. 
Hence, the transformation causes elements of arc, passing through 
P in any direction, to experience a change in length whose 
magnitude is given by the value of the modulus of dw/dz at P, 
For example, if uj = then the linear dimensions at the point 
2=1 are stretched threefold, but at the point 2 = 1 + i they 
are multiplied by 6. 

It will be shown next that the argument of dwjdz determines 
the orientation of the element of arc As' relative to As. The 
argument of the complex number Az is measured by the angle 0 
made by the chord PQ with the a;-axis, while arg Aw measur(‘s 
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the corresponding angle 6 ' between tlie w-axis and the chord 
P'Q' . Hence, the difference between the angles 6 ^ and d is 
equal to 

A A 

arg Xw — arg Xz — arg — ? 

for the difference of the arguments of two complex numbers is 
equal to the argument of their quotient. As As: 0, the vectors 
Az and Aw tend to coincidence with the tangents to (7 at P and 
C' at P', respectively, and hence* arg dwjdz is the angle of 
rotation of the element of arc As' relative to As. It follows 
immediately from this statement that if Ci and C 2 are two curves 
which intersect at P at an angle r (Fig. 136), then the corre- 



sponding curves C[ and in the t(;-plane also intersect at an 
angle r, for the tangents to these curves are rotated through the 
same angle. 

A transformation that preserves angles is called conformal, and 
thus one can state the following theorem: 

Theorem. The mapping performed by an analytic function 
f{z) is conformal at all points of the z-plane where f{z) 9 ^ 0. 

143. Method of Conjugate Functions. The angle-preserving 
property of the transformations by analytic functions has many 
immediate and important physical applications. 

For example, if an incompressible fluid flows over a plane 
with a velocity potential 4> (a;, y) (so that r® = d^/dx,Vy — d^/dy), 
then it is known that the stream lines will be directed at right 
angles to the equipotential curves y) = const. Moreover, 
it was shown t that the functions ^ and ^ satisfy the Cauchy- 
* Note that this statement assumes that dwidz 7 *^ 0 at the point P. 
t See Sec. 66 . 
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Riemann equations, and hence one can assert that the functions 
and ^ are the real and imaginary parts, respectively, of some 
analytic function that is, 

f(z) = y) + y). 

Now, let w = f{z) = and consider the two ^families 

of curves in the -i^-plane defined b}” 

(143-1) <l>(a;, y) = const. and y) = const. 

The orthogonality of the curves ^ = const, and ^ = const, in 
the 2 -plane follows at once from the conformal properties of the 
transformation by the analytic function f(z). For $ = const, 
and ^ = const, represent a net of orthogonal lines (Fig. 137) 



parallel to the coordinate axes in the ii?-plane, and they are 
transformed by the analytic function w = ^ into a net of 
orthogonal curves in the 2 -plane. 

It is obvious then that every analytic function /( 2 ) = u(Xj y) + 
iv{x, y) furnishes a pair of real functions of the variables 
X and 2/; namely, u{Xj y) and v{Xj y), each of which is a solution 
of Laplace's equation. The functions u{x, y) and v{x^ y) are 
called conjugate functions^ and the method of obtaining solutions 
of Laplace's equation with the aid of analytic functions of a 
complex variable is called the method of conjugate functions. 

Example. The process of obtaining pairs of conjugate functions from 
analytic functions is indicated in the following example. Let 

w — u iv — sin z == sin {x + iy) ; 


then. 


u + iv — sin X cos iy 4- cos x sin iy, 

= sin X cosh y + i QOS x sinh y, 
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so that 

u{x, y) = sin x cosh y, 
y) = cos X sinh y. 

It is not difficult to show that the inverse of an analytic func- 
tion is, in general, analytic. Thus, the solution of the equations 

u = y) and v = y) 

for X and y in terms of u and v furnishes one with a pair of 
functions 

X = ip{u^ v) and y — v) 

that satisfy Laplace’s equation in which u and v are the inde- 
pendent variables. 

The following three sections are devoted to an exposition of 
the method of conjugate functions as it is employed in solving 
important engineering problems. * 

PROBLEMS 

1. Discuss the mapping properties of the transformations defined 
])y the following functions. Draw the families of curves w == const, 
and V = const. 

(a) IV — u A- iv - z + a, where a is a constant; 

(b) w = hz, where h is a constant; 

‘ (c) w = hz A- c, where a and b are constants; 

(d) w = 

(e) IV — 1/z. 

2. Obtain pairs of conjugate functions from 

(a) w — cos z] 

(b) w = 6*; 

(c) w = Z^] 

{d) w = log z; 

(e) w = 1/z. 

* The material contained in Secs. 144 to 146 is extracted from a lecture on 
conformal representation, which was delivered by invitation at the S. P. E. E. 
Summer Session for Teachers of Mathematics to Engineering Students at 
Minneapolis, in September, 1931, by Dr. Warren Weaver, director of the 
Division of Natural Scien es of the Rockefeller Foundation, and formerly 
professor of mathematics at the University of Wisconsin. 

The authors did not feel that they could improve upon the lucidity and 
clarity of Dr. Weaver^s exposition of the subject and are grateful for his kind 
permission to make use of the lecture, which was printed in the October, 
1932, issue of the American Mathematical Monthly. 
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144. Problems Solvable by Conjugate Functions. Specific 
examplevS of the method of conjugate functions will be given later, 
but it may be well to indicate here two general sorts of problems. 
Suppose that an analytic function w = u + iv = f{z) = f{x + iy) 
maps a curve C of the 21 -plane (see Fig. 138), whose equation 



is y = (p{x)j onto the entire real axis y = 0 of the t4?-plane. This 
will obviously o(^(air if, and only if, 


v[x, (p{x)] = 0. 


Then the function 

y) = y) 

clearly is a solution of Laplace^s equation that reduces to zero 
on the curve C. In an important class of problems of applied 
mathematics, one requires a solution of Laplace's equation that 
reduces to zero, or some other constant, on some given curve. 
Thus, one may, so to speak, go at such problems backward; 
and, by plotting in the 2 ;-plane the curves u{Xj y) = const, and 
y) — const., he finds for what curves C a given analytic 
function solves the above problem. Similarly, one may inter- 
change the roles of u, v and Xj y and may plot in the ii)-plane the 
curves x{u^ v) = const, and y{u, v) = const. Thus a properly 
drawn picture of the plane transformation indicates to the 
eye what problems, of this sort, are solved by a given analytic 
function. It must be emphasized that the picture must be 
properly drawn"; that is, one requires, in one plane, the 
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two families of curves obtained by setting equal to various con- 
stants the coordinate variables of the other plane. 

In a second and more general sort of problem, it is necessary 
to obtain a solution y) of Laplace^s equation which, on a 
given curve C whose equation is y = <p(x)j reduces to some given 
function 4>*(a;, y). The previous problem is clearly a very special 
case of this second problem. Suppose, now, that an analytic 
function w = f(z) map the curve C of the 2 :-plane onto the axis 
of reals z; = 0, of the w-iplaxie. Since the curve C maps onto 
z; = 0 in the 'w;-plane, v[x, <p(x)] = 0, and the values of at 
points on C are equal to the values of 

^*[x(u, 0), p(u, 0)] = 4>*(m) 

at the corresponding points on the transformed curve v = 0. 
Suppose now that the function v) be a solution of Laplace’s 
equation (u and v being viewed as independent variables), such 
that 

0) s 

It is easily checked that 

4>(x, y) = ’^[u(x, y), v(x, y)] 

is a solution of Laplace’s equation, x and y being viewed as 
independent variables. Moreover, on the curve C one has 

^x, <p{x)] = 0) = ^^(u) = ^^{x, y), 

so that ^ is the solution sought. 

The chief service, in this case, of the method of conjugate 
functions, is that the form of the boundary condition is much 
simplified. Rather than seeking a function that takes on 
prescribed values on some curve (7, one has rather to find a func- 
tion that takes on prescribed values on a straight line, namely, 
the axis of abscissas. This latter problem is so much simpler 
than the former that it can, indeed, be solved in general form for 
a very general function This solution will be referred to 
later, in Sec. 146c. 

146. Examples of Conformal Maps. As a preparation for the 
consideration of applications, this section will present six specific 
instances of the conformal mapping of one plane on another. 
The examples chosen are not precisely those which one would 
select if, building up from the simplest cases, one were to study 
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the mathematical theory in detail. The examples are chosen 
for their characteristic features and because of their important 
and direct applications. The first case is : 

a. The Transformation w = m a Positive Integer. If one 
write both z and w in polar form, so that 


then 

and 


z = 
w = 

W = Ee^"^ = 2 ”* == 

E = r^, 

^ = m(p. 


Thus the curve r — const, in the 2 :-plane (that is, a circle about 
the origin) transforms into a curve R = const, in the ta-plane 



(also a circle about the origin), the radius of the circle in the 
^(^-plane being equal to the mth power of the radius of the circle 
in the 2 :-plane. Also, a radial line (p = const, in the 2 :-plane 
transforms into a new radial line ^ = const., the amplitude angle 
for the transformed radial line being m times the amplitude 
angle of the original radial line. Thus, a sector of the 2 :-plane 
of central angle 2T/m is ^Tanned out” to cover the entire i£?-plane, 
this sector also being stretched radially (see Fig. 139, drawn for 
m = 3). One notes the characteristic feature that a set of 
orthogonal curves in one plane transform into a set of orthogonal 
curves in the other plane. 
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This example suggests several interesting questions which 
cannot be discussed here. The “angle-true’’ property clearly 
does not hold at the origin, which indicates that this point 
deserves special study. Further, it is clear that only a portion 
of the 2 :-plane maps onto the entire ir-plane. In the case for 
which the figure is drawn, it would require three 2 /;-planes, so to 
speak, if the entire 2 :-plane were to be unambiguously mapped. 
This consideration leads to the use of many-sheeted surfaces, 
called Riemann surfaces. Such questions and apparent diffi- 
culties correctly indicate that a thorough knowledge of the mathe- 
matical theory of analytical functions is essential to a proper 
and complete understanding of even simple instances of conformal 
representation. ^ 

To get a clear idea of the way in which the 2 -plane maps onto 
the ^^^■plane, one may choose various convenient families of curves 
in one plane and determine the corresponding curves in the other 
plane. The resulting picture, as was mentioned earlier, does not 
give any indication of the immediate physical applications of the 
transformation in question unless one of the sets of curves, in 
one plane or the other, consists of the straight lines parallel to the 
coordinate axes. It should thus be clear that Fig. 139 does not 
give a direct indication of the type of problem immediately 
solvable b}^ the transformation w = z^. The curves in the 
i<;-plane obtained by setting x = const, and y = const, are, in 
fact, cubic curves; and no simple physical problem is directly 
solved by this transformation. This transformation may, how- 
ever, be used to solve various physical problems for a wedge- 
shaped region, since the bounding curve C of such a wedge 
(say the line ^ = 0 and the line (p = x/S) is transformed into 
a curve C' of the ti^-plane that consists of the entire real axis. 
Thus the transformation can be used, in the way indicated in 
Sec. 144, to solve problems in which one desires a solution of 
Laplace’s equation that reduces to a given function (or a con- 
stant) on the boundary of a wedge. 


6 . 


The Transformation w == 



This again is a trans- 


1 Bieberbach, L., Binfuhrung in die konforme Abhildung, Berlin, 1927 ; 
Lewent, L., Conformal Representation, London, 1925; Osgood, W. F., 
Lehrbuch der Funktionentheorie, vol. 1, Chap. XIV. 
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formation that does not have immediate applicability. It has, 
however, interesting features, and subsequent discussion will 
indicate how it may be made to serve a pi*actical purpose. 



Fig. 140. 


If, as before, one write z in the polar form then 



Thus, <p and r being eliminated in turn, 



U“ 

cos^ <P sin^ (p 


From these equations, it follows by inspection that the circles 
r = const, of the ;s-plane transform into a family of ellipses of 
the w?-plane (see Fig. 140), the ellipses being confocal, since 
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It is also clear that two circles of reciprocal radii transform into 
the same ellipse. Similarly, the radial lines (p = const, of the 
2 :-plane transform into a family of hyperbolas which, again, are 
confocal, since 

cos^ (p + sin^ (p — I z= const. 

Thus the exterior of the unit circle of the 5:-plane transforms 
into the entire tu-plane. The unit circle itself flattens out” 
to form the segment from — 1 to +1 of the real axis of the i^-plane. 
All larger circles are less strenuously flattened out” and form 
ellipses, while the radial lines of the 2 :-plane form the associated 
confocal hyperbolas of the ta-plane. A similar statement can be 
made for the inside of the unit circle. 

c. The Transformation w = e®. If one set w = and 
z = X + iy, then 

so that 

R = e®, 

^ y. 

It is thus clear that vertical lines of the 2 -plane map into circles 
of the t(;-plane, the radius being greater or less than 1, accord- 
ing as a; is positive or negative. Horizontal lines of the 2 -plane, 
on the other hand, map into the radial lines of the ^^;-plane, and 
it is clear that any horizontal strip of the 2 -plane of height 2^ 
will cover the entire ly-plane once (see Fig. 141). 

The curves in the t(;-plane of Fig. 141 are drawn by setting 
equal to a constant one or the other of the coordinates of the 
2 -plane. Thus these curves give direct indication of physical 
problems to which this analytic function may be applied. For 
example, one could obtain the electrostatic field due to a charged 
right circular cylinder, the lines of flow from a single line source 
of current or liquid, the circulation of a liquid around a cylindrical 
obstacle, etc. 

By considering this example in conjunction with the preceding 
example, one gives new significance to Fig. 140. In fact, if one 
starts with the 2 -plane of Fig. 141 and then uses the -u^-plane of 
Fig. 141 as the 2 -plane of Fig. 140, it is clear that the curves 
drawn in the t4;-plane of Fig. 140 then are obtainable by setting 
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equal to various constants the coordinates of the ^-plane of 
Fig. 141. That is to say, the it)-plane curves of Fig. 140 give 
direct evidence of physical problems that can be solved by the 
pair of transformations 


zi == 



d. The Transformation w = cosh z. If, in the two preceding 
equations, one eliminates the intermediate variable Zi (so he may 



Fig. 141. 


pass directly from the s-plane of Fig. 141 to the w;-plane of Fig. 
140), the result is 

yj = — = cosh z. 

li 


Thus 


u + iv ^ cosh (x + iy) = cosh x cosh iy + sinh x sinh iy, 
= cosh a: cos 2/ + i sinh x sin y^ 

so that 

u — cosh X cos y 
V = sinh X sin y, 
or 

j_ ^ 

cosh^ X sinh^ x ^ 


cos^ y sin^ y 
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This transformation is shown in Fig. 142, and it ma}^ be used to 
obtain the electrostatic field due to an elliptic cylinder, the 
electrostatic field due to a charged plane from which a strip has 
been removed, the circulation of liquid around an elliptical 
cylinder, the flow of liquid through a slit in a plane, etc. 

The transformation from the ;s-plane to the i/;-plane may be 
described geometrically as follows: Consider the horizontal strip 
of the ^-plane between the lines ^ = 0 and y = t; and think 
of these lines as being broken and pivoted at the points where 
a; = 0. Rotate the strip 90° counterclockwise, and at the same 



time fold each of the broken lines y = 0 and y t back on itself, 
the strip thus being doubly ‘Tanned out^’ so as to cover the 
entire w-plane. 

e. The Transformation w = z + e\ One has 


so that 


u + = X iy -{■ 

= X + iy + e^(eos y + i sin y), 

u = a; + e® cos y, 
y = y + e® sin y. 


This transformation is shown in Fig. 143. If one considers the 
portion of the 2 -plane between the lines y = ±7r, then the portion 
of the strip to the right of a; = —1 is to be “fanned out'' by 
rotating the portion of y = +1 (to the right of x = — 1) counter- 
clockwise and the portion of y = —1 (to the right of a: = —1) 
clockwise until each line is folded back on itself. This trans- 
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formation gives the electrostatic field at the edge of a parallel 
plate condenser, the flow of liquid out of a channel into an open 
sea, etc. 

/. The Schwartz Transformation. The transformations just 
considered are simple examples and are necessarily very special 
in character. This list of illustrations will be concluded by a 




more general transformation. Suppose one has (see Fig. 144) a 
rectilinear polygon, in the i(;-plane, whose sides change direction 
by an angle a^^ when one passes the ^’th vertex, going around the 
boundary of the polygon so that the interior lies to the left. 
The interior of this polygon can be mapped onto the upper 
half 2;-plane by the transformation 

^ ~ ^ f (z - 2l)“‘(3 - Z 2 )“‘ • • • (z - «„)“» ■*" 
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where Zi, Z 2 , , Zn are the (real) points, on the a:-axis of the 

2 :-plane, onto which map the first, second, * • • , nth vertex 
of the polygon, and where A and B are constants which are to be 
determined to fit the scale and location of the polygon. Three 
of the points Zt may be chosen at will, and the values of the 
remaining ones may be calculated. 

This theorem may be used to find, for example, the analytic 
transformation that solves the problem of determining the 
electrostatic field around a charged cylindrical conductor of any 
polygonal cross section. It should be noted, however, that one 
requires for this purpose the function y(uj v), whereas the 
theorem gives one as a function of z. It is often exceedingly 
difficult and laborious to solve this relation for a: as a function of 
Wj so that one may obtain the function y. It should further be 
remarked that this theorem may be applied to polygons some 
of whose vertices are not located in the finite plane and that 
the theorem is of wide applicability and importance in connec- 
tions less direct and simple than the one just mentioned. 

146. Applications of Conformal Representation, a. Applica- 
tions to Cartography. It is natural that a mathematical theory 
which discusses the ‘^mapping’’ of one plane on another should 
have application to the problems connected with the drawing of 
geographic maps. Since the surface of a sphere cannot be made 
plane without distortion of some sort, one has to decide, when 
mapping a portion of the sphere on a plane, what type of distor- 
tion to choose and what to avoid. For some purposes, it is 
essential that areas be represented properly; for other purposes, 
it is most important that the angles on the map faithfully repre- 
sent the actual angles on the sphere. 

The first problem, in conveniently mapping a sphere on a plane, 
is to map the sphere on the plane in some fashion or other and 
then, if this fashion be unsatisfactory, to remap this plane onto a 
second plane. The first problem can be done in a wide variety 
of ways^ which include, as important examples, stereographic 
projection and Mercator^s projection. Both these examples 
are conformal projections, in that they preserve the true values 
of all angles. Having once mapped the sphere on the plane 
(or on a portion of the plane), one may now remap onto a second 

1 The Encyclopaedia Britannica article on maps lists and discusses nearly 
thirty such projections actually used in map making. 
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plane, and it is hero that the theory of conformal I'epresentation 
finds its application; for one can determine the analytic function 
that will conformally remap the original map onto a new region 
of any desired shape and size. Not only are all angles preserved 
in this process of conformal remapping, but the distortion in the 
neighborhood of a point is alwa3^s a pure magnification. Thus 
the shapes of all small objects or regions are preserved. Such 
maps do not give a true representation of areas, and for this rea- 
son many maps are based on compromises between conformal 
transformations and area-preserving transformations. 

ApplicdtioTis to HydfodyTiCLtnics, When the velocities of all 
particles of a moving liquid lie in planes parallel to one plane 
that we may conveniently choose as the xy-pl&ne and when 
all particles having the same x and y have equal velocities, then 
the motion is said to be two-dimensional. Such cases clearly 
arise if a very thin sheet of liquid is flowing in some manner over 
a plane or if a thick layer of liquid circulates over a plane, there 
being no motion and no variation of motion normal to the plane. 
Let the x- and ^/-components of velocity at any point {x, y) be u 
and respectively. The motion is said to be irrotational if the 
curl of the velocity vector vanishes. Analytically, this demands 
that 

du _ dv 

by ~ bx 

whereas physically it states that the angular velocity of an 
infinitesimal portion of the liquid is zero. The equation just 
written assures that 

— {udx-\-v dy) 


is the perfect differential of some function, say This function 
is known as the velocity potential, since by a comparison of the 
two equations 

= —u dx — V dy^ 


it follows that 
( 146 - 1 ) 


b^ . . b^ . 

b^ 

bx^ ^ by 


Now, if the liquid be incompressible, the amount of it that 
flows into any volume in a given time must equal the amount 
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that flows out. This demand imposes on the components of 
velocity the restriction that 




this being known as the equation of continuity. From the last 
two equations, it follows that 


dx^ dy^ 


= 0 . 


That is, the velocity potential satisfies Laplace^s equation. 

Just as the vanishing of the curl of the velocity demands that 
udx + V dy he an exact differential, so the equation of continuity 
demands that v dx — udy he an exact differential of some func- 
tion, say That is. 


so that 
(146-2) 


d^ = V dx — u dy, 

^ dx + — dy, 
dx dy 



u 


dy 


From (146-1) and (146-2), it follows at once that 


d<l> d^ , d4> ^ 

dx dx dy dy ^ 

which expresses the geometric fact that the curves ^ = const, 
and ^ = const, intersect everywhere orthogonally. It is clear 
from (146-1) that there is no component of velocity in the 
direction of the curves on which $ is a constant, so that the veloc- 
ity of the liquid is everywhere orthogonal to the equipotential 
curves ^ = const. That is, the curves 4" = const, depict 
everywhere the direction of flow. . For this reason, is called 
the stream function and the curves ^ = const, are called the 
stream lines. From (146-2) and the vanishing of the curl of 
the velocity, it follows that the stream function ^ is also a solu- 
tion of Laplace^s equation. 

Thus, the velocity potential # and the stream function ^ 
in the case of the irrotational flow of a perfect incompressible 
liquid both satisfy Laplace’s equation, and the curves <i> = const. 
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and = const, form two orthogonal families. Every analytics 
function therefore furnishes the solution to four such problems, 
the four solutions resulting from the fact that one may choose 
the pair x, y or the pair u, v as independent variables, and that 
one may interchange the roles of the potential function and the 
stream function. Figure 142, for example, indicates two of 
the four problems solved by the analytic transformation w = 
cosh 2 :. If one treats u and v as the independent variables and 
identifies the (solid) curves y(ti, v) = const, in the t^-plane 
with the curves = const., then the dotted curves x(u, v) — 
^ = const, give the stream lines, and one has solved the prob- 
lem of the circulation of liquid around an elliptic cylinder. If, 
however, one sets yiu, v) = and x(u, v) = then the solid 
curves of the tr-plane are the stream lines, and one has solved 
the problem of the flow of liquid through a slit. The other two 
problems solved by this same function are to be obtained by 
drawing, in the 2 !-plane, the curves u(x, y) = const, and v{x, y) = 
const, and identifying and # with u and and vice versa. 
The 2 -plane curves u = const, and v == const, are very com- 
plicated and do not correspond to any simple or important 
physical problem, and hence they are not drawm on the figure. 
In fact, it is usually the case that only two of the possible four 
problems are sufiiciently simple to be of any practical use. 

It should be emphasized that it is never sufficient, in obtaining 
the analytical solution of a definite physical problem, merely 
to know that certain functions satisfy Laplace^s equation. 
One must also have certain boundary conditions. The graphs 
shown above disclose to the eye what physical problem has been 
solved precisely because they show what sort of boundary condi- 
tions are satisfied. For example, if the dotted curves of Fig. 142 
are stream lines, then the problem solved is the circulation around 
an elliptical obstacle just because these dotted stream lines 
satisfy the boundary condition for such a problem; namely, 
because the flow at any point on the boundary of the obstacle is 
parallel to the boundary of the obstacle. 

It is interesting to note that this same transformation w == 
cosh z (or, slightly more generally, w = a cosh z) can be used to 
solve a hydrodynamic problem of a different sort. When liquid 
seeps through a porous fSoil, it is found that the component in 
any direcdion of the velocity of the liquid is proportional to the 
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negative pressure gradient in that same direction. Thus, in a 
problem of two-dimensional flovr, 


u = 



V 




dy 


If these values be inserted in the equation of continuity, namely, 
in the equation 


the result is 


du dz; _ ^ 
to ^ 

r72 - _ 

^ dx^ dy^ 


Suppose, then, one considers the problem of the seepage flow 
under a gravity dam which rests on material that permits such 
seepage. One seeks (see Fig. 145) a function p that satisfies 



Laplace^s equation and that satisfies certain boundary conditions 
on the surface of the ground. That is, the pressure must be 
uniform on the siuface of the ground upstream from the heel of 
the dam and zero on the surface of the ground downstream 
from the toe of the dam. If we choose a system of cartesian 
coordinates u, v with origin at the midpoint of the base of the 
dam (Fig. 146) and t^-axis on the surface of the ground, then 
it is easily checked that v) = poviuj i;)/x, where 

w ^ u + iv = a cosh (x + iy)j 
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satisfies the demands of the problem. In fact, it was seen in 
Sec. 145d, where the transformation w = cosh z was studied, 
that the line y — w of the e-plane folds up to produce the portion 
to the left of = — 1 of the u-axis in the -UJ-plane, and the line 
^ = 0 of the e-plane folds up to produce the portion to the right 
of = +1 of the i^-axis. The introduction of the factoi- a 
in the transformation merely makes the width of the base of the 
dam 2a rather than 2. These remarks show that p(u, v) reduces 
to the constant t on the surface of the ground upstream from the 
heel of the dam. If the head above the dam is such as to produce 
a hydrostatic pressure po, one merely has to set 

T 

One may now easily find the distribution of uplift pressure across 
the base of the dam. In fact, the base of the dam is the repre- 
sentation, in the t^t^-plane, of the line a: = 0, 0 g ^ of the 
a: 2 /-plane. Hence, on the base of the dam the equations 

u = a cosh X cos y, 

V = a sinh x sin y 

reduce to 

u = a cos y, 

V — Oj 

so that 

p(uj 0) = — cos~^-- 
TT a 

This curve is drawn in the figure. The total uplift pressure 
(per foot of dam) 

p = n- I cos ^ - du = poa^ 

TT J —a Ci 

which is what the uplift pressure would be if the entire base of 
the dam were subjected to a head just one-half the head above the 
dam or if the pressure decreased uniformly (linearly) from the 
static head po at the heel to the value zero at the toe. The point 
of application of the resultant uplift is easily calculated to be 
at a distance 6 = 3a/4 from the heel of the dam. 

c. Applications to Elasticity. If opposing couples be applied 
to the ends of a right cylinder or prism of homogeneous material, 
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the cylinder twists and shearing stresses are developed. Choose 
the axis of the prism for the s-axis of a rectangular system of 
coordinates. The angle of twist per unit length, say r, and the 
shearing stresses, due to an applied couple T, can both be cal- 
culated if one can determine a function 4>(.r, y) satisf 3 dng Laplace’s 
equation and reducing, on the boundary of a section of the prism, 
to the function 'I'* = {x- -|- y'‘)/2. In fact,‘ 


T 

C’ 


where 


C = 2G — dx dijj 


in which G is the modulus of rigidity of the material, whereas the 
shearing stresses are given by 


dy 


- Gr C 

- Afi 


I 


1 


Ku5. 140, 


Kxact analytical solutions of 
this important tcc*hni(*al problem 
liave been ol)tained for several 
simple sections, notably circular, ollipti(*al, rc^ctaugular, and tri- 
angular.^ Only roc'ently'*^ tlie problem was solved for an infinite 
T section (see Fig. 146). From the general discussion given in 
Sec, 144, it is clear that, to solve this lattej* problem, one requires 
first an analytic function that will map the boundary of this T 
section onto the entire real axis of the new WJ-plane. This sec- 
tion, moreover, is a rectilinear polygon, so that one can use the 
Schwartz transfoimation theory to produce the desired analytic 
relation. One finds that the desired mapping is carried out by 
the function 


1 Lovk, a. E. H,, Theory of Plasticity, 3d ed., pp. 315-333, 1920. 

2 Trayer, W., and H. W. March, The Torsion of Members Having Sec- 
tions Common in Aircraft Construction, Bur, AeronauHcs Navy Dept., 
Separate Rept. 334; also contained in Nat. Adv. Comm. Aeronautics, \bth 
Ann. Rept., 1929, pp. 675-719. 

® SoKOLNiKOFK, T. S., On a Solution of Laplace^s Plquation with an Appli- 
cation to the 'Torsion Problem for a Polygon with Reentrant Angles, Trans. 
Amer. Math. Soc., vol. 33, pp. 719-732. 
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. log (» + V^-O + ^ + a, 


where the first line is furnished directly by the Schwartz theorem 
and where, in the second line, the constants a, A, B have been 
evaluated so as to fit the dimensions and location of the T 
section. 

It is next necessary to break z up into its real and imaginary parts 
so as to obtain x and y as functions of u and v. These values, 
when substituted into 

^ t_+t, 

2 


give, because v = 0 on the boundary of the section, the function 

0), y(u, 0)] - 


The remaining essential step is to obtain a function v) 
satisfying Laplace^s equation and reducing, on the axis of 
reals v = 0, to the function Such a function is’ 


where 




%(0p sin 6 

p2 - 2$p cos d + e 




w = u + i'O = 


The solution to the original problem is then given, as was earlier 
indicated in Sec. 144, by = ^. It is obviously a difficult and 
laborious job to carry out these calculations, but formulas have 
been obtained, in the paper referred to, from which practical 
calculations can be made. 

d. Applications to Electrostatics. The methods of complex 
variable theory are peculiarly applicable to two-dimensional 
electrical problems. In order that the problems be two-dimen- 
sional, we shall understand that the conductors under considera- 
tion are exceedingly long cylinders whose axes are normal to the 
z ^ X + iy plane. Under these circumstances the various 

^ SOKOLNIKOFF, 1. S., On a Solution of Laplace^s Equation with an Appli- 
cation to the Torsion Problem for a Polygon with Reentrant Angles, Trans. 
Amer. Math. Soc.^ voL 33, pp. 719-732. This formula is the general solution, 
spoken of in Sec. 144, of Laplace’s equation subject to specified boundary 
values on the entire axis of abscissas. 
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electrical quantities do not change appreciably in the diroc-tioii 
normal to the ^-plane, and one has to determine those quantities 
as functions of and y only. In certain problems, one or more 
of the conductors present will have very small cross sections and 
will be given a charge of, say e' per unit length. Such a con- 
ductor will be called a line charge of strength c'. 

The electrostatic pro])lem for such conductors is solved when 
one has obtained a function //), known as the electrostatic 
potential, satisfying the following conditions:^ 


(l4()-3) 



V‘“<f> = 4- 

dx- ^ d if 


at all points in free space. 

^ reduces, on the surface of the A:th conductor, 
to a (‘onstant 

In the neighborhood of a line charge of strength 
c', l')ocomcs infinite as 

— e' log r 


where r measures distance to the line. 
<I> ])ehaves at infinity as 

log IPZv' 


where Sc' is the total charge per unit length of all 
(conductors present and wliere li meavsures distance 
\ from some reference point in the finite plane. In 

\ case Sc' = 0, <i> approaches zero as HR. 


It is readily shown, by standard methods, that the solution of 
such a problem is uni cj lie. This remark is of great practical 
importancic, since it assures one that a function ^ satisfying those 
conditions is, howeveu* it may have bc-icn obtained, the correct 
solution of the t)hysi(^al problem. 

Physi(^ally one wislu^s to know the distribution of cliarge and 
the electrostatic*. for(‘.e at any point. Theses data may be obtained 

^ Se(^ Mason*, M., and W. Wkavkr, The Klec.tromaKuetic Piold, pp. 134, 14(), 
1929; and RwiMANi^-WiCBnu, Dio Differential gleichimgeu der Physik, vol. 2, p. 
290, 1927. The units used in the above discussion are the rational units 
used in Mason and Weaver, loc. dU 
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from the function ^ in the following manner: The component Ea 
in any direction s of the electrostatic force per unit charge is 
given in terms of $ by the relation 

and the surface density of charge ri on any conductor is given by 


where n measures distance along the external normal to the 
conductor in question. 

Now if 

w = u + iv == f(z) = f{x + iy) 
and if the function 

y) = u{x, y) 

satisfies condition (146-3), then 

“ ““ ^ “ dy 

the last step following from the Cauchy-Riemann equations 
(135-6). Similarly 


E, = - 


dy dx 


Ex - iEy = 


dv . ,du 

dy ^ dy ^ 

.dw , dw 
= t ^ = + -T-' 
dy dz 


du , .dv 
dy dy 


the last step resulting from the fundamental fact that the value 
of the derivative of an analytic function w is independent of the 
mode in which z approaches zero. Now the complex number 
a — ih is called the conjugate” of the complex number a + ib 
and one often denotes a conjugate by a bar, thus: 

a — ib = a + bi. 

With this standard notation, the '^complex electric force” 
E ^ Ex + iEy is given by 

B ^ E. + iEy = 


(146-4) 
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and the magnitude + El of the eleetrostatie foree at any 

point is given by 

(146«5) VeTVM = 


dw 

dz 


If one chooses <f> = v(Xj y), then (146-4) and (146-5) 
replaced by 


(146-6) 

(146-7) 


E == + iEj, = 

VW+l^l = 


. dw 
dz' 
dw 
dz ' 


are 


Three types of electrostatic problems will now be briefly 
considered. The first and simplest two-dimensional electrostatic- 
problem is that of a single long cylindrical conductor with a given 
charge. One then seeks a function that satisfies Laplace's 
equation and, in a(X‘ordance vnth (140-3)fc, reduces to a constant 
on the curve that bounds a section of the conductor. This is 
the analytical problem whose solution was indicated in Sec. 144, 
One requires a function ic = w w == f{z) = /(j; + iy) Huch 
that either a vertical straight line u = const, or a horizontal 
straight line u = const, of the w?-plane maps into the bounding 
curve C of the condiu'tor's section in the 2 :-plane. Then y) 
s u{x, y) or <i>(.r, y) ^ v{x^ y) solves the problem, and the 
physically im]:)ortant cpiaiitities are given by (146-4), (146-5) 
or by (146-6), (146-7), respectively. 

Secondly, suppose that a single long cylindrical conductor is 
in the presence of a parallel line charge of strength c'. We 
suppose the line charge to be outside the conductor. Let C 
be the bounding curve in the s-plane of a section of the (conduc- 
tor, and let the line charge bo located at Wo nia.y 

conveniently supposes the (ivlindrical conductor to be grounded, 
so that we seek a solution of Laplace's ecpiation that reduces 
to zero on C and bec^omos infinite as indicated in (14G-3)c at 
z = zq. Let r — f{z) transform C onto the entire axis of reals 
and the exterior of C conformally upon the upper half f-plane. 
Then if 


, . e- . f{z) 


/(Zo) 

7(z»)’ 


the function "Ji s u(x, y) is the solution sought. In fact, for 
values of z sufficiently close to 2 o, f{z) — f(zt) behaves, ox(!opt for 
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a constant factor, as (z ~ 2:0)- Thus, if one writes 

z Zo — 


then, for values of z very near to Zq^ 

, . e’ 1 , , 1 1 j 


where A remains finite as z = Zo, Therefore, 
n = ^log^- + B, 

where B remains finite as = Zo. Thus u(x, y) has the proper 
type of infinity at 2 = zq. Furthermore, for points ^ on C, 
f{z) is on the axis of reals in the f-plane, so t hat t he modulus of 
f{^) — f(^o) equals the modulus of f(z) — fizo). Hence the 

modulus of 

/(g) -fjzo) 

/(g) “"/(go) 

is unity. However, since 


log = log p + i<p, 

it is clear that the real part of the logarithm of a complex quantity 
is the logarithm of the modulus of the complex quantity. Since 
the logarithm of unity is zero, it is clear that u vanishes on C. 
As regards the behavior of u(X) y) at infinity, one notes that u 
is the logarithm of the ratio of the (real) distances of f = f{z) to 
fo = /(go) and to fo = /(^o). As z becomes infinite, this ratio 
differs from imity by an amount whose leading term is equal to 
or less than a constant ti mes th e reciprocal distance from f(z) 
to one of the points f{zo) or /(zq). Thus the leading term in the 
logarithm of this ratio is a constant times this reciprocal distance; 
and ^ ^ u behaves at 00 in the required manner. 

In the third type of problem there are two conductors present, 
one raised to the potential while the other is at a potential 
zero. Thus, suppose that the cross section of two long cylindrical 
conductors consists of two curves Co and Ci, such as those shown 
in Fig. 147 , which do not intersect at a finite point but which, 
if one takes account of the intersection of Bi and Bo and of Au 
and A I at == 00, divide the extended plane into two simply 
connected regions, one of which may be called the “interior’^ 
and the other the '^exterior^^ of the closed curve Co + Ci. Now 
suppose that f = f(z) maps Co onto the entire negative axis of 
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reals in the f -plane, with the infinitely distant point along Bo 
mapped onto f = 0, that f = /(^j) also maps G\ onto the entire 
positive axis of reals with the infinitely distant point along 
Bi mapped onto f = 0, and that f = f{z) maps the interior of 
Cq + Cl conformally on the upper half f -plane. Then, if 

w = u + iv == — log f{z), 

TT 

the function = r(.r, //) satisfies = 0 at e\H'ry ])()int in the 
interior of Oo + Ci, reduces to zero on C\, and r(‘du(‘es to 4>o on Co. 



In fact, the imaginary part of the logarithm of a complex mimb(n* 
is merely the amplitude of the com])lox nurnlier; and for points 
on Co, f(z) has an amplitude of t, while for points on Ci,/( 2 f) has 
an amplitude of zero. Then, 

(/.S 

dw _ <i>() dz 
dz TT J{z) ' 

and the electrostatic force is given by (14G-5) and (146-7). 

This third type of problem is of fre(iuent and important 
practical occurrence. Many electrical engineering problems 
that have been solved by this method of conformal representa- 
tion are referred to in an expository article, devoted largely to 
the Schwarz transformation, by E. Weber. ^ In an earlier article 
in the same journal, ^ foi* instance, the thcK^ry of conformal 
representation is applied to the problem of studying the leakages 
voltage and the breakdown potential Ix'tween the liigh- and low- 
potential portions of oil-immersed transformers. The cascss 
studied come under the third typo of problem discussed above. 

^ Wbbicr, K., Archiv fur Elektrotechnikj vol. 18, p. 174, 1926. 

2 Dreyfus, L., Archiv filr Elektrotechnikj vol. 13, p. 123, 1924. 
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PROBABILITY 

There is no branch of mathematics that is more intimately 
connected with everyday experiences than the theory of pi-oba- 
bility. Recent developments in mathematical physics have 
emphasized anew the great importance of this theory in every 
branch of the ph 5 ^sical sciences. This chapter sets forth the bare 
outline of those fundamental facts of the theory of probability 
which should form a part of the minimum equipment of every 
student of science. 

147. Fundamental Notions. Asking for the probability or 
for a measure of the happening of any event implies the possi- 
bility of the non-occurrence of this event. Unless there exists 
some ignorance concerning the happening of an event, the 
problem does not belong to the theory of probability. Thus, the 
question ^^What is the probability that New Year’s day in 1984 
will fall on Monday?” is trivial, inasmuch as this question can 
be settled by referring to a calendar. On the other hand, the 
query ‘'What is the probability of drawing the ace of hearts 
from a deck of 52 cards?” constitutes a problem to which the 
theory of probability gives a definite answer. In fact, one can 
reason as follows : Granting that the deck is perfect, one card is 
just as likely to appear as any other and, since there are 52 cards, 
the chance that the ace of hearts will be drawn is 1 out of 52. 
The words “just as likely,” used in the preceding sentence, imply 
the existence of the ignorance that is essential to remove any 
problem of probability from triviality. The term “equally 
likely,” or “just as likely,” applied to a future event that can 
happen or fail to happen in a certain number of ways, indicates 
that the possible ways are so related that there is no reason for 
expecting the occurrence of any one of them rather than that of 
any other. 

If an event can happen in N ways, which are equally likely, 
and if, among these N ways, m are favorable, then the probability 
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of the occiiJTcnce of the event in a single trial is 
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m 

p = w 

Thus, the probability tliat the six will appear when a die is 
thrown is since the total number of ways in which a die can 
fall is 6 , and of these six ways only one is fa\'orable. The proba- 
bility of drawing a heart from a deck of 52 cards is ^ 4 , since there 
are 13 hearts and the total number of ecpially likel.y ways in 
which a card (‘.an be drawn is 52. 

It is clear that, if an e\"ent is certain to happen, then the 
probability of its occurrence is 1 , for all the possible ways are 
favorable. On the other hand, if an event is certain not to occur, 
the probability of its occurrence is zero. It is clear also that, if 
the pi*obability of the hapi)ening of an event is p, then the proba- 
bility of its failure to happen is 

(/ = 1 - p. 

The concept of '^e<iually likely^' plays a fundamental role in the 
theory of probability. The need for caution and a careful 
analysis of the problem will be illustrated by several examples. 

Let two coins ])o tossed simultaneously. What will be the 
probability that they both show heads? The following reasoning 
is at fault. Tim total number of ways in which the coins can fall 
is three, since the possible combinations are two heads, two tails, 
and a head and a tail. Of these three ways, only one is fa\'orable, 
and therefore the probability is K- The fault in this reasoning 
lies in the failure to account for all the equally likely cases. 
The number of ways in which one head and one tail can fall is 
two, since the head can appear on the first coin and the tail on 
the second, or the head can appear on the second coin and the 
tail on the first. Thus, the total number of equally likely ways is 
4, and the probability of both coins showing heads is yi. The 
probability of one head and one tail showing is so that a head 
and a tail are twice as likely to appear as either two heads or two 
tails. 

Another example may prove useful. Suppose that a pair of 
dice is thrown. What is the probability that a total of eight 
shows? The total number of ways in which two dice can fall 
is 36. (This follows from the fundamental principle of com- 
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binatory analysis : i/ one thing can he done in m different ways and 
another thing can he done in n different ways, then hath things can 
he done together, or in mccession, in mn different ways.) The sum 
of 8 can be obtained as follows: 2 and 6, 3 and 5, 4 and 4. 
Now, there are two ways in which 2 and 6 can fall: 2 on the 
first die and 6 on the second, and vice versa. Similarly, there are 
two ways in which 3 and 5 can fall, but there is only one way in 
which 4 and 4 can fall. Hence, the total number of equally likely 
and favorable cases is 5, so that the desired probability is 

The two foregoing examples were solved .simply by enumer- 
ating all the possible and all the favorable cases. Frequently, 
such enumeration is laborious and it is convenient to resort to 
formulas. Thus, let it be required to find the probability of 
drawing 4 white balls from an urn containing 10 white, 4 black, 
and 3 red balls. The number of ways in which 4 white balls 
can be chosen from 10 white balls is equal to the number of com- 
binations of 10 things taken 4 at a time, namely, 

10^4 - g| 

The total number of ways in which 4 balls can be chosen from the 
17 available is 

r -JIL 

- 41 13 ! 

Hence, the probability of success is 

wCi 10! 4! 13! _ 3 

^“17(74 4! 6! 17! 34' 

Another example will illustrate further the use of formulas. 
Suppose that it is desired to find the probability of drawing 4 
white, 3 black, and 2 red balls from the urn in the preceding 
illustration. In this case the number of ways in which 4 white 
balls can be drawn is 10^4; the 3 black balls can be chosen in 
4C3 ways; and the 2 red ones in 3C2 ways. An application of the 
fundamental principle of combinatory’^ analysis gives the required 
probability as 


ioC74 • 4/0 z ' 3C2 _ 252 



§148 


FliOBA BILITY 


•495 


PROBLEMS 

«/i. What is the probability that the sum of 7 appears in a single 
throw with two dice? What is the prol^ability of the sum of U ? Show 
that 7 is the more probalde throw. 

An urn contains 20 i)alls: 10 white, 7 black, and 3 red. What is 
the probability that a ball drawn at random is red? White? Black? 
If 2 balls are drawn, what is the probability that both are wliite? If 
10 balls are drawn, wliat is the probability that 5 are wliite, 2 bla(‘k, and 
3 red? 


148. Independent Events. A sot of ovcmts is said to 1)0 
independent if the oc^ciirroiioo of any one of thoin is not influenced 
by the occurrence of the others. On the other hand, if the 
occurrence of any one of the events affcnds the occurrence of the 
others, the events are said to l)e dependent. 

Theorem 1. If the probabilities of occurrence of a set of n 
independent events are pi, p^f ' ' ' j Pnj then the probability that 
all of the set of events loill occur is p = pip^ • • • p,*. 

The proof of this theoroni follows directly fi-om the fundamental 
principle. Thus, let there be only two events, whose probabilities 
of success are 


Pi = 


mi 

Ni 


and 


m2 



The total number of ways in which both the e\’'cnts may succ^ecd 
is mim-i, and the total number of ways in which these events can 
succeed and fail to succeed is NiN^^ Hence, the probability of 
the occurrence of both of the events Ls 


P = 


m\7n2 

N~iNl 


nil 

Ni 


7% 

N, 


= PlP2. 


Obviously, this proof can be extended to any number of events. 

Illustration. A coin and a die are tossed. What is the 
probability that the ace and the head will appt^ar? ^Pht^ proba- 
bility that the a(t(^ will appear is to, and th<‘ pro]ial)ility that tlu^ 
head will appear is ,^ 2 . ^Phorefore, the probability f.hat txyth 
head and a<*e will appi^ar is 


Theorem 2. !f the probability of occurrence of an event is pi 
and ifj after that event has oacurredj the probability of occurrence 
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of a second event is then the prohahility of occurrence of both 
events in succession is pip 2 - 

The proof of this theorem is similar to that of Theorem 1 and 
will be left to the student. Obviousl^^, the theorem can be 
extended to more than two events. 

Illustration 1. What is the probability that 2 aces be drawn 
in succession from a deck of 52 cards? The probability that an 
ace will be drawn on the first trial is After the first ace 

has been drawn, the probability of drawing another ace from the 
remaining 51 cards is ^-^i, so that the probability of drawing 2 
aces is 

%2 * = j^21- 

Illustration 2. What is the probability that the ace appears 
at least once in n throws of a die? The probability ol the ace 
appearing in a single throw of the die is and the probability 
that it will not appear is %. The probability that the ace will 
not appear in n successive throws is 

Hence, the probability that the ace will appear at least once is 

1 - (HY- 

Illustration 3. An uin contains 30 black balls and 20 white 
balls. What is the probability that (a) A white ball and a 
black ball are drawn in succession? (6) A black ball and a white 
ball are drawn in succession? (c) Three black balls are drawn 
in succession? 

a. The probability of drawing a white ball is After a 

white ball is drawn, the probability of drawing a black ball is 
Hence, the probability of drawing a white ball and a black 
ball in the order stated is 

i). The probability of drawing a black ball is and the 

probability that the second drawing yields a white ball is 
so that 

P == ^?4o ' = ^^ 9 . 

c. The probability of drawing 3 black balls in succession is 
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Illustration 4. The probability^ that Paul will solve a problem 
is yi, and the probability that John will solve it is ^3. What is 
the probability that the problem will be solved if Paul and John 
work independently? 

The problem will be solved unless both Paul and John fail. 
The probability of John’s failure to solve it is ^3 and of F^aul’s 
failure to solve it is Therefore, the probability that Paul 
and John both fail is 

k' • "4 = .U, 

and the probability that the problem will be solved is 

1 - 

PROBLEMS 

1. What is the probability that 5 cards dealt from a pack of 52 cards 
are all of the same suit? 

2. Five coins are tossed simultaneously. What is the probability 
that at least one of them shows a head? All show heads? 

3. What is the probability that a monkey seated before a typewriter 
having 42 keys with 2() letters will type the word sir? 

4. If Paul hits a target 80 times out of 100 on the average and John 
hits it 90 times out of 100, what is the probability that at least one of 
them hits the target if they shoot simultaneously? 

6. The probability that Paul will be alive 10 years hence is and 
that John will ])e alive is 'hb What is the probability that both Paul 
and John will be dead 10 years hence? Paul alive and John dead? 
John alive and Paul dead? 

149. Mutually Exclusive Events. Events are said to be 
mutually exclusive if the occurrence of one of them prevents the 
occurrence of the others. An important theorem concerning 
events is the following: 

Theorem. The probability of the occurrence of either one or 
the other of two m.ukiaUy exclusive events is equal to the sum of the 
probabilities of the single events. 

The proof of this theorem follows from the definition of proba- 
bility. Consider two mutually exclusive events A and B. 
Inasmu(*.h as the events arc mutually exclusive, A and B cannot 
occur simultaneously and the possible cases are the following: (a) 
A occurs and B fails to occur, (6) B occurs and A fails to occur, 
(c) both A and B fail. Let the number of equally likely cases in 
which (a) *4 can occur and B fail be a, (6) B can occur and .1 fail 
b(i fS, (c) })()th A and B fail be y, 
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Then the total number of equally likely (‘ases a + (3 + y. 
The probability that either A or B occurs is 

Oi + P 
a + P A- y 

the probability of occurrence of A is 

a 

a A- + y 

and the probability of occurrence of B is 

a + + y 

Therefore, the probability of occurrence of either ^ or ^ is equal 
to the sum of the probabilities of occurrence of A alone and of 
B alone. Obviously, this theorem can be extended to any 
number of mutually exclusive events. 

The task of determining when a given set of events is mutually 
exclusive is frequently difficult, and care must be exercised that 
this theorem is applied only to mutually exclusive events. Thus, 
in Illustration 4, Sec. 148, the probability that either Paul or 
John will solve the problem cannot be obtained by adding 
K and ?3, for solution of the problem by Paul does not elimi- 
nate the possibility of its solution by John. The events in this 
case are not mutually exclusive and the theorem of this section 
does not apply. 

Illustration 1. A bag contains 10 white balls and 15 black 
balls. Two balls are drawn in succession. What is the proba- 
bility that one of them is black and the other is white? 

The mutually exclusive events in this problem are: (a) drawing 
a white ball on the first trial and a black on the second; (5) 
drawing a black ball on the first trial and a white on the second. 
The probability of (a) is * 15^4 and that of (6) is 1^5 • 1^4, 
so that the probability of either (a) or (b) is 

Illustration 2. Paul and John are to engage in a game in 
which each is to draw in turn one coin at a time from a purse 
containing 3 silver and 2 gold coins. The coins are not replaced 
after being drawn. If Paul is to draw first, find the probability 
for each player that he is the first to draw a gold coin. 
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The probability that Paul succeeds in drawing a gold coin 
on the first trial is ^^5. The probability that Paul fails and John 
succeeds in his first trial is 


a. 

o 


3 


10 - 


The probability that Paul fails, John fails, and them Paul suc- 
ceeds is 


The probability that Paul fails, John fails, Paul fails again, and 
John succeeds is 

a. . 2 ; . 1.: . 2 ' = 1, ' . 

, o X 4 xa y 2 /I ()j 

for after three successive failures to draw a gold coin there 
remain only the two gold coins in the purse and John is certain 
to draw one of them. Therefore, PauPs total probability is 

2- -u u' = a: 

O 1.0 * o 

and JohiPs j)r()l)al)ility is 

_i_ 1 ' 2 ‘ 

:M() T- ;i() — rT). 


PROBLEMS 

1. One purse contains S silver and 7 gold coins; another purse con- 
tains 4 silver and 8 gold coins. A purse is chosen at random, and a 
coin is drawn from it. What is the probability that it is a gold coin? 

2. Paul and John are throwing alternately a pair of dice. The first 
man to throw a doublet is to win. If Paul throws first, what is his 
chance of winning on his first throw? What is the ])robability that 
Paul fails and John wins on Iiis first throw? 

3. On the average a certain student is able to solve 60 per cent of 
the problems assigned to him. If an examination contains 8 problems 
and a minimum of 5 ])roblems is required for passing, what is the 
student ^s chance of passing? 

4. Two dice are thrown; what is the probability that the sum is either 
7 or 11? 

6. How many times must a die be thrown in order that the prob- 
ability that the ace appear at least once shall be greater than 

6. Twenty tickets are numbered from 1 to 20, and one of them is 
drawn at random. What is the probability that the number is a 
multiple of 5 or 7? A multiple of 3 or 5? 

Note that in solving the second part of this problem, it is incorrect to 
reason as follows: The number of tickets bearing numerals that are 
multiples of 3 is 6, and the number of multiples of 5 is 4. Hencie, the 
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probability that the number drawn is either a multiple of 3 or of 5 is 
Why? 

7. A publishing concern submits a copy of a proposed book to three 
independent critics. The odds that a book will be reviewed favorably 
by these critics are 5 to 4, 4 to 3, and 2 to 3. What is the probability 
that a majority of the three reviews will be favorable? 

8. If on the average in a shipment of 10 cases of certain goods 1 case 
is damaged, what is the probability that out of 5 cases expected at least 
4 will not be damaged? 

150. Expectation. The expectation of winning any prize is 
defined as the value of the prize multiplied by the probability 
of winning it. Let it be required to determine the price one 
should pay for the privilege of participating in the following 
game. A purse contains 5 silver dollars and 7 fifty-cent pieces, 
and a player is to retain the two coins that he draws from the 
purse. It can be argued fallaciously as follows: The mutually 
exclusive cases are (a) 2 dollar coins, (6) 2 half-dollar coins, (c) 
1 dollar coin and 1 half-dollar coin. Therefore, the values of 
the prizes are $2, $1, and $1.50, and the fair price to pay for the 
privilege of participating is $1.50. But, the probability of 
obtaining (a) is 

5 

Pa ~ TT “ 

I2O2 06 

that of obtaining (h) is 

_ 7C2 _ 7 _ 

p 99^ 

and that of obtaining (c) is 

_ 5.7 _ 35 

12C2 66 ' 

Hence, the expectation of obtaining (a) is 

= 2 • = 0.30, 

that of obtaining (b) is 

€6 = 1 • K 2 = 0.32, 
and that of obtaining (c) is 

= 1.50 • = 0.80. 

It follows that the total expectation is 

$0.30 -h $0.32 -f $0.80 = $1.42, 


instead of $1.50. 
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PROBLEMS 

1. A batch of 1000 electric lamps is 5 per cent bad. If 5 lamps are 
tested, what is the prol)ability that no defective lamps appear? What 
is the chance that a test batch of o lamps is 80 per cent defective? What 
is a fair price to pay for a batch of 500 such lamps if the perfect ones can 
bo bought for 10 cts. each? 

2. What is a fair price to pay for a lottery ticket if there are 100 
tickets and 5 prizes of $100 each, 10 prizes of $50 each, and 20 prizes of 
$5 each? 

3. What is the expected number of throws of a coin necessary to 
produce 3 heads? 

151. Repeated and Independent Trials. Fro((uentIy it is 
required to compute the probal')ility of the occurrence of an 
event in n trials when the probability of the occurrence of that 
event in a single trial is known. For example, it may be required 
to find the probability of throwing exactly one a(*e in 6 throws 
of a single dic^. The ])ossible mutually exclusive cases are as 
follows : 

(1) An aco on the first throw, and none on the remaining 5 
throws. 

(2) No ace on the first throw, an a(‘e on the second, and no 
a(‘,es on the remaining 4 t hrows. 

(3) No a(^e on the first 2 throws, an ace on the third, and no 
aces on the last 3 throws. 

(4) No aces on the first 3 throws, an ace on the fourth, and no 
aces on the last 2 throws. 

(5) No aces on the first 4 throws, an ace on the fifth, and no 
ace on the last throw. 

(6) No a(^es on the first 5 throws, and an aco on the last throw. 

The probability of the occurrence of ( I ) is 

since the probalfility of throwing an ace on the first trial is 
and the probability that the ace will not appear on the succeeding 
5 throws is (^'(5)^ The probability of (2) is 

the probability of (3) is 
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and it is clear that the probability of any one of the 6 specified 
combinations is 

iVeWey- 

Since the cases are mutually exclusive, the probability that some 
one of the 6 combinations will occur is 

P = 6 • M 

It should be observed that the probability of obtaining any 
combination of 1 ace and 5 not-aces is always the same, so that in 
order to obtain the probability of occurrence of one of the set of 
mutually exclusive cases all that is necessary is to multiply the 
probability of the occurrence of any specified combination by the 
number of distinct ways in which the events may occur. This 
leads to the formulation of an important theorem which is 
frequently termed the binomial law. 

Theoeem 1 (Binomial Law). If the probability of occurrence 
of an event in a single trial is p, then the probability that it will occur 
exactly r times in n independent trials is 

Pr = - py-', 

where 


The method of proof of this theorem is obvious from the 
discussion of the specific case that precedes the theorem. The 
probability that an event will occur in a particular set of r 
trials and fail in the remaining n — r trials is p^(l — 

But since the number of trials is n, the number of ways in which 
the event can succeed r times and fail n — r times is equal to the 
number of the combinations of n things taken r at a time, or 

r = . 

rl(n — r)l 

Hence the probability of exactly r successes and n — r failures is 

Illustration 1 . What is the chance that the ace will appear 
exactly 4 times in the course of 10 throws of a die? 
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Formula (151-1) gives 


.1 f A ? 


i^L 

4!6! 




656,250 

60,466,176 


0.0108. 


Illustration 2. Ten coins are tossed simultaneously, 
the chance that exactly 2 of them show heads? 

Here 


= /A" = 

2!8!V2/ \2/ 1024 


0.0439. 


What is 


If in the example at the beginning of this section it had been 
required to determine the probability that the ace would appear 
at least once in the course of the 6 trials, the problem would be 
solved with the aid of the following argument: The ace will 
appear at least once if it appears exactly once, or exactly twice, 
or exactly three times, and so on. But the probability that it 
appears exactly once is 

Pi = (Vh)(^0%* 

exactly twice, 

P '2 — 6^2 

exactly three times, 

Pz^ zCzihrmr; 

etc. These comj:)oimd events are mutually exclusive, so that the 
probability of the ace appearing at least once is the sum of the 
probabilities 

Pu ?> 2 , Pz. • • • , ??«. 

The genei*al theoi'em, wliich includes this problem as a special 
case, is the following. 

Theorem 2. If the probability of the occurrence of an event 
on a single trial is ,p, then the probability that the event will occur 
at least r times in the course of n imlependent trials is 


where q = I — p. 

It should be noted that „Cr = nCn^r is the co6ifiicient of p^ in the 
binomial expansion for {p + <7)'* and that p>r is equal to the sum 
of the first n — r + \ terms in the expansion for (p + 7)". 

Illustration 3. The ])r()bability that at least 2 of the coins 
show heads when 5 coin,"’ are tossed simultaneously is 
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The first term of this sum represents the probability of exactly 5 
heads, the second represents that of exactly 4 heads, the third 
that of exactly 3 heads, and the last represents that of exactly 
2 heads. 


PROBLEMS 

1. If 5 dice are tossed simultaneously, what is the probability that 
(a) exactly 3 of them turn the ace up? (b) At least 3 turn the ace up? 

2. If the probability that a man aged 60 will live to be 70 is 0.65, what 
is the probability that out of 10 men now 60, at least 7 will live to be 70? 

3. A man is promised $1 for each ace in excess of 1 that appears in 6 
consecutive throws of a die. What is the value of his expectation? 

4. A bag contains 20 black balls and 15 white balls. What is the 
chance that at least 4 in a sample of 5 balls are black? 

6. Solve Prob. 3, Sec. 149. 

162. Distribution Curve. Some interesting and useful con- 
clusions can be deduced regarding the formula for repeated 
independent events from the consideration of an example that 
presents some features of the general case. Consider a purse 
in which are placed 2 silver and 3 gold coins, and let it be required 
to determine the probability of drawing exactly r silver coins 
in n repeated trials, the coin being replaced after each drawing. 
The probability of exactly r successes in n trials is given by the 
binomial law [see (151-1)] 

Vr = nCrV^il - 

where p, the probability of drawing a silver coin on a single trial, 
is 

If the number of drawings is taken as n = 5, the probability 
that none of the drawings yields a silver coin is 

Po = 5 Co(Hnr 5 y = 0 . 07770 , 

the probability that 5 trials yield exactly 1 silver coin is 
Vi = = 0.2592, 

and the probability that exactly 2 silver coins will appear is 
P2 = ^C2(HnHr = 0.3456. 

In this manner, it is possible to construct a table of the values 
that represent the probabilities of drawing exactly 0, 1, 2, 3, 4, 5 
silver coins in 5 trials. Such a table, where the values of pr are 
computed to four decimal places, is given next. 
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Probability of Exactly r Siktiesstos in 5 Trials 


r 

Pr 

r 

Vi 

0 

0.0778 

3 

0.2304 

1 

0.2592 

4 

0 0768 

2 

0.3436 

5 

0.0102 


It will be observed that r — 2 gives the greatest, or ^'most 
probable/' value for pr, which seems reasonable in view of the 
fact that the iirobability of drawing a silver coin on a single trial 
is 2'5 and one would “expect" that 2 sih'cr coins should result 
from 5 repeated drawings. 

If the number of trials is n = 10, the formula 

Pr = 

gives the following set of probabilities for 0, 1, 2, 3, • • • , 10 
successes. 


Probability of Exactly r Succjesses in 10 Trials 


r 

pr 

r 

Pr 

r 

Pr 

0 

0.0060 

4 

O.JoOS 

8 

0.0106 

1 

0.0403 

5 

0.2007 

9 

0.0016 

2 

0.1209 

6 

0.1115 

10 

0.0001 

3 

0.2150 

7 

0.0425 




Again it appears that the most probalilc number of successes in n 
trials is equal to the probability of success in a single trial 
multiplied by the number of trials. 

If a similar table is constructed for n = 30, the resulting proba- 
bilities are as shown below. 


Probability of Exactly r Successes in 30 Trials 


r 

Pr 

r 

Pr 

r 

Pr 

<2 

0.0000 

9 

0.0823 

16 

0.0489 

3 

0.0003 

10 

0.1152 

17 

0 . 02 C 9 

4 

0.0012 

11 

0.1396 ^ 

18 

0.0129 

5 

0.0041 

12 

0.1474 

19 

0.0054 

6 

0.0115 

13 

0.1360 

20 

0.0020 

7 

0.0263 

14 

o.noo 

21 

0.0006 

8 

0.0505 

15 

0.0783 

22 

0.0002 





^23 

0.0000 
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In this table the entry 0.0000 is made for 0 r < 2 and for 
r > 23 because the values of pr were computed to four decimal 
places, and in these cases pr was found to be less than 0.00005. 
For example, the probability of dramng exactly 1 silver coin in 
30 trials is 

Pi = = 0.00000442149, 

and the probability of drawing exactly 23 silver coins in 30 trials 
is 

P23 = z^C^ziHYKHy = 0.000040128. 

Therefore, for all values 23 < r < 30, the values of pr are less 
than 0.00005 and must be recorded as 0.0000. 

Just as in the foregoing tables, the most probable number is 
equal to although the probability of drawing exactl}^ 12 
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Fig. 148. 


silver coins, 0.1474, is less than the probability of drawing the 
most probable number of silver coins in the case of 10 trials. 

These tabulated results can be more conveniently represented 
in a graphical form, where the values of r are plotted as abscissas 
and the values of pr as ordinates. Such graphs are known as 
distribution charts (Fig. 148). 

An alternative method of graphical representation is obtained 
by erecting rectangles of unit width on the ordinates which 
represent the probabilities pr of occurrence of r successes. Since 
the width of each rectangle is unity, its area is equal, numerically, 
to the probability of the value of r over which it is erected. In 
such graphs the vertical lines are not essential to the interpreta- 
tion of the graph and hence are omitted. The resulting broken 
curve constitutes what is known as a distribution curve. The 
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area under each step of the curve represents the value of pr] 
and the entire area under the distribution curve is unity, for it 
represents the sum of the prol)abilities of 0, 1, 2, * • • , n suc- 
cesses. Such curves, corresponding to the distribution charts 
(Fig. 148), are drawn in Fig. 149. 

It appears that, as the number of drawings, n, is increased, the 
probability of obtaining the most probable number of silver coins 
decreases. Moreover, tliero is a greater spread of the chart as 
the number of trials is increased, so that the probability of missing 
the most prol)ablo number by more than a specified amount 
increases vdth the increase in the numbei' of drawings. 



012345 r 0123456789 10 
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The following observations will servo to clarify the last state- 
ment. In the case of 5 trials the probability of missing the 
most probable number of successes by 5 is zero, for the deviation 
from the most pi’obable number 2 cannot be greater than 3. 
But in the case of 10 trials the probal>ility of missing the most 
])robable number by this same amount has a definite non-zero 
value. Thus, in order to miss the most probable number 4 
by 5, r must be either 9 or 10. Hence, tlie probability of missing 
4 is 0.0016 + 0.0001 = 0.0017. In the case of 30 trials the 
most probable number of successes is 12; and, in order to miss 
12 by 5, r must be less than 8 or greater than 16. Therefore the 
probability of missing 12 hy 5 is the sum 

7 30 

r-O r-17 

If the number of drawings n is made 1,000,000, the most probable 


508 MATHEMATICS FOR ENGINEERS AND PHYSICISTS §163 


number of successes is 400,000, -and the probability of missing it 
by 5 is very nearly unity. On the other hand, the probability 
of obtaining the most probable number 400,000 is a very small 
quantity. 

The important facts obtained from the foregoing considerations 
are the following: 

1. The most probable number of successes appears to be equal 
to pn, 

2. The probability of obtaining the most probable number of 
successes decreases with the increase in the number of trials n, 

3. The probability of missing the most probable number by a 
specified amount increases with the increase in the number of 
trials. 

It can be established that the last two facts, inferred from the 
special example, are true in general. The first fact, concerning 
the size of the most probable number, clearly is meaningless if 
pn is not an integer. Thus, if the number of drawings is = 24 
and p — then pn = It can be shown in general that the 

most probable number is pn, provided pn is an integer; otherwise, 
the most probable number is one of the two integers between 
which pn lies. In fact, the following is the complete statement 
of the theorem:* The most probable number of successes is the 
greatest integer less than np + p. If np + p is an integer^ there 
are two most probable numbers^ namely, np + p and np + p — 1. 
Since p < 1, it is clear that the most probable number of successes 
is approximately equal to np. This number np is called the 

expected” number of successes. 

PROBLEM 

A penny is tossed 100 times. What is the most probable number of 
heads? What is the probability of this most probable number of 
heads? If the penny is tossed 1000 times, what is the probability of the 
most probable number of heads? 

163. Stirling’s Formula. The binomial law (151-1), on which 
the major portion of the theory of probability is based, is exact, 
but it possesses the distinct disadvantage of being too com- 
plicated for purposes of computation. The labor of computing 
the values of the factorials that enter in the term becomes 

* For proof and further discussion see T. C. Fry, Probability and Its Engi- 
neering Uses, Chap. IV. 
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prohibitive when n is a large number. Accordingly, it is desirable 
to develop an approximation formula for n!, when n is large. 

An asymptotic formula, which furnishes a good approximation 
to ti\, was developed by J. Stirl- 
ing. B.y an asymptotic formula 
is meant an expression such 
that the percentage of error 
made by using the formula as 
an approximation to 7i ! is S7nall 
lohen n is sufficiently large, 
whereas the error itself increases 
with the increase in n. It will be 
indicated that for values of n greater than 10 the error made in 
using Stirling’s formula* 

(153-1) ‘n\ n^er^ \/27rn 

is less than 1 per cemt. 

^ Consider the function y = log x, and observe that., for k ^ 2, 

log X dx > K[log {k — 1) + log k], 

since the right-hand member represeiit.s the trapezoidal area 
formed by the chord (Fig. 150) joining the points P and Q on the 
curve y = log x. Denote the area between the (^hord and the 
curve by ah, so that 

(153-2) log X dx - }i[\og {k — 1) -f log k] -f 

Setting A = 2, 3, * • • , in (153-2) and adding give 

log xdx = 1 4“ log 2) -h MOog 2 -f- log 3) + * * * 

+ /'^[iog (n — 1) + log n] + (a 2 + as +'•• + an). 

Integrating the kd't-hand member and combining the terms of the 
right-hand member give 

n log — n -f J = log n! — log -h ^ a^. 

i=s2 

Hence, 

n 

(153-3) log n! = (n -b - n + ^ a,. 

* The symbol which is road asymptotically e.q\iix\ tt)C is used iusUnid 

of « to call attention to the fact that the formula is asymptotic. 
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Since each a,* ia positive, it follows that 

log nl < (n + log n — n + 1, 

and hence 

(153-4) nl < e \/n 

The expression on the right of the inequality (153-4) is, therefore, 
an upper bound for nl. 

To get a lower bound, solve (153-2) for ak, perform the integra- 
tion, and obtain 

(153-5) a, = (^k- 0 log - 1. 

Now, since the integrand is non-negative, 

and the evaluation of ( 153-6) leads to the formula 

, A- ^ 2A; - 1 

- 1 ^ 2k(k - 1)‘ 

By the use of this inequality, (153-5) gives 


Mzik — 1) 4 \fc — 1 k) 

Hence, 



By means of this result and (153-3), one obtains 

log ri! > (n + 3^) log n - n -h 1 — K, 

whence 

(153-7) nl> 

Combining (153-4) and (153-7) furnishes the inequality* 
g?4 < nl < e \/n 

for all values of n > 1. Since e = 2.718, = 2.117, and 

\/27r — 2.507, it follows that 

n I \/ 27rn. 

* The derivation of this result is given by P. M. Hummel, in Amer, Math. 
Monthly, vol. 47, p. 97, 1940. 
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It is possible to obtain a sharper lower bound for «.! by using 
the integral* 


(153-8) 



2/c — 1 — X 

m - 1 ) 


dx > 0 


instead of (153-6). 

To gain some insight into the accuracy of this formula, not(' 
that (153-1) gives for n = 10 the value 3,598,696, whereas the 
true value of 10! is 3,628,800. The percentage of error in this 
case is 0.8 per cent. For?i = 100, (153-1) gives 9.324847 X 10*'’^, 
whereas the true value of 100! is 9.3326215 X lO*-’’^, so that the 
percentage of error is 0.08. It is worth noting that, even for 

= 1, the error is under 10 per cent and that for = 5 it is in 
the neighborhood of 2 per cent. 


PROBLEM 

Make use of (153-8) in order to show that 

< 7i!, if n > 1, 

and compare the value of ^vith that of \/27r. 

154. Probability of the Most Probable Number. It was 

mentioned in Sec. 152 that the most probable number of siu^cesses 
is either equal, or veiy nearly equal, to the expected number 
€ = np. Very often it is desirable to compute the probability 
of the expected or the most probable number of successes. Of 
course, Pe can be computed from the exact law by substituting 
in' it T = np, but formula (151-1) is cumbersome to use when 
factorials of large numbers appear in „Cr. An approximate 
formula can be obtained by replacing n\ and (np)! by their 
approximate values with the aid of Stirling^s formula. It is 
readily verified that, when these replacements are made, the prob- 
ability of the most probable number of successes is approximatel\' 

■ vhs 

where <7 == 1 — p. It must be kept in mind that (154-1) is 
subject to the same restrictions as (153-1) and gives good rc^sults 
for np > 10. 

* See problem at the end of this section. 
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Thus, if a die is tossed 100 times, the most probable number of 
aces is 16. The exact formula gives 


100! /iV* /sV' _ 

16I84IV6/ W 

whereas the approximation (154-1) gives 


0.296, 


^ 1 

V2irioo(H)(H) 

The percentage of error is quite small. 


0.309. 


PROBLEMS 

1. Two hundred and fifty votes were cast for two equally likely can- 
didates for an office. What is the probability of a tie? 

2. What is the most probable number of aces in 1200 throws of a die? 
What is the probability of the most probable number? 

3. Solve, with the aid of the approximate formula, the problem at the 
end of Sec. 152. 


166. Approximations to Binomial Law. With the aid of 
formula (153-1), it is possible to devise various formulas approxi- 
mating the binomial law (151-1). One of these approximations 
is known as the Poisson formula or the law of small numbers. 
The wide range of applicability of this law can be inferred from 
the fact that it has been used successfully in dealing with such 
problems as those of beta-ray emission, telephone trafiSc, trans- 
mission-line surges, and the expected sales of commodities. The 
law of small numbers gives a good approximation to (151-1) in 
those problems in which r is small compared with the large number 
n, and p represents the probability of occurrence of a rare event in a 
single trial. 

Replacing n\ and (n — r)! in (151-1) with the aid of Stirling's 
formula (153-1) leads to 


(155-1) pr ^ 




r\(n — -\/27r{n — r) 


r(l - p)«“ 


we~ 






11^(1 - pY " 


By hypothesis, r is small compared with tz, so that 

(— ;r‘ 
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which,* for largo values of n, diffei-s little from cr\ Similarly, 
(I - pY -r = (1 - pY, 
which in turn is nearly equal to e" since 

(1 - = 1 - np + ■ ■ 2 -,-— p- - ■ ■ • 

and 

,rnp = 1 _ up + '2^' - • • ■ . 

The substitution of c'~'^ for 


and for 

(1 - p)’^-' 

in (J55-1) loads to tho dosirod law of small uumhors, 


(155-2) 


Jr — ^ • t 


Formula (155-2) is frequently written in a slightly different 
form. It will be i-ecalled that the expected number of successes 
is € = npj so that (155-2) can be written 

An application of this law to some specdfic cases may prove 
interesting. Suppose that it is known that, on the average, in a 
large city two persons die dail}" of tuberculosis. What is th(^ 
probability that r persons will die on any day? In this case the 
expected number of deatlis is e == 2, so that 


* Note that lini (1 + I /rip ■= e. For a rigorous discussion, see T. kS, 

At— > w 

Hokolrxikoff, Advanced Calculus, pp. 28-31. 
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Therefore, 


r 

Pr 

r 

Pr 

1 

1 ^ 

Pr 

0 

0 . 136 

2 

0.272 

4 

0.091 

1 

0 272 

^ i 

0.181 

1 1 

5 

0.036 


A glimpse into the accuracy of this law can be gained by con- 
sidering the following example. 

Example. What is the probability that the ace of spades will be 
drawn from a deck of cards at least once in 104 consecutive trials? This 
problem can be solved with the aid of the exact law (151-1) as follows: 
The probability that the ace will not be drawn in the 104 trials is 

Po = = 0.133, 


and the probability that the ace will be drawn at least once is 1 — 0.133 
= 0.867. On the other hand, Poisson^s law (155-2) gives for the prob- 
ability of failure to draw the ace 


po 


01 




Hence, the probability of drawing at least one ace of spades is J — 
= 0.865. 


Another important approximation to the binomial law (151-1), 
namely, 

(155-3) Vr = 1 P’’?”-’’, 

where g = 1 — p, is obtained by assuming that r, n, and n — r 
are all large enough to permit the use of the Stirling formula. 
Replacing nl, r!, and in — t)\ by Stirling’s approximations 
gives, upon simplification, 


(15W) V, =» (f) (^)" ' ,) ■ 

Let 5 denote the deviation of r from the expected value np] 
that is, 

5 == r — np. 

Then, 

n — r = nq — dj 
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and (155-4) becomes 



Then, 

log PrA = -{tip + 5) log -f- - {nq - 5) log 


Assuming that |5| < npqy so that 


!-^ <1 

and 

— < 1 

\rip 


nq 


permits one to write the two (‘oiivcn-gent series 



5 _ 8 - ^ . 

np 2n-p- 

__ 8 _ 8 '^ __ 

nq 2nr(j- Znhi^ 

53 (^2 ^ ^^2) ^ 

■2-3/iW~ S-^n'^pY 



Now, if |5| is so small in comparison with npq that one can 
neglect all terms in this expansion beyond the first and can 
replace A by Y^^rnpqj then there results the approximates 
formula 

(155-5) Pr = 7 =L :=r: C 

V27rnp<7 


which bears the name of Laplace^s, or the normal, approximation. 
Since the maximum value of the exponential e""®, for x ^ 0, is 
unity, it follows that the normal approximation gives for the 
probability that r will assume its most probable value the same 
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value as was obtained in Sec, 154. It is obvious that the normal 
approximation gives best results when p and q are nearly equal. 

If the mean error <r is defined 
by the formula 

a- = V^, 

then (155-5) assumes the form 
1 



Pr = 




Ji 

"2(r2 


and the graph of Pr as a function of 5 is a bell-shaped curve 
(Fig, 151), known as the normal distribution curve,* 


PROBLEMS 

1. What is the probability of throwing an ace with a die exactly 10 
times in 1200 trials? 

2. A wholesale electrical dealer noticed that a sliipment of 10,000 
electric lamps contained, on the average, 20 defective lamps. What is 
the probability that a shipment of 10,000 lamps is 1 per cent defective? 

3. In a certain large city, on the average, two persons die daily of 
cancer. What is the probability of no persons dying on any day? One 
person dying? Two? Three? Four? Five? 

4. Two dice are tossed 1000 times. What is, approximately, the 
probability of getting a sum of 4 the most probable number of times? 

5. What is the approximate probability that a sum of 4 will appear 
500 times in a set of 1000 tosses? 


166. The Error Function. Let mi, m 2 , • • • , mr» be a set of n 
measurements, of some physical quantity, that are made inde- 
pendently and that are equally trustworthy. If the best estimate 
of the value of the measurements is m, then the ^'errors” in 
individual measurements are 


= mi — m, 5;2 = m 2 — m, • • • , = m„ — m, 

and the sum of the errors is 

(156-1) X 1 + X 2 + * * • + Xn= (mi + m 2 + • * * + mn) — mn. 

If it is assumed that on the average the positive and negative 
errors are equally balanced, then their sum is zero, and (156-1) 
becomes 

mn == mi + m 2 + * • • + 

* For a detailed discussion see T. C. Fry, Probability and Its Engineering 
Uses. 
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or 

(156-2) m = — 

It is important to note that the best value m is the arithmetic 
average of the individual measurements when it is assumed that 
the positive and negative errors arc equally likely. In per- 
forming a set of measurements, not all the errors are equally 
likely to occur. In general, large errors are less likely to occur 
than small ones. For instance, the probability of making an 
error of 1 ft. in measuring the length of a table is less than that 
of making an error of 1 in. 

Let the probability of making an error Xt be denoted by 
<p{x^. The assumption that positive and negative errors are 
equally likely to occur de- 
mands that 

which states that ip{x) is an 
even function. Further- 
more, the hypothesis that 
small errors are more likely 
to occur than large ones re- 
quires ip{x) to be a decreasing function for x ^ 0; and since 
infinitely large errors cannot occur, 

<^(oo) = 0. 

These observations lead to the conclusion that the function 
<p{x), which gives the probability of occ^urrence of the error x, 
must have the appearance shown in Fig. 152, where the errors Xi 
are arranged in order of increasing magnitude. Upon recalling 
the fact that the ordinates represent the probability of occurrence 
of an error of any size x, it is clear that the area under this curve 
from — 00 to - 1-00 must be unity, for all the errors are certain 
to lie in the interval (— <», «>). Hence, 

^ ^(x) dx = 1. 

Moreover, the probability that the en*or lies between the limits 
Xi and Xi -f- Ax is equal to the area bounded by curve y = ^(x), 
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the ordinates y = Xi and 2 / = + A.t, and the a:-axis, which is 

equal to the value of the integral 

By hypothesis the measurements were made independentl\% 
so that the probabilit}^ of simultaneous occurrence of the errors 
Xi, X 2 , ‘ Xn is equal to the product of the probabilities of 
occurrence of the individual errors, or 

(156-3) P = <p{Xi)<p{X2) * • * <p(xn) 

= (p{mi — m)(p(m2 — m) • • • <p(mn — m). 

The expression (156-3) is a function of the best value m, in which 
the functional form of is not known. Now, if it be assumed 
that the best value m is also the most probable value, that is, the 
value which makes P a maximum, then it is possible to determine 
the functional form of ^ by a method due to Gauss. In other 
words, it is taken as a fundamental axiom that the probability 
(156-3) is a maximum when m is the arithmetic average of the 
measurements mi, m 2 , • • • , nin. But if (156-3) is a maximum, 
its logarithm is also a maximum. Differentiating the logarithm 
of (156-3) with respect to m and setting the derivative equal to 
zero give 

(156-4) -!■ . . . _ 

(p\Wjx — m) — m) ^(m^ — m) 

n 

This equation is subject to the condition S Xi — 0. 

If 

(p\mi — m) 

<p{m{ — m) 

is set equal to F{xi), (^ = I, 2, • • • , n), Eq. (156-4) can be 
written as 

(156-5) F{xx) + F(x 2 ) + • • • + F(xn) - 0 

n 

with 2 Xi = 0. If there are only two measurements, (156-5) 
reduces to 


Pixi) + F(xi) = 0 , 
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with .ri + .^2 = 0, or — —X\. Therefore, 

F{x^) + F{-^x,) = 0 , 
or 

(156-6) F{:x) = -F{-x). 

Similarly, if there are only three measurements, then 
F{x{) + F(x 2 ) + F(x,) = 0 , 
with :ri + X 2 + X 3 = 0. Therefore, 

F(xi) + F(x 2) = -F(xs). 

But, from (156-6), 

F(xs) = -F(-xs); 
and since —X 3 = xi -|- X 2 y 

F(xO + F(x 2 ) - F(xj + X 2 ). 

Differentiating this expression partially with respect to Xi and X 2 
leads to 

F'(xt) - F'(xj + X 2 ) and ^(.ro) - F'(xt + .rs), 
or 


(156-7) F'(x0 = F'(x 2 ). 

Since Xi and X 2 are independent, (156-7) can be true only if 
F'(x:) = r(x2) = c, 

so that 

F(xi) = exj and F(x 2 ) = cx 2 . 


Recall that, definition, 

Fix) 


v'(x) 

P(x)’ 


so that tlie differential equation for ip is 

- 7 -f = cx, 
(fix) 

which, upon integration, gives 
(160-8) ^ix) = Kc'^^\ 


where K and c. are arbitrary constants. 
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One of these constants can be determined at once, for it is 
known that 

^(o;) dx = 1. 

The substitution of tp{x) in this integral gives 
K dx = 1, 

where — ^ c/2. 

This integral can be evaluated by means of a procedure similar 
to that used in Sec. 81. Set 


and then 


-I 

-Cl 

-fc- 


dx J' e-y^ dy 
(lx dy 


V dr dip = 


where the last step results from the transformation of the double 
integral into polar coordinates and has been described in Sec. 
81. Hence, 

But 

K e-'^^^^dx = 2Kf^’° e-’^^Ux = 1 , 

SO that 

\ _ ^ ^ _A_. 

2 dx 2 d(jix) 


Thus, (156-8) can be written as 
(156-9) p{x) = 

VTT 

which is called the Gaussian law of error. The undetermined 
constant h, as will be seen in the next section, measures the 
accuracy of the observer and is known as the precision constant. 
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rt is easy to verify the fact that the choice of cp, specified by 
(156-9), gives a maximum for the product (156-3) when the sum 
of the squares of the errors is a minimum. In fact, since Xi = 
mi — m, (156-3) becomes 


- (M 


-fi‘i 2 a-*" 


and the maximum value of P is clearl.y that which makes the 
sum of the squares of the errors a minimum. 

In order to verify" the assumption that the choice of the 
arithmetic average for the best value leads to tlie least value for 
the sum of the squares of the 
errors, all that is necessary is 
to minimize 

^ (m, - m)K 

i=x I i=l 

The theory of errors based 
upon the Gaussian law (1 56-9) 
is often called the theory of 
least squares. 

167. Precision Constant. 

Probable Error. In the pre- 
ceding section, it was established that the probability of commit- 
ting an error of magnitude z is given by the ordinate of the curve 



h 

y = -y=-e- 


,-h^x^ 


This curve is called the probability curve. Clearly, the proba- 
bility of an error lying in the interval between x = — € and 
X = -|-€ is equal, numerically, to the area bounded by the proba- 
bility curve (Fig. 153), the ordinates x = and x == +€, and 

the a;-axis. If only the absolute value of the error is of interest, 
then the probability that the absolute value of the error does not 
exceed e is 

P = dx. 

Vt Jo 

If hx is set equal to t, this integral assumes the form 
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dt, 


which shows that P is a function of he, and, for a fixed value of 
€, P increases with h. For large values of h, the probability 
curve decreases very rapidly from its maximum value, h/ -y/r 
at a; = 0, to very small values, so that the probability of making 
large errors is very small. On the other hand, if A is small, the 
probability curve falls off very slowly so that the observer is 
almost as likely to make fairly large errors as he is to make 
small ones. For this reason the constant h is known as the pre- 
cision constant. 

That particular error which is just as likely to be exceeded as 
not is called the probable error. More precisely, the probable 
error is that error e which makes P == or 


1 

2 




dL 


An approximate solution of this equation can be obtained by 
expanding in Maclaurin’s series, integrating the result term 
by term, and retaining only the first few terms of the resulting 
series.* The solution, correct to four decimal places, found by 
this method is 

' he = 0.4769, 


so that the probable error is 0.4769/A. It is commonly denoted 
by the letter r. 

In addition to the probable error, the mean absolute error and 
the mean square error are of importance in statistics. The mean 
absolute error is defined as 


\x\ 



dx = 7 = 

h ‘y/w 


and the mean square error is defined as 


0.5643 
h ' 


x^ = 





1 

2A2’ 


It will be obseiwed that the mean absolute error is the a;-coordi- 
nate of the center of gravity of the area bounded by the proba- 
*See Prob. 3, at the end of this section. 
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bility curve and the positive coordinate axes, and that the 
square root of the mean square error is the radius of gyration of 
that area about the ^-axis. 

The values of these mean eri*ors can actually be computed for 


any set of 

observations. Thus, 




n 

^ |w, — m\ 

Irl — 

1 

i i: 

1 


' ‘ n 

n 

h \/x 

so that 




(157-1) 

h = p 
p 

\ 

‘1 'x/tt 


Also, 





2) {m, - mY X 

t = I 1 = 1 


so that h computed from this equation is 

(157-2) h = • 

Wx- \/2 

These two expressions for the precision constant give a means of 
computing h for any set of observation data. The two values of 
h cannot be expected to be identi(‘al; but unless there is a fail- 
agreement between them, experience indicates that the data are 
not reliable. The value of = 0 " is commonly called the 
standard deviation, and it follows from the foregoing that th<' 
probable error is ccpial to 0.6745or. 


PROBLEMS 

1. Evaluate the integral by expanding the integrand in 

series, and show that 



3 • 1 ! 5 • 2! 


7*"3! 


where R < 

2. The expression for the probability integral given in the preceding 
problem is not suitable for computation purposes when x is large. But 
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Show, by integrating by parts, that 


X 


eo 


6 -'^ dt 



e~^H dt 



J_ _ l*3-5 

2x^'^2^xy 23 Jx ’ 


and thus obtain an asymptotic expansion for the probability integral 
that can be used to compute its value when x is large. Also, show that 
the asymptotic series 




2x^ ^ i2x^)^ 


1 - 3-5 

i2x^y 



gives a value for the integral which differs from its true value by less 
than the last term which is used in the series. 

3. Show, with the aid of Horner^s method, that the value of the 
probable error is 


0.4769 
^ h ' 


4 . Compute the probable errors for the following set of observation 
data: 


mi = 1.305, vh = 1.301, m .3 == 1.295, nu = 1.286, 

ms = 1.318, me = 1.321, my = 1.283, mg = 1.289, 

mg = 1.300, Mio = 1.286, 

by using (157-1) and (157-2). 

5. With reference to Prob. 4, what is the probability of committing an 
error whose absolute value is less than 0.03? 

6 . Two observers bring the following two sets of data, which repre- 
sent measurements of the same quantity: 


(a) 'mi = 105.1, mo = 103.4, 

ms — 104.8, me = 105.0, 

(5) mi = 105.3, m 2 - 105.1, 

ms = 106.7, me = 102.9, 


m 3 = 104.2, 
?/i 7 = 104.9. 
m-i = 104.8, 
my == 103.1. 


= 104.7, 
nu = 105.2, 


Which set of data is the more reliable? 

7 . Discuss the problem of a rational way of proportioning the salaries 
of two observers whose precision constants are hi and h. 
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EMPIRICAL FORMULAS AND CURVE FITTING 

An empirical formula is a formula that is infori*od by some 
scheme in an attempt to express the relation existing* between 
quantities whose corresponding values are obtained hy experi- 
ment. For example, it may be desired to obtain the jrelation 
connecting the load applied to a bar and the residting elongation 
of the ])ar. Various loads are applied, and the consequent 
elongations are measured. Then, by one of the methods to be 
given in this chapter, a formula is obtained that i-ein’osents the 
relationship existing between these two quantities foi’ the 
observed values. With certain restrictions, this formula can 
then be used to predict the elongation that will result when an 
arbitrary load is applied. 

It is possible to obtain several eciuations of different types 
that will express the given data approximately or exactly. 
The question arises as to which of these ecpiations will give the 
best and bo most successful for use in predi(‘ting the results 
of the experiment for additional values of the quantities involved. 
If there are n sets of observed values then, theoretically at least, 
it is possible to fit the given data with an equation that involves 
n arbitrary constants. What would be the procedure if it were 
desired to obtain an equation representing these data but 
involving less than n arbitrary constants? Questions of this 
type will be considered in the siujceeding sections. 

158. Graphical Method. The graphical method of obtaining 
an empirical formula and curve to represent given data is prob- 
ably already somewhat familiar to the student from elementary 
courses. It is particularly applicable when the given data can 
be represented by equations of the three types 

(1) y ^ 7nx + 6; (2) y = a + (3) y = Aia"'*'. 

If the corresponding values (a;*, yi) of the gi\'en data ar(^ 
plotted on rectangular coordinate paper and the points thus 

525 
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plotted lie approximately on a straight line, it is assumed that 
the equation 

y = mx + b 

will represent the relationship. In order to determine the values 
of the constants m and 6, the slope and y-intercept may be read 
from the curve, or they can be determined by solving the two 
simultaneous equations 

2/1 = mxx + 6 , 2/2 == ^^2 + h 

obtained by assuming that any two suitably chosen points 
(xi, 2/i) and {x^, 2 / 2 ) he on the line. Obviously the values of m 
and h will depend upon the judgment of the investigator regard- 
less of which method is used for their determination. 

Consider the equation 

2/ = a + hx'^K 

If the substitution x" = t is made, then the graph of 2 / = a + 6^ 
is a straight line and the determination of a and 6 is precisely 
the same as in the preceding case. In the special case y = hx'*\ 
taking logarithms on both sides gives 

log y = log 6 -f n log 

which is linear in log y and log x and gives a straight line on 
logarithmic paper. The slope of this line and the intercept on the 
log 2 /“axis can be read from the graph. Hence, if the correspond- 
ing values (xt, yi)^ when plotted on logarithmic paper, give points 
that lie approximately on a straight line, the data can be repre- 
sented by the equation 

y = hx^, 

whose constants can be read from the graph. 

Similarly, if the data can be represented by a relation 

y = 

the corresponding values, wheii plotted on semilogarithmic* 
paper, will give points that lie approximately on a straight line. 
For taking logarithms on both sides of this equation gives 

log 2 / = log A -t- {m log a)x, 

* For a discussion of logarithmic and semilogarithmic paper, see C. S. 
Slichter, Elementary Mathematical Analysis. 
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which is linear in log y and x and therefore plots as a straight linc^ 
on semilogarithmic paper. 

The three types of equations cited here are, of course, not the 
only ones to which the graphic method is applicable. However, 
they are the simplest because of the fact that their graphs, on 
appropriate paper, give straight lines. When the points repre- 
senting the observed values do not approximate a straight line, 
some other method is usually preferable. 


PROBLEMS 

1. Find the equation that represents the relation connecting x and 
y if the given data are 


X 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

y 

5 

5.6 

6 

6.4 

7 

7.5 

8.2 

8.6 

9 

9.5 


2. Find tiie eciuation of the type y — 6a;" that represents the relation 
between x and y. 


X 

1 

1 

2 

3 

i 

4 

5 

6 

7 

8 

9 

y 

2.5 

3.5 

4.3 

5 

5.6 

6.2 

0.6 

7. 1 

7.5 


3. From the following data, find the relation of the type y = AdO'"-*" 
between x and y: 


X 

1 

2 i 

3 

1 

4 

5 

6 

7 

8 

y 

0.5 

0.8 

1.2 

1.9 

3 

4.8 

7.5 

11.9 


169. Differences. Before proccH^ding to investigate rules 
for the choi(;e of the particular type of equation that will repre- 
sent the observed values, it is advisable to define and discuss 
differences. 

Let the observed values be (x,*, yi)^ (i = 0, 1, 2, • • • , n). 
The first differeiux^s are defined by 

(159-1) Ay,: s - yi. 

The se(‘.ond differeu(*-es are given by 

= Ayi+i - Ay,'. 

In general, for A; > 1, the differences of order i, or the Ath 
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cliiTerences, are dei&ned as 
(159-2) A* 2 /, - 

It should be noted that, if the . 7 th differences are constant, then 
all of the differences of order higher than j will be zero. 

From (159-1) and (159-2) it follows that 

yi — Vq + A 2 / 0 , 

y2 — yi + A^/i = (2/0 + A2/0) + (A^o + A2/0) 

= 2/0 + 2 A 7/0 + A 22 / 0 , 

2/3 = 2/2 + A2/2 = (2/0 + 2 A 2/0 + A^i/o) + (A^^/i + A2/1) 

= (2/0 + 2A2/0 + A“2/o) 

-h (A*2 /o + A^2/o + A^2/o + A 2 / 0 ) 
= 2/0 + 3A2/0 + SA^^o + A^ 2 /o- 
These results can be written symbolically as 

2/1 = (1 + A)2/o, 2/2 = (1 + A) ^ 2 / 0 , 2/3 = (1 + A)®2/o, 

in which (1 + A)’ acts as an operator on 2 / 0 , with the exponent on 
the A indicating the order of the difference. This operator is 
analogous to the differential operators discussed in Chap. VII. 
By mathematical induction, it is established easily that 

(159-3) yk= {I + A)^ 2 /o. 

160. Equations That Represent Special Types of Data. There 
are certain types of data which suggest the equation that will 
represent the relation connecting the observed values of x and y. 
Some of the more common types will be discussed in this section. 

a. Suppose that a number of pairs of observed values {xi, y^) 
have been obtained by experiment. If the Xi form an arith- 
metical progression and the rth differences of the yi are constant, 
then the relation connecting the variables is 

y — + dix + a^x^ + • • * + diXi- 

For if the rth differences are constant, all differences of order 
higher than r are zero, and hence, from (159-3), 

(160-1) 2 /jb = 2/0 + ^ 2 ) ^ 2/0 + ^ 2 ) ^^ 2/0 + ' * • + A’’ 2 /o, 


where 
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is simply the eoefScient of a** in the binomial expansion for 
(1 + ay, Moi-eover, it was assumed that the x\ are in arith- 
metical progression so that, if .ri — Xq = 6.x, then xa: Xo = k 6x 
and 


1 Xk Xq 
tC = T 

Ax 

Now, the expression (160-2) Ls a polynomial of degree r in k, and 
therefore of degree r in Xk. It follows that, upon substitution of 

^ Ax 

and the collection of like powers of Xk in (160-1), this equation 
assumes the form 


l/k — ao CiuZk + Cl2Xl -]-•••+ (IrXk. 

The relation is true for all integral values of k, and therefore 

(160-3) y = ci‘{) + Q-iX -|- < 22 ^'" Q,^x^ 

gives the relation existing between the variables for the given 
set of observed values. 

In general, a given set of observed values will not possess con- 
stant differences of any order, but it may bo that the rth differ- 
ences are sensibly constant. Then an cciuation of the type 
(160-3) will be a good approximation for the relation between 
the variables. 

Various modifications of (160-3) can be made. If the values of 
x"^ form an arithmetical progression, whereas the values of the 
rth differences of the yf are constant, then the relation connect- 
ing the variables is 

(160-4) = ao -f- -f + * * * + ar{x^^)\ 

Here m and n can take either positive or negative values. The 
derivation of the formula is exactly like that given above if a;? is 
replaced by Xi and 2/r by 

If, in (160-4), m — n ^ —I and r = 1, the equation assumes 
the form 

lit 1 , ai X 

y == ao + ai.T-' or = ao - or y = X7r;‘ 

y X (i\ At (W 
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Curves having this equation are frequently of use in fit-ting data 

to observations measuring flux density against field intensity. 

The curve is the hyperbola having the lines 

. 1 

X and y = — 

ao ao 

for asymptotes. If the values of 1/y are plotted against those 
for 1/Xj the result is a straight line. A few of these curves are 
plotted in Fig. 154. 



Fig. 154. 


Example 1. Consider the following set of observed data: 


X 

y 

Ay 

A^y 

A^y 

A^y 

1 

2.105 

0.703 




2 

2.808 

0.806 

0.103 

0.081 


3 

3.614 

0.990 

0.184 

0.079 

-0.002 

4 

4.604 

1.253 

0.263 

0 078 

-O.OOl 

6 

5.857 

1.594 

0.341 

1 

• 0.081 

+0.003 

6 

7.451 

2.016 

0.422 

0.080 

-0.001 

7 

9.467 

2.518 

0,502 



8 

11.985 
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In this case the third differences are sensibly constant and the rela- 
tion between x and y is approximately of the form 

y - (7o + ni.r + 

The question of determining the values of the constants will be con- 
sidered in a later section. 

f>. If the set of pairs of o])served values {xi, yi) is such that 
the values of Xi form an arithme- 
tical progression and the corre- 
sponding values of form a 
geometrical progression, then the 
equation representing the relation 
between the vaiiahles is 

(160-5) y = ka^. 

For, taking logarithms of both 
sides, the equation becomes 

log y — \ogk + X log a, 

which is linear in x and log y. 

Hence, if the ^"alues Xi form an 
arithmetical progression, the val- 
ues log yi will do likewise. But 
then log yi — log yi^\ = c (for ea(‘h valiu^ of f)? t-hai, 

= C and ?/,• = 

Therefore, the numbers y, form a geometrical progression. 

It can be proved that, if the values of the rth differences of 
the yi form a geometrical progression when the values of the Xi 
form an arithmetical progression, then the relation between x 
and y is 

(160-6) y — ao + aix + ar^-ix^"^ + ka^. 

If r = 1 in (160-6), the equation becomes 
y == ao + ka^'. 

If a > 1, the values of y inc.rease indefinitely as x is increased. 
If a < 1, the curve falls off from its value at a; = 0 and approaches 
the line 2 / = as an asymptote. Three of these curves are 
plotted in Pig. 156, 
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Example 2. Consider the data given in the following table: 

X 

1 2 3 4 ‘ 5 6 7 

y 

2.157 3.519 4.198 4.539 4.708 4.792 4 835 

Ay 

1 362 0.679 0.341 0.169 0.084 0.043 


Since the first differences have values very nearly equal to the num- 
bers that form the geometrical progression whose first term is 1.362 



and whose ratio is K, the relation between x and y is very nearly of the 
form 

y = a„-\- ka’‘. 

c. The equation 

(160-7) y == ax’' 

represents the relation existing between the variables if, when 
the Xi form a geometrical progression, the yt also form a geo- 
metrical progression. For if 

Xi = rxi-i, 

then (160-7) states that 

yi == ax? = fl(rxi_i)” = r”{ax?_i) = r“y,_i. 

Hence, the yt form a geometrical progression whose ratio is 
R ss r”. 
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If the first differences of the ?/,* form a geometrical progression 
when the x,. form a geometrical progression, then the equation 
giving the relation between x and y is 

(160-8) // = k + ax\ 

For if then (160-8) requires that 

- y-i = A; + ax*? — (A* + ax*?_i) 

= a(x*? - xti) = a(r\vl., - xiU) 

= ax^i(P‘‘ — 1) = ar^TjL2(r'‘ — 1) 

and, similarly, 

A^/f-i == a.T;L2(r'* - 1). 

Then 

Ay, ^ r« Ay,.,, 

and therefore the Ay,- form a geometrical progression whose ratio 

is E = r". 

The curves (160-8) are parabolic if n > 0 and hyperbolic if 
71 < 0. Three of each type are plotted in Fig. 156. 

Example 3. Let the pairs of observed values be 


X 

O.IG 

0.4 

1.0 

2.5 

6.25 

15.625 

y 

2 

2.210 

2 421 

2 OGl 

2.929 

3.222 


The values of form a geoinctrical progression with ratio r — 2.5, 
and the values of yi are approximately equal to the terms of the geo- 
metrical progression whose first term is 2 and whose ratio is = 1.1. 
Hence, the relation between x and y is very nearly of the type y = ax"; 
and since R = r", it follows that 1.1 = (2.5)" or log 1.1 — w log 2.5 
and 


n = 

log 2.5 


PROBLEMS 

1. A flat surface is exposed to a wind velocity of v miles per hour, and 
it is desired to find the relation between v and p, which is the pressure 
per square foot on the surface. By experiment the following set of 
observed values is obtained. Find the type of formula to fit them. 


V 

10 

1 

15 

22.5 

33.75 

50.625 

75.937 

V 

0.3 

0.676 

1.519 

3.417 

7.689 

17,300 
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2. The temperature (9 of a heated body, surrounded by a medium kept 
at the constant temperature 0°C., decreases with the time. Find the 
kind of formula which expresses the relation between $ and t that is 
indicated by the following pairs of observed values : 


t 

1 

0 

1 

1 

2 

3 

4 

5 

6 

7 

8 

e 

— 

60.00 

51.66 

44.46 

38.28 

32.94 

28.32 

24.42 

21.06 

18.06 


3. If C represents the number of pounds of coal burned per hour per 
square foot of grate and H represents the height of the chimney in 
feet, find the type of formula connecting H and C, using the following 
data : 


c 

19 

1 

20 

21 

22 

23 

24 

25 

H 

81 

90.25 

100.00 

110.25 

121.00 

132.25 

144.00 


161. Constants Determined by Method of Averages. Several 
different methods are employed in determining the constants 
which appear in the equation that expresses the relation existing 
between the variables whose observed values are given. The 
method to be described in this section is known as the method 
of averages. It is based on certain assumptions concerning the 
so-called residuals’’ of the observations. Let the pairs of 
observed values be {x^, yi), and let y = f{x) be the equation that 
represents the relation between x and y for these values. Then, 
the expressions 

Vi = ~ yi 

are defined as the residuals of the observations. The method of 
averages is based on the assumption that the sum Xvi is zero. 

This assumption gives only one condition on the constants 
that appear in y — fix). If there are r of these constants and 
if fix) is linear in them, the further assumption is made that, if the 
residuals are divided into r groups, then = 0 for each group. 
This second assumption leads to r equations in the r unknown 
constants. It is obvious that different methods of choosing the 
groups will lead to different values for the constants. Ordinarily, 
the groups are chosen so as to contain approximately the same 
number of residuals; and if there are to be k residuals in each 
group, the first group contains the first k residuals, the second 
group contains the succeeding k residuals, and so on. 
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A modification of this method is sometimes used when f{x) 
is not linear in its constants, but it will not be discussed here. * 

Example. Determine the constants in the equation that represents 
the data given in Example 1, Sec. 160. 

It was shown in this example that the equation is of the type 

f{x) = -V a ix -V + a^x^. 

Therefore. 

Vi ao di + ^2 + «-3 — 2.105, 

V 2 — do -{- 2a>i -f- 4^2 “h — 2.808, 

v^ = do At 3<Xi -j- 0flf2 + 27^3 — 8.614, 

Vi — do At Adi + 16«2 + 64(73 — 4.604, 

v^ = do At 5<Xi -f* 25<i2 A~ 125^3 — 5.857, 

va == do A- 6^1 + 36a2 + 216a3 — 7.451, 

Vt = dQ At 7^1 -j- 49(12 Ar 343(X3 — 9.467, 

Vi = do A~ 8<zi -{“ 64(Z2 At 512ci3 — 11.985. 

Let the assumptions be that 

Vi + V 2 = 0 , Vi + ^4 = 0 , ^5 + '^6 == 0 , 

Then the conditions on the constants are 

2(Zo Ar 3<7'1 At Ar 9(7-3 “ 4.913, 

2(Zo 4" 7<Xi 4" 25(72 4” 91(Z3 = 8.218, 

2do 4- 11(Zl 4- 61(7-2 4- 341(7-3 = 13.308, 

2a.o + 15(71 4- 113(7-2 4- 855(7-3 = 21.452. 

The solution of these equations is 
ao = 1.433, di = 0.685, as = -0.025, 

Hence, the equation, as determined by the method of averages, is 
y = 1.433 4- 0.685X - Omdx^ + 0MSx\ 

PROBLEMS 

1 . Use the method of averages to find the constants in the equation 
2/ = (7-0 4- dix 4- d‘2x\ 


which is to represent the given data 


X 

1 

1 

2 

3 

4 

5 

6 

y 

3.13 

3.76 

6.94 

12.62 

20.86 

31.53 


2. Find, by the method of averages, an equation to fit the data 
given in Prob. 3 at the end of Sec, 160. 

*See ScARBOROTT(iH, Numerical Analysis. 


VT + 278 = 0. 


as = 0.013. 
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3. Find the constants in the equation of the type 
= ao -h aix -f 
which fits the data given in the table 


X 

1 

2 

3 

4 

i 

5 

6 

7 ' 

8 

y 

3.161 

3.073 

3.104 

3.692 

5,513 

9.089 

15.123 

24.091 


4. Find, by the method of averages, the constants in the equation 
= a -j- if it is to fit the follo'wdng data: 


X 

0.5 

1 

1.5 

2 

1 

2.5 

3 

y 

1.630 

1.844 

2 196 

J 

2.778 

3.736 

1 

5.318 


5. Use the method of averages to determine the constants in 
y ^ ae^ + h sin X + cx^ so that the equation will represent the data 
in the table* 


X 

1 

0.4 

1 

0.6 

0.8 

1 

1.2 

1.4 

1.6 

1.8 

2 

y 

0.258 

0,470 j 

0.837 

1.392 

2.133 

3.069 

4.225 

5.608 

7.216 


162. Method of Least Squares. This section introduces 
another method of determining the constants that appear in the 
equation chosen to represent the given data. It is probably 
the most useful method and the one most frequently applied. 
The two methods already described give different values of the 
constants depending upon the judgment of the investigator, 
either in reading from a graph or in combining the residuals into 
groups. This method has the advantage of giving a unique set 
of values to these constants. Moreover, the constants deter- 
mined by this method give the ''most probable^' equation in the 
sense that the values of y computed from it are the most probable 
values of the observations, it being assumed that the residuals 
follow the Gaussian law of error. In short, the principle of least 
squares asserts that the best representative curve is that for which 
the sum of the squares of the residuals is a minimum. 

Suppose that the given set of observed values {xi, yi), (i — 
1, 2, • • • , n), can be represented by the equation 

y = /(ic) 
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containing the ?• undetermined constants tti, a 2 , * * • , Then, 
the yi observation eciuations 

y. = /(•-»•,) 

are to be solved for these r unknowns. If n = r, there are just 
enough conditions to determine the constants; if ti < r, there 
are not enough conditions and the problem is indeterminate; but, 
in general, n > r, and there are more conditions than there are 
unknowns. In the general case, the values of the a/, which 
satisfy any r of these equations will not satisfy the remaining 
n — r equations, and the problem is to determine a set of values 
of the aic that will give the most probable values of y. Let 

= Vi - IL 

be the residuals, oi* deviations of the computed values from the 
observed values, where xji is the value of y o])tained by sub- 
stituting X = Xi in y = f{x). On the basis of the Gaussian law of 
erroi*, the probability of obtaining the observed values y,' is 


/ 7 \ 2 

n 

Obviously, P is a maximum when 2 /’! is a minimum. 


Since /S = 2 is a function of the r unknowns ai, a 2 , 

i ~ 1 

it follows that iiec(‘ssarv conditions for a miniinum are 


(. 62 - 1 ) - 0 , 


^^-0, l«.0. 


daz ' ’ dar 

Moreover, each Vi is a function of air, therefore, 

■ + »i) 




- 2., -h -H . • . -h2,>.-J- 

ddf, dcik da/j 

dvi 


1*1 




J^cpiations (1(52-1) are called the normal equations. 

If it happens that the r equations (162-1) are linear in the r 
unknowns ai, aa, ' ^ ' j dr, then these equations can be solved 
immediately. This will certainly be the ease if f{x) is a poly- 
nomial. For lot 
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/(^) ~ HO that Vi = ^ — y,. 

/^\ i = 1 

Then, dvtfdai, = and the normal equations assume the 

form, with the aid of (162-2), 

(162-3) 2)^ ( ^ ajX'-^ - 2 /,) = 0, (^- = 1, 2, • • • , r). 

It should be noted that the equation which is obtained by setting 

n 

k = 1 is S == 0, Reordering the terms in (162-3), so as to 
collect the coefficients of the ay, gives 

(162-4) S (X °'i = X = 1> 2, • • ■ , r). 

The T linear equations (162-4) can then be solved for the values 
of the r imknowns ai, a 2 , * * * , a^ 

This procedure may be clarified somewhat by writing out some 
of these expressions for a simple specific case. Consider the 
data given in the following table. Since the second differences 


X 

1 

2 

3 

4 

V 

1.7 

1.8 

2.3 

3.2 


of the yi are constant, the equation will have the form 
/(x) = ai + a^x + asa:^ 

Then, Vi = ai + Vi, and 


^ = 1 

aai ’ 

The normal equations 


bVj _ ^ __ 

das " Baz " 



0 , 


(A — 1, 2, 3), 


4 

X (®1 + + asX? — 2/,) -1=0, 

1= I 
4 

X ~ 2/0 • «( = 0, 

4 

X + asal - 2/,) • a? = 0. 

“l 


are 
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If the coefScients of the aj are collected and the normal equa- 
tions put in the form (162-4), one obtains the three equations 


4mi + (]^ x,^ H- 

(I/O 

4 

1 as = X 

1=1 

/ > \ / A V \ 


4 

(X ^'0 + (X ^‘0 + 

(2 "•’) 

1 «3 = X 



1 = 1 

/Jh \ /A \ 

/A \ 

'1 

( j a:?) ax + x\) + 

(2 “’O 

as = x\y,. 



1=1 

4 



i= 1 

af = 1 + + + 9 + 16 = 30, 


Now, 

% 

t = i 

4 

^ x, 2 /< = 1.7 + 3.6 + 6.9 + 12.8 = 25, etc. 

i = 1 

The equations become 

4^1 + 10^2 “h 30^3 = 9, 

10a 1 -j- 30^2 At lOOas ~ 25, 

30ai -f- 100^2 “b 354^3 = 80.8 j 
and the solutions are ai = 2, a 2 = —0.5, an = 0.2. 

Even when Eqs. (162-1) are not linear in the unknowns, it may 
be possible to solve them easily. However, in most cases it is 
convenient to replace the exact residuals by api)roximate residuals 
which are linear in the unknowns. This is accomplished by 
expanding y = f(x), treated as a function of ai, a 2 , • • * , ar, in 
Taylor^s series in terms of Oi — dc ^ Aai, where the di are 
approximate values of the a,. The values of a,- may be obtained 
by graphical means or by solving any r of the eciuations yi — 
f(xi). The expansion gives 

(162-5) y == f{x, ai, • • • , ar) ^fix, di + Adi, • • * , ar + Aar) 






where 


I ddk 

k^l 

3,k « 1 


' —j- AdjAdk + 
oak 


ddk 


<ik «=* (Ik 


ddj ddk daj dak\ 


, etc. 


aj-af 
ak = a.K 
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Assuming that the a? are chosen so that the Aa, are small, the 
terms of degree higher than the first can be neglected and (162-5) 
becomes 

y = ‘ ^ ^ ^ 

The n observation equations are then replaced by the n 
approximate equations 

df 

(162-6) y^ = S{x^, ai, ■ ■ ■ , a,) + ^ ^ 

;; = 1 

If (162-6) is used, the residuals tv will be linear in the Aa*, and 
hence the resulting conditions, which become 

(162-7) = 0, (ic = 1, 2, ■ ■ • , r), 

also will be linear in the Aa*. Equations (162-7) are called the 
normal equations in this case. 

In order to illustrate the application of the method of least 
squares, two examples will be given. In the first the polynomial 
form of f(x) permits the use of (162-4), whereas the second 
requires the expansion in Taylor^s series. 

Example 1. Compute the values of the constants appearing in the 
equation of Example 1, Sec. 160. 

The equation isy = Qq A- aix 4- a 2 X- + and from the given data 


it appears 

1 that 

the normal equations are 








’ 8 . 


8 

8 

8^0 ”h 

Cl") 


1."’) 


^ Xi^J az = 

1 =s 1 

/ 8 




. 8 . 



8 

Cl.") 

ao + 

(s 

^1 = 1 ' 

ai + ( 

•I"') 

ao + ^ 

X a, = 

j = i ' 

X 

1 



/A \ 


'A \ 

y 

8 

8 

Cl"- 

ao + 

Cl"') 


•I"-) 


X ^*7 = 

X 

/A \ 


/A \ 



/ 


8 

(i- 

ao + 

(i"‘) 

+ ( 

■I"') 

a-i + ( 

X “3 = 

X 

ia^l 


From the form of the coefficients of the a^, it is seen that it is con- 
venient to make a table of the powers of the Xi and to form the sums 
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and before attempting to write down the equations in 

explicit form. 


Xi 

Xi^ 

Xi^ 



Xt^ 

1 

1 

1 

1 

1 

1 

2 

4 

8 

16 

32 

64 

3 

9 

27 

81 

1 243 

729 

4 

16 

64 

256 

1 ,024 

4,096 

5 

26 

125 

625 

3 , 125 

15,625 

6 

36 

216 

1,296 

7,776 

46,656 

7 

49 

343 

2,401 

16,807 

117,649 

8 

64 

512 

4,096 

32,768 

262,144 

2s.' 36 

204 

1,296 

8,772 

61,776 

446,964 


1 

Xi 

Ui 

xWi 

x,hj. 

Xihji 

1 

2.105 

2.105 

2.105 

2.105 

2 

2.808 

5.616 

11.232 

22.464 

3 

3.614 

10.842 

32.526 

97.578 

4 

4.604 

18.416 

73.664 

294.656 

6 

5.857 

29.285 

146.425 

732.125 

6 

7.451 

44.706 

268.236 

1,609.416 

7 

9.467 

66,269 , 

463.883 

3,247.181 

8 

11.985 

95.880 

767.040 

6,136.320 


47.891 

273 T 1 V 6 " 

T,'765Tn 

1 

12,141.845 


When the values given in the tables are inserted, the normal equa- 
tions become 

8ao "f” 36^1 204(3^2 1,296^3 

36^0 4" 204^1 “h 1,296^2 4“ 8,772ri3 

204ao 4 “ l,296rti 4 - 8,772^2 4 - 61,776a3 

l,296ao +• 8,772ai 4 - 61,776^2 4 - 446,964^3 

The solutions are 

ao = 1.420, ai = 0.693, a2 = —0.028, as = 0.013. 

Therefore, the equation, as determined by the method of least squares, 
is 


= 47.891, 

- 273.119, 
= 1,765.111, 
= 12,141.845. 


y = 1.426 + 0.693a; - 0.028a;2 4- 0.013a;3. 

It will be observed that these values of the constants are very nearly 
the same as those obtained by the method of averages. 
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Example 2. Compute the constants that appear in the equation 
that represents the following data: 


i 

1 

2 

— 1 

3 

4 

e 

51.66 

' 44.46 

38.28 

32.94 


Since the observed values are such that the form an arithmetic 
progression and the Si approximately form a geometric progression, the 
equation expressing the relation is of the form 


6 == 

If the points are plotted on semilogarithmic paper, it is found that 
= 60 and a = = 0.86, approx. This suggests using ko == 60 

and ao = 0.9 as the first approximations. The first two terms of the 
expansion in Taylor^s series in terms of AA; = A; — 60 and Aa = a — 0.9 
are 

e = 60(0.9)< + 

= 60(0.9)« + (0.9)* AA; + 60^(0.9)*~i Aa. 

If the values (Uj Si) are substituted in this equation, four equations 
result, namely, 

Si = 60(0.9)*^- + (0,9)*‘ AA: + 60i^(0.9)**-i Aa, == 2 , 3, 4). 

The problem of obtaining from these four equations the values of Ak 
and Aa, which furnish the most probable values of Si, is precisely the 
same as in the case in which the original equation is linear in its con- 
stants. The residual equations are 

Vi = (0.9)*‘ AA; + 60^i(0.9)*-iAa + 60(0.9)*‘* - Si, {i - 1, 2, 3, 4). 
Therefore, 

4 4 

s = Vi^ = ^ [(0.9)‘'A* + 60«.(0.9)<--‘ Aa + 60(0.9)“ - 5i]“. 

t = I I =“ 1 

and the normal equations 

dS ^ . dS ^ 

d{Ak) ^ d{Aa) ^ 

become 

4 

2 2) [0.9«Aiii + 60«,(0.9)“-‘Aa + 60(0.9)“ - «i]0.9“ = 0 
1=1 
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2 ^ [0.9‘-AA- + 60«i(0.9)‘--iArt + 60(0.9)'< - 0,16O<.(O.9)‘i-i = q. 

2 = 1 

When these equations are written in the form 
pAk-{-qAa = r, 

with all common factors divided out, they ai-e 

4 4 4 4 

(0.9)^<'AA: + 60 ^ ii(0.9)"‘-' A« = ^ 0.(O.9)“ - 60 2) (0.9)^‘- 

2 = 1 2 * = I 2=1 2 = 1 

and 



4 

~ 60 ^ «.(0.9)*‘--'. 


As in Example 1, the coefficients are computed most conveniently by 
the use of a table. 


1 

ti 

1 

1 ! 

2 

3 

i 

1 

4 

Totals 

{o.9yi 

0.9 

0.81 

0.729 

0.6561 


(0.9)2^ 

o'. 81 

0.6501 

0.531441 

0.43046721 

2.42800821 

^i(0.9)2^’-i 

0.9 

1.458 

1.77147 

1.9131876 

6.0426576 

(0.9) 2^-2 

1 

3.24 

5.9049 

8.503056 

18.647956 

(fl;)(0.9)'. 

46.494 

36.0126 

27.90612 

21.611934 

132,024654 

(eA-)(0.9)‘i-i 

51.66 

80.028 

93.0204 

1 

96.05304 

320.76144 


Substituting the values of the sums from the table gives 

2.42800821 Ak + 362.559450 Aa = 132,024654 - 145.6804926 


and 

6.0426576 A/c + 1118.87736 Aa - 320.76144 ~ 362.559456. 

Heducing all the numbers to four decimal places gives the following 
equations to solve for Ak and Aa: 
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2.4280 AA;+ 362.5596 Aa = -13.6558, 

6.0427 Afc + 11 18.8774 Art = -41.7980. 

The solutions are 

AA; = -0.238 and Art = —0.036. 

Hence, the required equation is 

6 = 59.762(0.864)*. 

PROBLEMS 

1. Find the constants in the equation for the data given in Prob. 1, 
Sec. 161. Use the method of least squares. 

2. Use the method of least squares to determine the values of the 
constants in the equation that represents the following data: 


1 

X 

1 

0.2 

1 

0.4 

0.6 

0.8 

1 

y j 

1.25 

1 

1.60 

2.00 

2.50 

3.20 


3. Apply the method of least squares to the data given in Prob. 1, 
Sec. 158. 

4 . Apply the method of least squares to determine the values of 
a and 6 in Prob. 4, Sec. 161. 

163. Method of Moments. Since the method of moments is 
one of the most popular methods in use by the statisticians and 
economists, a brief discussion of it will be presented. F or certain 
types of equations, especially those which are linear in theii- 
constants, it provides a simple method of determining the 
constants. If the equation has the form 

r — 1 

j/ = V 

jfc = 0 

this method gives results identical with those obtained by the 
method of least squares. In this case the method has a theo- 
retical background that justifies its use. When the method is 
applied to other types of equations, there is, in general, no such 
justification. However, in modified forms it is convenient for 
computation and often gives very good results. 

Let the set of observed values be fe, 2/0, (i = 1, 2, * • • , n), 
and the equation that represents these data be 2/ = fi^)- When 
the values x = Xi are substituted in /(x), there result the corre- 
sponding computed values of 2/, which will be designated by 
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fli. The moments of the observed ^'alueH y, and of the computed 
A'alues yi are defined, respectively, by 

n n 

7a- = and ma- = ^ x%. 

i = 1 1=1 

If f{x) contains r undetermined constants, the method of moments 
is ])ased on the assumption that 

(163-1) 7A. = MA-, {k = 0, I, 2, • • • , r - 1). 

Since y, is a function of the r undetermined constants, Eqs. 
(163-1) give r simultaneous equations in these constants. 

The method of moments in this form is most useful when 
f(x) is linear in its r constants, so that the r equations (163-1) 
can be solved immediately. Various modifications and devices 
are used to simplify the computation in case/(.r) is not linear in 
its constants. These will not be discussed here. * 

In the special case in which /(rr) is a polynomial, that is, 

r — l 

f(^) = X 

J=0 

thc^ values of yi given by 

r-l 

Vi “ 

and therefore 

w = X X = X X (/c = 0, 1, 2, • • ■ , r - 1). 

i = 1 j — 0 j -0 i-\ 

Then Kqs. (163-1) assume the form 

X X4+‘>t/ = X (A- = 0, 1, 2, • ■ ■ , r - 1), 

i « 0 I *= 1 z = 1 

which are identical with the normal equations (162-4) obtained 
by the method of least scpiares. Hence, the two methods lead 
to identical results for this form of f{x), 

164. Harmonic Analysis. The problem of obtaining th(’! 
expansion of a periodic function in an infinite trigonometric^ 

* For a discussion, see Frechet and Romann, Representation (l(‘s lois 
(^nipiri<i|uos; Ri(\tz, Handbook of Mathematical Statistics. 
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series was considered in Chap. 11. In this section will be given 
a short discussion of the problem of fitting a finite trigonometiic 
sum to a set of observed values {xi^ yi) in which the values of y 
are periodic. 

Let the set of observed values 

(a^o, 2/o), (^1, 2/l)j ‘ (^2n, 2/2«), * * * 

be such that the values of y start repeating with y^n (that is, 
y 2 n = yoi 2 / 2 n+i = 2/i, etc.). It will be assumed that the x^ are 
equally spaced, that xq = 0, and that X 2 n = 2^. [If Xo 0 and 
the period is c, instead of 2tj the variable can be changed by 
setting 

~ {x, - Xo). 
c 

The discussion would then be carried through for di and y,- in 
place of the Xi and yi used belo'w.] Under these assumptions 

. 27r ___ IT 

^ 2n n 

The equation 

n u — l 

(164-1) y - Aq + Ak cos kx + X 

A = 1 A = 1 

contains the 2n unknown constants 

Aqj Ai^ A^j ’ * , An^ -^2; j B n—l) 

which can be determined so that (164-1) will pass through the 
2n given points (x^, y,) by solving the 2n simultaneous equations 

n n — 1 

yi == Ao + ^ Ak cos kxi + V ^^’5 

A=i a" 

(z = 0, 1, 2, • • • , 2n - J). 
Since Xi = tV/n, these equations become 

(164-2) 2 / ^0 + 2 Aa cos ^ 2 

A»1 

(i = 0, 1, 2, • ‘ , 2w - 1). 

The solution of Eqs, (164-2) is much simplified by means of a 
scheme somewhat similar to that used in determining the Fourier 
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coefficients. Multiplying both sides of each equation by its 
coefficient of x4o (that is, by unity) and adding the results give 


2ri — l 71 .2/i— 1 . /i — 1 . 2/1 — 1 s 

1=0 A;=l ^1 = 0 ' A:=l ^^ = 0 ' 


It (*an l)e established that 


and 


'I'lierefore, 

(104-3) 


1=0 


cos — = 0, (fc = 1, 2, • • • , n), 
n 


2ft -i 


1 = 0 


sill ^ = 0, (fc = 1, 2, • • • , n - 1). 

/If 


2n-l 

2nAu = 5) 2/*'- 

i — 0 


Multiplying both sides of each eciuation by its (coefficient of 
A/, (j = 1, 2, • • • ,//.— !), and adding the rccsults give 



for j = 1, 2, • • • , n - 1. But 


and 


271 — 1 



cos 


n 


COR 


ijir 

n 


= 0, 


= n, 


if k 7^ j, 
if * = j; 


2n-l 


ikw ZJT ^ 
sin — COR ~ = 0 
n n 


for all values of Therefore, 

27/ -1 

(164-4) nAj = 2 (j = 1, 2, • • • , n - 1). 

i*0 
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In order to determine the coefficient of .4^ the procedure is 
precisely the same, but 


Hence, 

(164-5) 


2n-l 



ikw 

cos cos IT 

n 


= 0 , 

= 2n, 


ii k 9^ n, 
if A; = n. 


2n — l 

2nAn = 2) 2/i cos tV. 

t = 0 


Similarly, by multiplying both sides of each equation of 
(164-2) by its coefficient of and adding, it can be established 
that 


(164-6) nBj = 2 Vi (i = 1, 2, • • • , n - 1). 

Equations (164-3), (164-4), (164-5), and (164-6) give the 
solutions for the constants in (164-1). A compact schematic 
arrangement is often used to simplify the labor of evaluating 
these constants. It will be illustrated in the so-called '^6-ordi- 
nate’^ case, that is, when 2n = 6. The method is based on the 
equations that determine the constants, together with relations 
such as 


. X . (n — l)x . {n -f l)x . (2n — l)x 

n n n n 

X (n — l)x (n + l)x (2n — l)x , 

cos - = — cos = — cos-^ — = cos —7 etc. 

n n n n 


Six-ordinate Scheme. Here, 2n = 6, the given points are 
(^17 y ^7 where Xi = zx/3, {i = 0, 1, 2, 3, 4, 5), and Eq. (164-1) 
becomes 

2/ = Ao + Ai cos a: + A^ cos 2a; + Az cos 3a; -f Bi sin x + Bi sin 2a;. 
Make the following table of definitions: 



2/0 yx 2/2 

Vo Vi 

Wo Wi 


2/8 2/4 2/8 

Vi 

Wi 

Sum 

Vo Vi V2 

iVo V3i w% 

Pq Pi 

To ri 

Si 

Difference 
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It can be checked easily that Eqs. (164-3), (164-4), (164-5), 
and (164-6), with n = 3, become 

6.4 0 = Po + Pi, SAi = 7*0 4" 3.42 = Po /'^Pi, 

(LU = ro - s„ n, 3^2 = ^ gi. 

Ill particular, suppose that the p;i\^en points are 


0 

ICO 


TT 

47r 

"3 

hir 

3 

27r 

1 .0 

1 4 

1.9 


1 .5 

1.2 

1.0 


Upon using these values of y in the table of definitions above, 



1.0 

1.7 


1.4 

1.5 


1.9 

1.2 


Vo = 

2'7 

Vi = 

279 

= 

3.1" ■ 


Wo = 

-0.7 

Wi = 

-0.1 

W‘2 = 

0.7 



2.7 


2.9 


-0.7 

-0.1 




3.1 



0.7 


= 2.7 


6.0 

/'(» — 

-0.7 

ri = 0.6 




-0.2 



s, = -0.8 


Therefore, the ecpiatious d(‘termining the values of the con- 
stants arc^ 


().‘l 0 — 

2.7 ■ 

+ 0.0 = 

8.7 


and 

Ao == 

1.45, 

3Ai = 

-0.7 

- 0.4 = 

-l.l 


and 

-4i = 

-0.37, 

3^2 = 

2.7 

- 3.0 = 

-0.3 


and 

Ai = 

-0.10, 

0.43 = 

-0.7 

+ 0.8 = 

0.1 


and 

.43 = 

0.02, 

3Bt = 

V'3 

2 

(0.6) = 

0.3 

V3 

and 

B, = 

0.17, 

3S2 = 

VS. 
2 ' 

-0.2) = ■ 

-0.1 


and 

£2 = ■ 

-0.06. 


Hence, the curve of type (164-1) that fits the given data is 
2 / — 1.45 — 0.37 cos x — 0.10 cos 2x + 0.02 cos 3a: + 0.17 sin x — 0.06 sin 2x. 

A convenient check upon the computations is furnished by thc^ 
relations 


do + + As + As = 2/o 


and 


^ (yi - yt). 
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Substituting the values found above in the left-hand members 
gives 

1.45 - 0.37 - 0.10 + 0.02 = 1.0 and 0.17 - 0.06 = 0.11, 

which check with the values of the right-hand members. 

Similar tables can be constructed for 8-ordinates, 12-ordinates, 
etc.* 


PROBLEMS 

1. Use the 6-ordinate scheme to fit a curve of the type (164-1) to the 
data in the following table : 


X 

0 

TT 

3 

27r 

"3 

TT 

47r 

3 

Stt 

■3“ 

2x 

V 

0.8 

0.6 

0.4 

0.7 

0.9 

1.1 

0.8 

2. Make a suitable change of variable, 

and apply the 6-ordinate 

scheme to the data, given in the table 






TT 

TT 

TT 

2t 

5 ir 


X 

0 

6 

3 

2 

T 

6 

T 

y 

O.G 

0.9 

1.3 

1.0 

0.8 

0.5 

0.6 


166. Interpolation Formulas. When an equation has been 
obtained to represent the relation existing between x and y, as 
indicated by a given set of observed values {xi, yi)j this equation 
can be used to determine approximately the value of y corre- 
sponding to an arbitrary value of x. It would be expected that 
the equation would furnish a good approximation to the value 
of y corresponding to an x which lies within the range of the 
observed values xi. The equation may provide a good approxi- 
mation for y even if rr is chosen outside this range, but this must 
not be assumed. 

Frequently, it is desired to obtain an approximation to the y 
corresponding to a certain value of x without determining the 
relation that connects the variables. Interpolation formulas 
have been developed for this purpose and for use in numerical 
integration (mechanical quadrature). f The formulas to be 

* See Carse and Shearer, A Course in Fourier Analysis and Periodogram 
Analysis. 

t See Secs. 167 and 168. 
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discussed here all assume that the desired value for y can be 
obtained from the equation 

2/ = no + aix + a2X- + ■ * * + amX^% 

in which the a, have been determined so that this equation is 
satisfied by m + 1 pairs of the observed values (x,, yi). These 
m + 1 pairs may include the entire set of observed values, or 
they may be a subset chosen so that \x — x^\ is as small as possible. 

The first interpolation formula of this discussion assumes that 
the set of m + 1 observed values Xq, xi, X 2 , • ‘ ‘ , Xm in an 
arithmetic progression, that is, that 

(165-1) xi: = + d = Xa + kd, (A: = 1, 2, • • • , vi). 

Since there are m -f- 1 pairs of observed values, there is only one 
mth diffcrcncje A^^y, and all differences of order higher than m 
are zero. Hence, by (159-3), 

yje == yo + k Ayo + 2 -!-••• 

But, from (165-1), it follows that 

, Xfr — Xo 

A- = — 

so that the expression for y^ becomes 

(165-2) yk = 2/0 H -J— A7Jo + ^ A^y^ + 

, (xk “ Xo)(Xfr - Xo - rf) • • • (x/, - Xo - md 4- d) 

■ ■ ■ + OT: ^ 

Relation (165-2) is satisfied by every one of the m + 1 pairs 
of observed values. Now, assume that the value of th^ y which 
corresponds to an arbitrary x also can be obtained from (165-2). 
Then, 

(165^) A,. + + 

. (x — X(,){x — Xo — d) (x — Xo — ml + d) 
i m\d”‘ 
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Equation (165-3) represents the mth-degree parabola which 
passes through the m + 1 points whose coordinates are {xi, y,). 
It assumes a more compact form and is more convenient foi* 

computation purposes when - --- - is replaced by A. Then, 

(165-4) 1, - s, X A*, -t- ''V. -I- ■ ■ ■ 

X(X-1) ■ ■ ■(X-,. + n 

ml 


Example. Using the data given in Example 1, Sec. 160, determine 
an approximate value for the y corresponding to x = 2.2. 

First, let y be determined by using only the two neighboring observed 
values (hence, m = 1). Then, xc = 2, t/o = 2.808, A^/o = 0.806, and 


X - 



0.2. Hence, 


y = 2.808 + 0.2(0.806) = 2.969, 

which has been reduced to three decimal places because the observed 
data are not given more accurately. Obviously, this is simply a 
straight-line interpolation by proportional parts. 

If the three nearest values are chosen, in = 2, xo = 1, 2/0 = 2.105, 
A'l/o = 0.703, AVo = 0.103, and A = 2.2 - 1 - 1.2. Then, 

Cl 2)C0.2) 

y - 2.105 -b 1.2(0.703) + — (0.103) = 2.961, 


correct to three decimal places. 

If the four nearest values are chosen, m, == 3, Xo = 1, 2/0 == 2.105, 
Ayo = 0.703, A-2 /o = 0.103, A®yo = 0.081, and X ~ 1.2. Therefore, 

y = 2.105 + 1.2(0.703) + (0.103) 

+ C:2)(P-2)(-0j ) ^ 2.958, 

correct to three decimal places. 

The value obtained by substituting x — 2.2 in the equation 

^ y - 1.426 + 0.693X - 0.028x2 + 0.013x^ 

obtained by the method of least squares (see Example 1, Bee. 162) 
is 2.954. It might be expected that a better approximation to this 
value could be obtained by choosing w == 4, but investigation shows 
that the additional term is too small to affect the third decimal place. 

166. Lagrange’s Interpolation Formula. The interpolation 
formula developed in Sec, 165 applies only when the chosen set 
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of X, is an arithmetic progression. If this is not the case, some 
other type of formula must be applied. 

As in Sec. 165, select the m + 1 pairs of observed values for 
which I — 0^4 is as small as possible, and denote them by {xi, y^)^ 
{i = 0, 1, 2, • • * , m). Let the mth-degrcc polynomials Pk(x), 
(/: = 0, 1, 2, • • • , m), be defined by 

(166-1) PM - 

X Xk 

t = 0 

i^k * 

Then, the coefficients Ak of the equation 

A: = 0 

can be determined so that this C(iuation is satisfied by each of the 
m + 1 pairs of observed values (x,, yi). For if x = Xk, then 


A, 


Vk 

PkixkY 


since Pk(x^) = 0, if i k. Therefore, 


(166-2) 


m 



yicPkjx) 

Pk{Xk^ 


is the equation of the mth-degree parabola which passes through 
the m + 1 points whose coordinates are (.c,, y,). If x is chosen as 
any value in the range of the Xi, (166-2) determines an approxi- 
mate value for the corresponding y. 

Equation (166-2) is known as Lagrange\s interpolation formula. 
Obviously, it can be applied when the Xi are in arithmetic progres- 
sion, but (165-4) is preferable in that it requires less tedious cal- 
culation. Since only one mth-degree parabola can be passed 
through m + I distinct points, it follows that (165-3), oi- its 
equivalent (165-4), and (166-2) are merely different forms of 
the same equation and will furnish the same value for y. 

Example. Using the data given in Prob. 1, Sec. 160, apply Lagrange^s 
formula to find the value of p corresponding to z; = 21. 

If the two neighboring pairs of observed values are chosen, so that 

m — 1, 

21 - 22.5 21 — 15 


correct to three decimal places. 
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If the three nearest values are chosen, so that m = 2, 


P 


= 0.3 


(21 - 15)(21 - 22.5) 
(10 - 15)(10 - 22.5) 


(21 ^ 1Q)(21 ^ 22.5) 

-h _ 22.5) 

. 1 .10 (21 ~ 10)(21 - 15) 
+ i.5iy ^22.5 - 10) (22.5 - 15) 


1.323, 


correct to three decimal places. 

The value of p obtained from the equation p = O.OOSv^, which repre- 
sents the given data, is also 1.323. 


PROBLEMS 

1. Using the data given in Prob. 2, Sec. 160, find an approximate 
value for 6 when ^ = 2.3. Use jh = 1, 2, and 3. 

2. Find an approximate value for the y corresponding to a; = 2, 
using the data given in Example 3, Sec. 160. Use m = 1 and m = 2. 

3. If the observed values are given by the data of Prob. 3, Sec. 160, 
find an approximate value of H when C = 21.6. Use m = 1, 2, and 3. 

4. Using the data of Prob. 1, Sec. 160, find an approximate value for 
p when V = 30. Use m = 1 and m = 2. 

167. Numerical Integration.* The definite integral /(a;) dx 
is interpreted geometrically as the area under the curve y == f(x) 
between the ordinates x = a and x = b. If the function f(x) is 
such that its indefinite integral F(x) can be obtained, then from 
the fundamental theorem of the integral calculus it follows that 

/^/(x) dx = F{b) - F(a). 

However, if the function /(a?) does not possess an indefinite inte- 
gral expressible in terms of known functions or if the value of 
f{x) is known only for certain isolated values of Xj some kind of 
approximation formula must be used in order to secure a value 
for flf(x) dx. 

A formula of numerical integration, or mechanical quadrature, 
is one that gives an approximate expression for the value of 
dx. The discussion given here is restricted to the case 
in which m + 1 pairs of values (xij yi), or [xijf{xi)], are given 
[either by observation or by computation from y == f{x) if the 
form of J{x) is known] and where this set of given values is 
represented by (165-3) or (166-2). 

The formulas of numerical integration that are most frequently 
used are based on the assumption that the Xi form an arith- 

* For discussion of the accuracy of the formulas given here, see Steffensen, 
Interpolation; and Kowalewski, Interpolation und genaherte Quadratur. 
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metic progression, that is, that Xk = Xo + kd. In that case, all 
the m + 1 points (xi, yi), (i = 0, 1, 2, • • • , m), lie on the 
parabola whose equation is given by (165-3). The area bounded 
by the rr-axis and this parabola between x = Xq and x = Xm 
is an approximation to the value of f(x) dx. 

Upon using (165-4) and recalling that 

„ X -- Xo 
A = — j — j 

d 

it follows that 


(167-1) 


pm pn 

J. 


2/0 + A^/o + 


X(X - 1) 


m ! " 


If m = 1, (167-1) becomes 


f,'ydX = P (y, + XAyo)dX 


= Vo + ^ = 2/0 + -2 ^ (2/0 + 2/i)- 


Xm — Xq + md and X = 

a 

so that 

dx-i} 

d 

and the formula becomes 

(167-2) y dx = ^iyo + yi). 

If n -|- 1 pairs of values are given, (167-2) can be applied 
successively to the first two pairs, the second and third pairs, 
the third and fourth pairs, etc. There I'esults 

Xr ydx^ fydx + fpydx + ■ ■ ■ + y dx 

= ^ (2/0 + 2 /i) + g (2/1 +’2/2) + ■ ■ • 

+ ^ iVn-l + Vn) 
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Formula (167-3) is known as 
the trapezoidal rule, for it gives 
the value of the sum of the areas 
of the n trapezoids whose bases 
are the ordinates ^0, 2/ ij 2/2, * * * , 
Un. Figure 157 shows the six 
trapezoids in the case of n = d. 


If m = 2, (167-1) becomes 




dX 


— 2^/0 + 2 Aj/o + 


2 Vs 


2 1 A^o 


— 2yo + 2(2/1 — 2/0) + g (2/2 22/1 + 2/0) 

I ,4 ,1 

— 3 2/0 + 2 + 3 ^2, 


or 


(167-4) 


X 


y da: = 5 (2/0 + 4^1 + 2/2). 

xo O 


Suppose that there are n + 1 pairs of given values, where n is 
even. If these n -h 1 pairs are divided into the groups of three 

n — 1 


pairs with abscissas X 2 i, X 2 i+i, X 2 i+ 2 , = 0, 1, • • 

then (167-4) can be applied to each group. Hence, 


> 


(167-5) • ■ ■ + 

d d 

= 2 (2/0 + 4j/i + 2 / 2 ) + g ( 2/2 + 4^3 + Vi) 

d 

+ • • ■ . + 3 (j/n-S + 42 /„_i + Vn) 

d 

= 3 [yo + 2/« + 4 (yi + 2/3 + ■ ■ • + 2/„_i) 

+ 2 ( j ^2 + 2/4 + • • • + Vn-i)]- 

Formula (167-5) is known as Simpson’s rule with m = 2. 
Interpreted geometrically, it gives the value of the sum of the 
areas under the second-degree parabolas that have been passed 
through the points {xu, ya), (a: 2 t^-l, ^ 2 t-f-i), and Va+i), [i — 0, 
1, 2, • • • , (n - l)/2]. 
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If n + 1 pairs of values are given and if n is a multiple of 3, 
then (167-6) can be applied successively to groups of four pairs 
of values to give 


(167-7) J* y dx = [yo + + 3(^i + , 1/2 + 2/4 + 2/6 + • * * 

+ yn-2 + yn-l) + 2 ( 2/3 + 2/6 + ’ * * + 2/«~3)]- 

Formula (167-7) is called Simpsoii\s rule Avith m = 3. It is 
not encountered so frequently as (167-3) or (167-5). Other 
formulas for numerical integration can be derived by setting 
m = 4, 5, • • • in (167-1), but the three given here are sufficient 
for ordinary purposes. In most cases, better results are obtained 
by securing a large number of observed or computed values, so 
that d will be small, and using (167-3) or (167-5). 

Example, Using the data given in Example 1, Sec. 160, find an 
approximate value for y dx. 

Using the trapezoidal rule (167-3) gives 

ydx H(2.105 + 6.616 + 7.228 + 9.208 + 11.714 

+ 14.902 + 9.467) = 30.120. 
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Using (167-5) gives 

^ ydx = H[2.105 4- 9.467 -f- 4(2.808 -f- 4.604 + 7.451) 

-t- 2(3.614 + 5.857)] = 29.989. 

Using (167-7) gives 

ydx = MI2.105 -I- 9.467 + 3(2.808 + 3.614 

+ 5.857 -1- 7.451) + 2(4.604)] = 29.989. 

168. A More General Formiila. If numerical integration is 
to be used in a problem in which the form of f(x) is known, the 
set of values (a;,-, y^) can usually be chosen so that the Xi form an 
arithmetic progression and one of the formulas of Sec. 167 can 
be applied. Even if it is expedient to choose values closer 
together for some parts of the range than for other parts, the 
formulas of Sec, 167 can be applied successively, with appro- 
priate values of d, to those sets of values for which the Xi form an 
arithmetic progression. However, if the set of given values was 
obtained by observation, it is frequently convenient to use a 
formula that does not require that the Xi form an arithmetic 
progression. 

Suppose that a set of pairs of observed values (xi, {i = 0, 
1, 2, • * * , m), is given. The points {Xi, yi) all lie on the 
parabola whose equation is given by (166-2). The area under 
this parabola between x — xo and a; = is an approximation to 

the value of I y dx. The area under the parabola (166-2) is 

Jxo 

(168-1) 

in which the expressions for the Pk(x) are given by (166-1). 

If m = 1, (168-1) and (166-1) give 

(168-2) ] ydx ^ r (x - xi) dx 

t/Xfi Xq Xi Jxa 

= -- 2 ( 2/0 + 2 / i )- 

Formula (168-2) is identical with (167-2), as would be expected, 
but the formula corresponding to (167-3) is 
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(168-3) f " y (ix = ~ x^tdiya + y-i) + {xi — Xi)(yi yi) 

%/ 3*0 

4- • • ■ + (a;n - Xn-l)(.yn-l -I- 2/n)]. 


If m = 2, (168-1) becomes 


(168-4) 


f 


y dx — 

^ Po(Xo) 


(x - 

XO 


Xi){x — Xi) dx 


+ 


+ 


-T^-T I {x — Xo)(x — X2) dx 
i{xi) Jxo 

I (x — xo){x — xi) dx 
Jxo 


y2 

Pi{Xi) 


+ 


+ 


2/0 

",,.3 ^3 

X 2 •t'O 

(xi -1- X2)(xi — xi) 

Poixo) 

3 

2 



+ XiXi(X2 — 

2/1 

xi — xi 

(xo + X 2 )(xl — xi) 

PliXi) 

L 3 

2 

. 


+ XoX2(X2 — 

2/2 

•v'2 

(^0 + xi)(xl — X?) 

Pa ( 2 : 2 ) 

3 

2 


+ xaiixi — xo) J 

- - 2 *. - -.) 

pfe pfe) ~ ■ 

Formula (168-4) reduces to (167-4) when xi — x^ = x^ — Xi ^ 
d. The formula that corresponds to (167-5) is too long and 
complicated to be of practical impoiiiance, and hence it is omitted* 
here. It is simpler to apply (168-4) successively to groups of 
three values and then add the results. 


Example, Using the data given in Example 3, Sec. 160, find an 
approximate value of y dx. 

Using (168-3) determines 

r'^'‘'ydx = H[0.24(4.2ia) + 0.6(4.631) + 1.5(5.082) 

•/ 0.16 

3.75(5.590)1 = 16.187. 
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Applying (168-4) successively to the first three values and to the 
last three values gives 


(*6.25 

Jo.i6 = 


[2(1.2 - 0.32 - 1) , 2.210( 
L (-0.24)(-0.84) (0.24)1 


2.210(-0.84) 

(0.24)(-0.6) 

, 2.421(2 + 0.16 - 
(0.84) (0.6) 


(5.25)’* 

6 


'2.421(7.5 - 2 - 6.25) , 2.66(-5.25) 
(-1.5)(-5.25) (1.5)(-3.75) 

2.929(12.5 + 1 - 7.5) 1 ^ .9, 

^ (5.25)(3.75) J 


PROBLEMS 

1 . Determine an approximate value for j'J y dx, using the data given 

in Example 2, Sec. 160, and applying (167-3). Find the approximate 
value if (167-5) is used. 

X f50.62i5 

^ ' P 

using the data given in Prob. 1, Sec. 160. 

3. Work the preceding problem by applying (168-4). 

4. Apply (167-3) and (167-5) to the data given in Prob. 3, Sec. 160, 

H dC. 

10 

5, Find the approximate values of \/4 + dx obtained by using 
a; = 0, 1, 2, 3, 4, 5, 6 and applying (167-3) and (167-5). 



ANSWERS 


CHAPTER I 
Pages 14-16 

1 . (a) convergent; (b) divergent; (c) divergent; (d) convergent; 
(c) convergent; (/) divergent; (g) convergent; (h) divergent. 

2. (a) convergent; (b) divergent. 

4. (a) divergent; (b) convergent; (c) divergent; (d) divergent; 

(e) convergent; (/) convergent; (g) divergent; (/?) convergent; 
(i) convergent; (j) divergent. 


Page 22 

3. (a) —1 < X ^ 1; (6) till finite values; (c) —1 < x < 1; 
(d) X > I and x < — 1. 

4. (a) — < X < 4; (h) 0; (c) — 1 < x < 1. 


Pages 39-40 


1. (a) 1 + ^ ^ -f * 

1^5 t>t7 


' 21 ^4! 


7! 

?! 

6! 


, , , 1 x» 1 • 3 x5 

W ^ + 2 y + 2":4 y 


(/) 1+^ + ^ + 


2! ^ 4! 
x3 . 2 


61x» 

6! 


+ 


17 


^ + *3 + r5 + 3T6 ’ 


(/?,) 1 + a? + ^ ^ “ TT “ 


3x« 


2! 4! 

2. (a) (x ~ 1) - } 2 (^ 


4- 


5! 6! 

1 )^ + }'3(X - 1)3 - • 
2 8 


(6) I + 2 (x - I) + 2 + 


(c) r* 1^1 + (x - 2) + 


{x - 2)^ ^ (X 


- 2 ) 


+ • 


+ • 




(d) ^[l+V3(x-l) + 

(c) 7 + 29(x - 1) + 76(x - 1)» + 110(x 


1;’ + 90(x - I)" 

+ 39(x - 1)“ + 7(x - 1)«. 


4. All finite values of x, 


6. x» < 1. 

661 
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Pages 46-46 

1. 0.984808; 2 ■ lO””. 3. 0.5446. 

2. 9. 6. 2.03617. 

8. (a) 0.3103; (6) 0.0201; (c) 0.9461; 


mZ ^5 




7 -3’. 9 *4! 

X 


^ 6^ 9^ “ Ts^l 


+ ..;(/) 0.937; (g) -0.1026; 


. x^ . x^ . , 9x'^ , 37a:® 

W a: + 2j + 31 + 41 + 51 + gi -f * • * . 
11. a ^ 0.24 radian or 14°. 

Pages 53-65. 

6. x/2. 16. 1.05. 

6. 214.5 ft.; 25.1 ft. 16. 1.69; 0.881. 

14. 2 V2 Ei\/2I2, 7r/2) = 3.825. 

CHAPTER II 
Pages 76-76 

ft T . 16 n . ft 

2 . gsm* - - y 

71 » 1 

1 


1 -|cosx -2 2) 

n = 2 


Pages 77-78 

o / \ ^ 1 — l)7ra; 

» = 1 

/^^ 2 V • 1 4 A 1 


^*1 


n«l 


(2w - 1)2 


COS (2n — l)7ra:; 


, , 18r/7r2 4\ . Tnr 7r2 . 27ra: , /7r2 4\ . ZttX 

^3 [(.T - 13; T - 2 -r + (3 - 33 ) 1 

/x2 4 \ . Sttx "I 

(5 — J’ 


7r2 . 47ra; . , 

- 4 ®“^ + 


36 y ^ 
^ .4' n- 


(- 1 )" 


71= 1 


2 COS 


CHAPTER in 
Page 86 

1. (a) 2, -0.75; (6) 1.22, -0,73j (c) 1.08, -0.55, -0.77; (d) -0.57, 

2. 4.49, 
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Page 91 

(a) 1.618, -1, -0.618. (6) 13.968, -6.984 + 0.291i. 

(c) 3, -1, -1. (d) -1, 1, 2. 

(e) 2 + -v^ + 2 + 2 + ->y4«2 + '«^2w 

(/) -6,iV3, -iV3. (?) -J.— 

Pages 94-96 

1. (a) 2, -2, --2; (6) 2, —I, —^ 2 ; W ±>2, (d) 2, -H, ±t. 

2. (a) (-1, 0), (0, 1), (2, 3); (h) (-3, -2), (-1, 0), (0, 1); 

(c) (-4, -3), (-2, -1), (-1,0); (d) (-3, -2), (-1,0), (0,1), 

(2, 3). 


1. 2.924. 

2. 1.618, -1, -0.618. 

3. 2.061. 

4. 1.398. 


Page 97 

6. -0.879,1.347,2.532. 

6. -0.418. 

7. 1.226. 


1. 1.226; ji. 

2. 2.310 radians. 

3. 0.3574, 2.1533. 

4. 0.739. 


Pages 101-102 

6. 4.494. 

6. -0.567. 

7. -0.725, 1.221. 


Pages 106-106 

1. 41; -35; 1. 

2. (a) (3%3, ^?4s); (ft) (1,0, -1); (c) (5,4, -3); (d) (1, -M, K). 


Page 114 

20* 126* 212 

2. (a) (2, -i, 1); (6) (I, H, -M); ( 0 ) (3, -1, 2); (d) (1, -1, -2, 3). 

Pages 121-122 

1. (a) (L, —1); (5) inconsistent; (c) inconsistent; {d) (1, 3A* — 2, k). 

2. (a) (-A;/7, 5/b/7, k); (b) (0, 0); (c) (0, 0, 0); 
id) (/b/4, 7A;/8, k); (e) (/b, 2A:, 0); (/) (0, 0, 0). 

CHAPTER IV 
Page 126 

-S'' 

(c) y cos 0 : 2 / + 1, x cos xt/; (d) e® log 2 /, e^/y; 

(e) 2xy + — x^, 

V 1 — 

2. (a) 2 a; 2 / - rc® + z, - 2a;«; (b) yz + ^ ary; 

y 
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(C) - 7==^> Sill ^ 

\/y^ ^ y \/y^ — V 

+ 2/^ + \/a;2 -f 2/* H“ y/x‘^ y^ 

u) , ,-zf 

^ ^ {x^ 4- {x^ -h -h (a;*'* + 2/^ + 


1. 7r/6 CU. ft. 

2. U.7ft. 

3. 0.139 ft. 

4. 2250. 

6. 10.85. 


Pages 129-130 

6. $3.46. 

7. 0.112; 0.054. 

8. 53.78; 0.93. 

9. O.OOStt; 0.3 per cent. 

10- 1.6:r; TT. 


Pages 136-136 

1. ka^{d cos 2d }4 sin 26). 2 . 2r cos 2d] —2r^ sin 26. 

3. 2r — t] t — 2.s; s — r. 

gxi/ fixy 

4- - ’'^)- 

7. (a) «*“ ^2i sin pi + p cos ; 

(6) 2r(l — 3 taii^ 6 ), — Or^ tan 0 se(*4 6 . 

8. (a) 2a;, 2(x + tan x sec^ x); 


dz' 


9. 


(b) cos 6 -r h sin 6 -r—t r | cos 6 sin 6 -r— | 

^ ^ dx dy \ dy dx J 

(x £-y^)’ ( 2 / 

ix^ + y^)-ii yj 


Of 


a;* 4- 2/^ ^ 


2 JiL 4- 
dU ^ 


.r^A- 

^ dv)^ 




4 - 


Pages 141-143 


1 — 9a;^ — 1 — Avy^ —4:uy^ — 1 ^ y — x^ 

\2v^{u 4- v)* 4u^(u 4 - v)^ 4v^{u 4-2^) ' y^ — x 

4 2 /g^ — xy — uve'^ — v ^ — a; 

gv+i/ _ __ gr+tf _ ^jgr _ _ X' 


6. (a) -2, 3, 1, -1; (6) 


'll* 4" 4“ V® 4“ '«* 4“ y^ 


8 . 


13. (a) 


u 4- y 

1 4“ 1 4“ 4uz; 

sec y 4- Zx’^y’^ 


r4 W 


11- 2r; 0. 

Zx'^y 


X sec y tan y 4- 2x^y^ ' ^ cos z 
14. 2{z — y): 2{x — z) \ 2{y — x). 


Zz^ cos z — 32* 


Pages 146-146 

3 . H[3 V3 + 1 + eiV^ + 1)] or 6.811. 4. 2 V'e»TT’. 
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Page 149 


1. V3/3. 

2. (a) 2x +3y +2z = 6, — ^ 
(6) &x+2y -3z = 6, 



. . XqX . yoij . Z{)Z . CL^ f N 0- , . 



Pages 162-163 

6. dx/ds = l/VTi, (i!//rfs = 2/v'i4, dz/ds = 3,Vl4. 9. 27°. 


Pages 164-166 

3. 10; 20. 

4. fxx cos2 e 4- /xy sin 26 + sin^ d] 

fxtr^ sin2 6 — fxyV^ sin 20 + jy^r^ cos^ 6 — f^r cos 6 — fyV sin 6. 


Pages 167-168 

T (t “ l) “ i) 

+ I? [2(’^ - 1)(» - 1) (y - 1) + 2 {y - 1)*] 

+ j! [i + ^” (» - 1)= ( 2 / - 1 ) 

+ 3 ( 2 + 1 ) (.-1) (,-l)V(i/-|)]+ --. 

2 . fl jl + (a - 1) + ( 2 / - 1) +^[(.x - 1)» +4(x - 1)(^ - 1) 

+ ( 2 / - 1)*] +•••[■ 

3. 1 + a; + ^ <3® - y'‘) + ^ (a:“ - 3xy^) + ^ + y^) 

+ • • • . 

Page 160 

1. (a) (3, —26) minimum; 

(6) (3, 108) maximum, (5, 0) minimum; 

(c) No maxima or minima. 

2. x = l/e. 

4. (a) cos X - — ^ sin x — 0, inflection; 

(6) cos X = f '2 and sin a; =* 0, inflection; 

( 0 ) sin X — 0, inflection. 

6. (a) X — 1/c; (b) x — maximum, x - ‘^*^ 23 5> inflection. 



666 MATHEMATICS FOR ENGINEERS AND PHYSICISTS 


Pages 162-163 

1. a/3, a/3, o/3. 2. 8a6c/3 VS. 3. a/3, 6/3, c/S. 

4. VSP/{2 V3 + 3), (Vs + l)P/2(2 VS + 3), P/(2 VS + 3). 

5. I = h = ~ d = V5Z. 


Pages 170-171 


ttq; 


1 . 


2a 


xa - 

2 




3. a - log 2). 


1. (a/5, a/5). 

2. xaV16. 


4. — tan oc. 

5. 2a;2. 

6. 2a:x(a2 - l)-^. 


CHAPTER V 
Pages 190-191 

8. xa^/2. 
11. 4a 


3. (a) tt dtA (6) dv dw, 

4. (3xa/16, 0, 0). 

5. 32aV9. 

6. (a/4, 5/4, 0/4). 

7. orxa'^6/2. 

1. 0. 


(I - 0- 


13. 8a2 

14. X = 


9 o; 

a cos^ 


16. xa4A/2. 

16. /g = ^f5a5o(o^ “h 5*). 

Page 196 

4. 12xaV5. 


CHAPTER VI 
Page 199 

1- (a) (6) 1^0 ; (f) W 

2. (a) -6?io; (6) -m- 

3. (a) (6) (c) (d) Js- 

4. (a) 0; (6) H; (c) -Hs- 

Page 202 

1. xa6. 2. 3. 37ra®/8. 

Page 206 

1. -Ma- 2. 0. 3. -H2. 4. 

Page 212 

1. 3. 

6. (a) x/2; (6) - V^/4; (c) i%. 
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CHAPTER VII 
Pages 230-231 


1* (yV + 5a;t/' - y 4- = 0. 

2. 2/" + ?/ = 0. 

3. re?/'" - y" -xy' -hy ^0. 

4. x?/' + (1 — x)y + 2^~* = 0. 

6. (y'V - [1 + (yrV^ 


6 . 2 /" - 2 ?/' 4 2 ?/ - 0 . 

7. x(y'y - yy' 4 1=0. 

9. xh/'^ — ^x^y’' 4 ^xy' — Gy = 0. 
10. 2xy' - y = 0. 


Pages 264-266 

1. 0.417 ft. 9. t; = Wo(l - r-«*Ao). 

2. 0 = 00 4 (01 - 0o)e“*' 11. 0.000667 cal. 


Page 268 


1 . sin”^ y 4 sin“^ a; — c. 

2. (y — 1)7(2/ 4 1)= 

3. 2 cos y — sin a; cos a; 4 == c. 

4. sec a; 4 tan y — c, 

6. tan“i y — 2 Vl 4 x = 

6. a;e® — — -^/l — = 

13. X sin"^ a; + vr 


7. 1 + 2 / = c(l + a;). 

8. log [(y - l)/y] 4 e~^ == c. 

9. 2 tai)”-' 4 log tanh x/2 = c. 

10. i — i ~ log y « c. 

X y 

11. y(2 — log y) = tan 2 a; 4 c. 

12. a;(l 4 4y2)M = c?. 


4 ^ - e^'(y - 1) « c. 


14. y = c -v/i — 


16. y — a: — log icy = c. 
16. tan"^ y — tan“^ x — c. 


17. 


2/ + 1 a - 1 


19. y = f(l + sXl - y). 

20. 1 + 1/2 = c(l + x2). 

23. (« - x)/{A - x) = 


Pages 261-262 



2. sin-^ (2/A) “ log a; = c. 

3. sin (y/a?) 4 log a; = c. 

4. a;^ — 2a;y — y^ = c. 

5. log y 4 x^iZy^) = o. 


6. a; == rc^/w. 

7. 1/ = 

8. X = 

9. log a; 4 

10. X = V;i-Y=_ 


•n 1. ajbs — ^362 , ^361 — cLibs 

±1. tl == T J-J /C = T r“* 

(I 1 O 2 — ^ 2^1 ChiO'i — CliOl 

12. y 4 = 0. 13. a;® 4 y* 4 oy - 0. 

14. a; 4 y 4 2 log (2a; 4 y - 3) « c, 

16. xy^ = c(a; 4 2y). 19. x 4 ce»'V( 2 x^^) ^ 0 . 

17. a;^ 4 y® = cxy. 20. y® 4 2a;y — a;® = c. 

18. a:f4(y/a;)® 4 1156 = c. 
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1. sin xy ^ c. 

2 . x^y + xy^ -\- x c. 

3. e» + X -f 2/ = c. 

4. x^y — y^x ^ c, 

5. Not exact. 

6. Bin {y/x) — c. 


Pages 264-266 

7. log y ^ c. 

8 . (1 - x^)(l - y^) - 6 -. 

9. log y = c. 

10. Not exact. 

11. Not exact. 

13. X sin 2ij = c. 


Pages 268-269 

1. sm“^ y ± X — c. 

2. ?/ = ±}4(x Vl — x^ Bin-^ a;) + c. 

3. X y — tan""^ y ^ c. 4c, y — ^ y — ce ^ 


1. y * cx, 

2. a;2 - =- c. 


Pages 278-279 

3. + ny'^ ~ c. 

9. y = 


5. s - (30 A) (1 - e-^^. 
12. j) =* poe“*’^. 


Pages 280-283 

9. y = - 


^ — 5— 4- a; tan a. 


2^0^ COS^ a 


1 . 1 ^- 

2. y - 
6. y == 
6. y = 


Pages 286-286 

+ i == cxe-vV^Ti. 3. y « e~®“(a; + c). 


a;3 +■ c 


3(a;2 4 - 1 ) 
cos® a; 4- 2(Bin x — 1) -{■ ce 

2 f 

2 sin X X cos ^ '1' j ^ 5' 


4. y = 1 4- 


7. y = 1 4- 

8 . 2 « 

9. y = 

10. y = 

11. a; - 


{B/R){1 - 
sin X ce^. 
c tan X 4- 

1 4 - ce-^VK 


12. X = ce-‘» + 2 "■ i’ 

13. y = tan a: — 1 4- 

14. y = (re 4- 1)(«® 4- c). 
16, y ~ e®* 4“ ee;®®. 


Page 287 

1. y^ = (48a;'"® — 96a;"4 __ 4) cos re + (lOx"^ — 96a;"^) sin x 4- 

2. y~® == re H- 3^^ 4- 6. y~® = 1 4- re® 4- ec®a. 

3. 2/"”^ s 4- ere®. 7. ac"® = y Hr 34 4" 

4- re = y log ere. 8. y~^ = —1 4* c \/i *- re®. 

5. y-i 5= 1 4- log re 4* ere. 


2- J* ^ire. 


Page 291 


3. J" e"® cos 7nx dx. 
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Pages 294-296 

1. (a) y — 4- C 2 C^^; (h) y — C\e^^ + 

(c) y = (r^i 4- C 2 x)e-'\ (d) y = {ci 4- c^xje'- 4- c-,r, 

(^) y = (('i 4 ('' 1 ^ 4 4 Cij (/) y — Ci cos kx 4 Ci sin hx 

4 C 3 cosh hx 4 C 4 ainli kx. 


Pages 298-299 


1. y = 


cie~^^ 4 



-L _ A 
9 27* 


2. z/ = Cic“3* 4 c 2 £{“ 2 -c -(- ™. 3. ^/ = (ci 4 c>ix)e* 4 rc 4 2. 

4. ?/ = 4 4 ('io/2P)(x- — lx + 2k'~‘^)j where k = \/p/EI. 

5. V = Cie^ 4 C 2 e~-^ 4 — x. 6. y = cie“-® 4 4 2 sin x. 

7. y = (ci 4 4- Cge"^-® 4 sin x. 


Pages 306-307 

1. ^ = 2 cos '\/l0^^\/l0/(27r); y — 2 cos v^lO^ 4 a/IO sin V'lOL 
3, ?/ = 10 cos \/245i. 


sin a/ 220i J ; H ~ 400 A/^iS dynes. 

>. F - 100 V2e-=«o' cos ^500i - 7 = 100c'“®°°"^^(l 4 500 V^t). 

6. F = 20 A/5(;-'5oooot(5 iqqoO Vli 4 VS cosli 10000 VBt). 


i. y — lOe”^* fcos \/^220t — 

V 


10. 


10 4 lO^y = 0; mfiximum y = a/3, total drop 2 4 a/3. 


Pages 314-315 

1. X = - C2C-« 4 - 2-156* - PU - Ke, 

y = 6i6* 4 4 — ^{e- 

3. Cycloid of radius mE/{eH^). 

Pages 317-318 

1. No. 2. Yes. 3. No. 

Pages 321-322 

3. y - —{'x^ log a;)/9. 4. y == cic* 4 02 a; 4 4 1 . 

Pages 324-325 

2. y = 6 ia ;“2 4 4 H loji; x — 24 . 

3. // — cia;^ 4 C2X^. 4. // = ciic"* 4 C2X””»"*h 

6 . y ~ 6 ‘ia ;2 4 6 ‘ 2 xC-'>+ V 2 l )/2 4 c 3 a;(S”V 2 l )/2 — 

6. y = can + v'ijft/a + c2»(i-V30/2 + 

O 

7. y ~ 6 ia;^ 4 C 2 X -- x[(log x )®/2 4 log x]. 
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Page 329 


1 . 


3. 


y = Cl 

(x - El + ^ . 
V 3! +5! 

- . . . 


2/ = c ( 

/+'+ii+ 

X^ 

3! ■ 

■ > 

y = Cl 

(i-.+i;- 

. 

3! ^ 

■ ■) + Cad + a: + + x’ + 


1, (a) 

(c) 


dx’^ dy 
dx 


+ ^ = (d) 


10 ; (b) 
dxdy 


CHAPTER Vra 
Pages 366-367 

dz 


dz 

y z == 0 ; 

dx dy 


1 02 dz 
z dx dy 


Page 361 

1. (a) z = Fi(y + ax) -f- F 2 (y - ax); 

(b) z = Fi(y - 2x) -f- F 2 (y + x); 

(e) z = Fi(y — a;) + xF^iy - x). 

2. (a) xy; (c) x^yl2 ~ x^/Z. 

Page 372 

1. 0.44883; 0.14922; 0.00004. 

Pages 376-377 

2, 35.5; 41.9. 


Pages 386-386 

“ = 50 + ^ 

n »= 1 

7t =• 1 

00 00 
4c, u — ^ Ane'^^^^n^^Jo(knr)y where 1 ~ 2/ ^nJoiknr), 

n=>l n «= 1 


2. K 

7. / 


3x 

50 


Pages 390-391 


0.6 + 1.1 2 (-I)" cos 


■n= 1 


CHAPTER IX 
Pages 398-399 

2. (10\/3/3)(i + j + k). 


1. 0.5640. 
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Pages 403-404 

6. 3i + 12j + 4k. 6. 19 \/3/3; (V'3/3)(8i + j - 9k). 

Page 409 

^ dll _ dudx ■ du dy . du dz 
‘ ds dxds dy ds dz ds 
2. (a) ^yz -f + kxy; (h) i2x + j2y + k2z; 

(c) (^2 + 2/2 + + ]y + kz); 

(d) 2(a*2 -f 2/2 -f- 22)-l(i^ _|_ 

6. 26 V'2/5. 6. 9. 


Pages 414-416 


1. (a) 3; (b) 2/r; (c) 0. 


• ^ 1 

^aAx 

, SA„ 

, a.4.-> 

1 , . 3 1 

<aAx 

, fl-4„ 

. fl^A 

* dx ^ 


^ fly 

dz / 

1 + 

[ dx 

^ fly 



+ k 


J) / dAx 
dz \ dx 


dAi, 

dy 


+ 


dA, 

dz 


)■ 


1. (a) 0; (b) 0; (c) 0. 


Pages 420-421 


4. = cy. 


Pages 432-433 

6 . ^ - a ;2 — y^. 


^ d^ . 0i d<P . d^ 

1 . j)i -r 1 — 


dp p dd 

,riM 


Page 439 

> , 0i d^ 


, _fi_ £? 

dz’^'^ dp P a# p sin B d<i>' 


fiaJi, dAei [dAp a^i ira(p.A9) 
“'irj +®‘L-a 7 “-ajJ +^'pL“ 3 ^’“ 

1 


9i 


r 3 (sin dAtp) 

p sin 0 L 


I dz dp ' pI dp dd J' 

_ Mil + 0 [-4— Mp - i ?i^Ml 

1 LP d dip p dp \ 

j_ ^ ^ [dipAe) dA.l 


10. 3p cos d/r*; 0. 


CHAPTER X 
Pages 443-444 

1. (a) 2, 60°; (b) 2 -v/2, 45°; (c) 1, 90°. 

9 fn\ E L i ^ 

x^ + {y- l)“ ^ + (2/ - 1)“' 

(h) i I ■ . 

*» + (2/ + l)“ ^ x2 4- (V + 1)*’ 

^2 yi — 2£CZ/ 1 

(x‘ - + (2xy + 1)» ^ (a:» - yzy + (2xy + 1)“’ 
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Pages 447-448 

4 sin 2x , ^ sinh 2y ^ 

cos 2x + cosh 2y ^ cos 2x H- cosh 2?/ 

6. sin X cosh y i cos x sinh y. 

7. (a) e~'^/^[cos (log \/2) + t sin (log -\/2)]; 

(6) l^cos ( - j - log V2^ + i sin ( - | — log Vs) j' 

Pages 462-463 

3. (a) z^; (b) 1/z; (c) z; (d) log z; (e) cos 5 :. 7. - Sxtp. 

Page 461 

3. 2 4. 7rt\ 6. 0. 6. 2irt. 7. 0. 

Page 469 

2. (a) u = cos a; cosh Vj v — —sin x sinh y] 

(6) It = e* cos y, V — sin y; 

(c) u — x''^ — 3xy% V = Zx^y — y^; 

(d) u = log {x^ + V = tnn“‘ (y/x); 

(e) u - x/ix^ + y^)i V - —]}/{x^ -i- y^). 


1. H; Ms. 


1. 33/16660. 

2. J^2* 

3. M4088- 


CHAPTER XI 
Page 496 

2. ?^o; M; 3^i2o; ^ns; 1323/46189. 

Page 497 

4. 

3. ?3 2? K 2 ? ?'32- 


1. 

2 . 

3. 46413/78125. 

4. %. 


Pages 499-600 

5. n > log 2/ (log 6 — log 5). 

0. 

7 . 16 ^ 315 . 

8. 91854/100000. 


Page 601 

1. 0.775; 0.0000265; 147.50. 2. $11. 3. 6. 


Page 604 

1. (a) 12 ^ 888 ,* (b) 2^48. 

2. (0.65)i« + 10(0.65)8(0.35) + 45(0.65) «(0.35)2 + 1 20(0.65)^(0.35) 

3 . + MHnye) y 45(Hy(H)^ + myercHy + i^iVenny 

4 - 7 ^^ 728 . 

Page 608 

50; looCsoiHV^^; lOOoCsooO^)^^^^. 
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Page 612 

1. 2. 200; V3/(1000ir). 3. l/\/^; 

Page 616 

1. (200)i0e--2oo/io! 2. (20)'«V-2V100! 

3. 0.136; 0.272; 0.272; 0.181; 0.091; 0.036. 

Pages 623-624 

4. 0.00896; 0.00850. 6. 0.976; 0.983. 6. First set. 

CHAPTER XII 
Page 627 

1. y = x/2 + K. 2. y = 2.5x« 3. ?/ = 0.3(10«-2«^). 

Pages 633-634 

1, p = av*\ 2. $ = kaK 

H ^ (i\C 4" do. 

Pages 636-636 

1. y = 4.99 - 3.13a: + 1.26a:2. 2. H - i/iC + K* 

3. 2/ 1.557 + 1,992a: - 0.751a:2 + O.lOOa:^. 

4. y « 1.3 + 0.2^;-^. 6. 2/ — 0.3e® — 1.1 sin a: + l.So;®. 

Page 644 

1. y = 4.99 - 3.13a: + 1.26a:2. 2. y = 

Page 660 

1. ?/ = 0.75 +0.10 cos X — 0.05 cos Zx — 0.29 sin x. 

2, y — 0.85 — 0,25 cos 2a: — 0.05 cos 4a: + 0.05 cos 6a: + 0,26 sin 2a: 

— 0.03 sin 4a;. 


1. 42.61; 42.50; 42.51. 

2, 2.581; 2.627. 


1. 25.252; 25.068. 

2. 132.137. 

3. 128.6. 


Page 664 

3. 106.15; 106.09; 106.09. 

4. 2.784; 2.700. 

Page 660 

4. 666.25; 666.00. 

6. 39.30; 38.98. 




INDEX 


A 

Absolute convergence of series, 16, 
17, 20, 21 

Absolute value of complex number, 
441 

Addition, of series, 21 
of vectors, 393 
parallelogram law of, 394 
Adiabatic process, 224 
Aerodynamics, 133, 431 
Algebra, fundamental theorem of, 92 
Algebraic theorems, 92-94 
Alternating series, 15 
am w, 51 

Ampere's formula, 52n. 

Amplitude of complex number, 441 
Amplitude function, 51 
Analysis, harmonic, 545 
Analytic functions, 451-491 
Angle, as a line integral, 195 
direction, 146, 398 
of lap, 240 
of twist, 485 
solid, 195 

Angular velocity, 61, 191, 236, 404, 
424 

Appli(*,ations, of conformal repre- 
sentation, 479-491 
of line integrals, 217-224 
of scalar and vector products, 
404-406 

Approximate formula, for nl, 509 
for probability of most probable 
number, 511 

in applied mathematics, 55 
Approximation, Laplace's or normal, 
515 

Approximations to binomial law, 512 
Arc length, 143 
of ellipse, 47 


Arc length, of sinusoid, 55 
Area, 172 

as a double integral, 178 
as a line integral, 199-202 
element of, 183, 184, 190, 437 
positive and negative, 200 
surface, 188-196 

Argument of complex number, 441 
Associative law, for series, 18 
for vectors, 394 

Asymptotic formula for 7il, 509 
Asymptotic scries, 524 
Atmosphere, thic^kness of, 61 
Attraction, law of, 218, 232 
motion under, 58, 218 
of cone, 196 
of cylinder, 196 
of sphere, 196, 232 
Augmented matrix, 118 
Auxiliary equation, 292 
Averages, method of, 534 
Axes, right- or left-handed, 397 

B 

Base vectors, 396 
Beam, 240-242, 307 
Belt on pulley, slipping of, 239 
Bending moment, 241 
Bernoulli-Euler law, 241, 307 
Bernoulli's equation, 286 
Bessel functions, 273, 336, 381 
expansion in, 339 
Bessel's equation, 332, 380 
Beta function, 276 
Binomial law, 502 
approximations to, 512 
Binomial series, 40 
Biot and Savart, law of, 52 
Boundary conditions, 242, 351, 363, 
370 

Buckling, 299 


575 
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C 

Cable, flexible, 244 

flow of electricity in, 386 
supporting horizontal roadway, 
242 

Cartography, 479 
Catenary, 247, 252 
Cauchy- Riemann equations, 221, 
450, 455 

Cauchy's equation, 322n. 

Cauchy's integral formula, 461 
Cauchy's integral test, 12 
Cauchy's integral theorem, 455 
Center of gravity, 177, 182, 183, 187, 
190, 191, 196, 522 

Change of variables, in derivatives, 
154 

in integrals, 183-188 
Characteristic equation, 292 
Charge, distribution of, 487 
Charts, distribution, 506 
Chemical reaction, 258 
Circular functions, 247 
Circulation, of a liquid, 475, 477 
of a vector, 418, 419 
Closed curve, area of, 199-201 
direction around, 200 
integral around, 201, 203, 206, 
216, 421 
simple, 200 
cn u, 51 

Coefficients, Fourier, 65 
metric, 437 
Cofactor, 111, 112 
Combinatory analysis, fundamental 
principle of, 493 
Commutative law, 394, 399, 400 
Comparison test for series, 9 
Complementary function, 290, 292 
Complete elliptic integrals, 48 
Complex number, 440 
absolute value of, 441 
argument of, 441 
conjugate of, 444, 488 
vector representation of, 440 
C^omplex roots of unity, 87 


Complex variable, 440-491 
functions of, 444-491 
analytic, 451-491 
derivative of, 449 
integration of, 453 
line integral of, 454 
Taylor's expansion for, 464 
Components of force, 217 
Composite function, 134, 137 
Condenser, 283, 299, 305, 308, 387 
Conditionally convergent scries, 16, 
17, 21 

Conditions, Cauchy-Riemann, 221, 
450, 455 
Dirichlet, 65 

for exact differential, 212, 216 
Conductivity, 367, 426 
Conductor, 486, 489 
Conformal mapping, 465, 471 
Conformal representation, applic^a- 
tions of, 479-491 
Conformal transformation, 467 
Conjugate of a complex number, 
444, 488 

Conjugate functions, 468, 470 
Conservation of matter, law of, 429 
Conservative field of force, 219, 411 
Consistent systems of equations, 
117-122 ' 

Continuity, equations of, 221, 429, 
481 

of functions, 23, 28, 124, 448 
Contour line, 144 

Convergence, absolute, 16, 17, 20, 
21, 33 

conditional, 16, 17, 21 
interval of, 31, 33 
of series, 4, 7 

tests for, 9, 11, 12, 15, 20, 27, 31, 
33 

radius of, 31, 33 
uniform, 23-30, 33 
Cooling, law of, 254 
Coordinate lines, 434 
Coordinate surfaces, 434 
Coordinates, curvilinear, 433-439 
cylindrical, 152, 185, 190, 191, 378, 
386, 434, 438 
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Coordinates, ellipsoidal, 433 
parabolic, 430 

polar, 183, 184, 276, 279, 386, 438 
spherical, 152, 185, 382, 386, 434, 
439 

cos X, 46, 250 
cosh, 247 

Cosine, hyperbolic, 247 
power series for, 38, 40 
Cosine scries, 73 

Cosines, direction, 146, 147, 151, 
ISS, 194, 398 
coth, 249 

Cramer’s rule, 113 
Cross product, 400 
Cubic equation, algebraic solution 
of, 86 

graphical solution of, 83 
Curl, 418, 422, 423, 438 
Current, 386, 427 
Curve, distribution, 504, 516 
clastic, 240, 307 
map of, 466 
Curve fitting, 525-560 
Curves, integral, 226, 228, 279 
orthogonal, 277, 468 
C\irvilincar coordinates, 433-439 
Cylinder functions (.sec Bessel func- 
tions) 

Cylindrical coordinates, 152, 185, 
190, 191, 378, 386, 434, 438 

D 

Dam, gravity, 483 
Damping, viscous, 302 
Dead-beat motion, 304 
Decomposition of vectors, 396 
Definite integrals, 172 
change of varialde in, 183-188 
evaluation of, 172 
mean-value theorem for, 210w. 
Deflection, 299 

Degree of differential equation, 225 
Del, V (see Na])la) 

Delta amplitude, dn, 51 
De Moivre’s th(u)rem, 90, 442 


Dependence, functional, 2 
linear, 116 

Dependent events, 495 
Derivation of differential ec|uations, 
231-247 
Derivative, 125 
directional, 143, 151, 219 
normal, 144, 146, 152 
of functions of a complex variable, 
449, 452, 403 

of hyperbolic functions, 255 
of series, 29, 33 
partial, 125-143, 153 
total, 130-143 
Descartes’s rule of signs, 94 
Determinants, 102-114 
cofactors of. 111 
expansion of, 106n., Ill 
functional or Jacobian, 183 
Laplace development of, 111 
minors of, 110 
of matrix, 115 
product of, 110 
properties of, 107-112 
solution of equations by, 102-114 
Wronskian, 317 
Deviation, standard, 523 
Diagonal term of determinant, 107 
Diagram, pv, 223 
Differences, 527 

Differential, exact, 211, 212, 216, 
222, 224, 262, 411, 418, 420 
of area, 184, 190 
of volume, 185, 187, 190 
partial, 128-143 
total, 127-143 

Differential equations, 225-391 
Bernoulli’s, 286 
Bessel’s, 332, 380 
Cauchy- Riemann, 221, 450, 455 
Cauchy’s, 322w. 
definition of, 225 
degree of, 225 
derivation of, 231-247 
Euler’s, 322, 430 
exact, 262 
first order, 256, 267 
Fourier, 425 
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Differential equations, general solu- 
tion of, 230, 290, 292, 350, 358 
homogeneous, 259, 261 
homogeneous linear, 290 
integral curve of, 226, 228 
integrating factor of, 265 
Laplace’s, 369, 382, 385, 386, 439, 
451, 470, 481 
Legendre’s, 342, 384 
linear, 226, 283-349, 357 
numerical solution of, 346 
of electric circuits, 301, 305, 386 
of heat conduction, 367 
of membrane, 377 
of vibrating spring, 308 
of vibrating string, 361 
order of, 225 
ordinary, 225-349 
partial, 225, 350-391 
particular integral of, 290, 292, 
297, 318, 359 
particular solution of, 230 
second order, 269, 295 
separation of variables in, 257 
simultaneous, 312-315 
singular solution of, 279 
solution in series, 228, 325, 349, 
364 

solution of, 226 

with constant coefficients, 287- 
315, 357 

with variable coefficients, 284, 
315-349 

Differential expression, 225 
Differential operators, 287-299, 357, 
406 

Differentiation, of implicit functions, 
132-142 

of series, 29, 33, 34, 80 
partial, 123-171 
term by term, 33, 34, 80 
under integral sign, 167 
Diffusion, 369, 427 
Diffusivity, 368n. 

Direction angles, 146, 398 
Direction components, 146 
Direction cosines, 146, 147, 151, 188, 
194, 398 


Direction ratios, 150, 151 
Directional derivative, 143, 151, 219 
(See also Gradient) 

Dirichlet conditions, 65 
Discharge of condenser, 299 
Discontinuity, finite, 64 
Discriminant of cubic, 89 
Distance, element' of, 435 
Distribution of charge, 487 
Distribution charts, 506 
Distribution curvm, 504, 516 
Distributive law, 399, 400 
Divergence, of series, 5, 8, 20 
of a vector, 411, 423, 438 
Divergence theorem, 191, 415, 425, 
428 
dn Uy 51 

Dot product, 399 

Double integrals, 173, 192, 202, 275 
Drying of porous solids, 369 
Dynamics, laws of, 231 

E 

c, 42 
250 

Effects, superposition of, 129, 223 
E(ky <p)y 48-51, 54 
Elastic curve, 240, 307 
Elasticity, 241, 422, 484-486 
Electrodynamics, 422, 423n. 

Electron, 315 

Electrostatic field, 475, 477, 479 
Electrostatic force, 487 
Electrostatic potential, 487 
Electrostatics, 486-491 
Element, of arc, 467 
of area, 184, 190, 437 
of distance, 435 
of volume, 185, 187, 190, 437 
Elementary functions, 315 
expansion of, 35-46, 65-82, 465 
Ellipse, area of, 177, 202 
center of gravity of, 177 
length of arc of, 47 
Ellipsoidal coordinates, 433 
Elliptic functions, 51 
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PHliptic integrals, 47-55 
complete, 48 

first kind, F(/c, <p), 48-55, 238 
second kind, E(k, <p), 48-54 
third kind, TI(?7,, k, tp), 50 
Knipirieal formulas, 525-560 
Kiitropy, 224 
Envelope, 279 
Equation, auxiliary, 292 
Bernoulli's, 286 
Bessel’s, 33,2, 380 
characteristic, 292 
cubic, 86 
Euler, 322 
Fourier, 425 
indicial, 334 
integral, 347 

Laplace's, 195, 369, 382, 385, 386, 
439, 451, 470, 481 
Legendre's, 342, 384 
of continuity, 221, 429, 481 
of plane, 147 
wave, 432 

Equations, Cauchy-Riemann, 221, 
450, 455 

consistent, 117-122 
dependent, 105 
differential, 225-391 
Euler's, 430 

inconsistent, 105, 117-122 
normal, 537, 540 

parametric, 143, 149, 150, 199, 215 
representing special types of data, 
528 

simultaneous, 102-122, 139-141 
solution of, 83-122 
systems of, 102-122 

homogeneous linear, 119-122 
non-honiogeneous linear, 113- 
119 

Error, Gaussian law of, 520, 536 
mean, 516 
mean absolute, 522 
mean square, 522 
of observation, 516 
probable, 521 
small, 56 

Error function, 510 


Euler equation, 322 
Euler formulas, 78, 251 
Euler's equations, 430 
Euler's theorem, 136 
Evaluation of integrals, by differ- 
entiation, 169 
in series, 43-46 
Even function, 68 
Events, dependent, 495 
independent, 495 
mutually exclusive, 497 
Exact differential, 211, 212, 216, 222, 
224, 262, 411, 418, 420 
Exact differential equation, 262 
Expansion, in Bessel functions, 339 
in Fourier series, 65-82 
in Legendre polynomials, 346 
in Maclaurin's series, 37 
in power series, 37-46 
in Taylor's series, 37 
in trigonometric series, 65 
uniqueness of, 38 
Expectation, 500 

Expected number of successes, 508 
Exponential form for trigonometric 
functions, 78, 251, 446, 447 
Exponential function, expansion for, 
42, 446 

Extremal values, 164 
Extremum, 164 

F 

F{k, <p), 48-55 
Factor, integrating, 265 
Factor theorem, 92 
Factorial, n!, approximation for, 509 
{See also Gamma functions) 
Falling body, 58, 232 
Field, 406 
conservative, 411 
electrostatic, 475, 477, 479 
irrotational, 418 
Finite discontinuity, 64 
Fitting, curve, 525-560 
Flex\ire, 298 

Flow, of a liquid, 220, 424, 428, 477, 
478, 480-484 
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Flow, of electricity in a cable, 386 Functions, potential, 219, 411 
of heat, 256, 368-377, 423, 425 power, 30 

seepage, 483 real, 2, 123 


Fluid motion, 220, 424, 428, 475- 
478, 480-484 
Flux, 416 

Flux density, magnetic, 52 
Force, 217, 239, 392, 406, 409 
components of, 217 
conservative field of, 219 
electrostatic, 487 
Force function, 411 
Forced vibrations, 308, 310 
Formula, asymptotic, 509 
Cauchy’s integral, 461 
empirical, 525-560 
interpolation, 550 
Lagrange’s, 552 
Poisson, 512 
Stirling’s, 508 
Wallis’s, 45 
Fourier coefficients, 65 
Fourier equation, 425 
Fourier series, 63-82 
complex form of, 78 
differentiation of, 80 
expansion in, 65-82 
integration of, 80 
solution of equations with, 364 
Functional dependence, 2 
Functional determinant, 183 
Functions, 1 
analytic, 451 
Bessel, 336 
Beta, 276 

complementary, 290 
conjugate, 468, 470 
continuous, 23, 448 
elementary, 315 
expansion of, 35, 65, 155 
Gamma, 272-277 
holomorphic, 451 
homogeneous, 136, 259 
hyperbolic, 247-256 
of a complex variable, 444-491 
of several variables, 123, 160 
orthogonal, 81, 339, 345 
periodic, 64 


regular, 451 
scalar point, 400 
singularities of, 222 
stream, 221, 432, 453, 481 
vector point, 406 

Fundamental principle, of combina- 
tory analysis, 493 
of sequences, 6 

Fundamental theorem, of algebra, 92 
of integral calculus, 172, 457 

G 

Gamma functions, 272-277 
Gauss- Argand diagram, 440 
Gaussian law of error, 520, 536 
Gauss’s theorem, 193 
General solution of differential equa- 
tion, 230, 290, 292, 350, 358 
Geometric series, 9 
Gradient, V, 144, 152, 407, 410, 438 
Graphical method, of curve fitting, 
525 

of solution of equations, 83 
Gravitational constant, 232 
Gravitational law {see Attraction) 
Gravitational potential, 219, 408 
Gravity, center of, 177, 182, 183, 
187, 190, 191, 196, 522 
Gravity dam, 483 

Green’s theorem, for the plane, 202 
in space, 191, 418 
symmetric form of, 194, 418 

H 

Harmonic analysis, 545 
Harmonic series, 8 
Heat conduction, 367 
Heat flow, 368-377 
equation of, 368, 425 
steady, 256, 368, 427 
variable, 368, 373, 425 
Helix, 151, 152 
Holomorphic functions, 451 
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Homogeneous equations, differential, 
259, 261 

linear algebraic, 119-122 
linear differential, 290 
Homogeneous function, 136, 259 
definition of, 136 
Euler's theorem on, 136 
Hooke’s law, 241, 299 
Horner’s method, 95 
Hydrodynamics, 221, 422, 428-433, 
480-484 
Hyperbola, 247 
Hyperbolic functions, 247-256 
Hyperbolic paraboloid, 162 

I 

Imaginary roots, 94 
Implicit functions, 132, 137-142 
Inclined plane, 280, 282, 306 
Incompressible fluid, 424, 430 
Inconsistent equations, 105, 1 17-122 
Independence, linear, 110, 317 
of path, 208, 216, 452, 455 
Independent events, 495 
Independent trials, 501 
Indicial equation, 334 
Infinite series, 1-62 
absolute convergence of, 16, 17, 20 
conditional convergence of, 16, 17 
definition of, 4 
expansion in, 35-46, 155-158 
of constants, 6-22 
of functions, 23-62 
of power functions, 30 
of trigonometric functions, 63-82 
operations on, 21, 29, 33-35 
sum of, 4n. 

tests for convergence of, 9, 11, 12, 
15, 20, 27, 31, 33 

theorems on, 17, 21, 27, 28, 29, 31, 
33, 34, 36, 38 

uniform convergence of, 23-30, 33 
Inflection, point of, 159 
Initial conditions, 235, 351 
Integral calculus, fundamental theo- 
rem of, 172, 457 
Integral curve, 226, 228, 279 


Integral equation, 347 
Integral formula, Cauchy’s, 461 
Integral test for series, 12 
Integral theorem, Cauchy’s, 455 
Integrals, around closed curve, 201, 
203, 206, 216, 421 
change of variable in, 183-188 
definite, 172 

double, 173, 192, 202, 275 
elliptic, 47-55, 238 
evaluation of, by means of series, 
43-46 

iterated, 175, 180 
line, 197-224, 410, 421, 454, 458 
mean-value theorem for, 21 On. 
multiple, 172-196 
particular, 290, 292, 297, 318 
surface, 188-196, 415, 421 
transformation of {see Green’s 
theorem; Stokes’s theorem) 
triple, 177, 193 
volume, 180, 415 
with a parameter, 47, 167 
Integrating factor, 265 
Integration, by parts, 276 
numerical, 554-560 
of complex functions, 453 
of series, 29, 33, 34, 80 
term by term, 33, 34, 80 
Interpolation, method of, 101 
Interpolation formulas, 550-554 
Interval, 4 

of convergence, 31, 33 
of expansion, 38, 76 
Inverse hyperbolic functions, 249, 
255 

Inversions, 106 

Irrotational field, 418, 423, 430 
Isolation of roots, 92 
Isothermal process, 224 
Iterated integrals, 175, 180 
Iteration, method of, 297 

J 

J 33b 

Jacobian, 141, 183, 190 
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K 

Ko{x), 337 

L 

Lagrange^s interpolation formula, 
552 

Lagrange^s method of multipliers, 
163-167 

Lamellar field, 423 
Laplace^s approximation, 515 
Laplace's equation, 195, 369, 382, 
385, 386, 439, 451, 470, 481 
Law, Bernouili-Euler, 241 
binomial, 502, 512 
of attraction, 218 
of conservation of matter, 429 
of cooling, 254 
of dynamics, 231 
of error, 520, 536 
of gravitation, 232 
of small numbers, 512 
Least squares, method of, 536 
theory of, 521 

Legendre polynomials, 344, 384 
expansion in, 346 
Legendre's equation, 342, 384 
Leibnitz’s rule (see Differentiation, 
under integral sign) 

Leibnitz’s test (see Test, for alternat- 
ing series) 

Length, of arc, 143 
of ellipse, 47 
of sine curve, 55 
Level surface, 406 
Limit, 2, 124, 454 
Line, contour, 144 
coordinate, 434 

direction cosines of, 146, 147, 151 
normal, 144, 146-149 
of equal potential, 277 
of flow, 475 ' * 

stream, 277, 432, 467 
tangent, 143, 147, 151 
vector equation of, 395 
Lino integrals, 197-224, 410, 421, 
454 


Line integrals, applications of, 217- 
224 

around a closed curve, 202, 206, 
216, 421 

definition of, 197, 454 
evaluation of, 202-206, 458 
for angle, 195 
for area, 201 
for work, 217 
in space, 215, 410, 421 
properties of, 206-217 
transformation of, 202, 421 
Linear dependence or independence, 
116, 317 

Linear differential equations, 283- 
349, 357 

with constant coefficients, 287, 357 
with variable coefficients, 284, 
315-349 

Linear differential operator, 287-299 
Ijog 2, 446 

Logarithmic paper, 526 
M 

M test, 27 

Maclaurin formula, 36 
Maclaurin’s scries, 37, 249 
Magnitude of a vector, 393 
Map, geographic, 479 
of a curve, 466 
Mapping functions, 467 
Matrix, 114-122 
augmented, 118 
determinants of, 115 
rank of, 115 

Maxima and minima, constrained, 
163 

for functions of one variable, 158 
for functions of several variables, 
160 

Mean error, 516, 522 
Mean-value theorems, 2l0n, 
Measure numbers, 397 
Mechanical quadrature, 554 
Mombraiio, vibration of, 377 
Mercator’s projection, 479 
Metric coefficients, 437 
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Minima (see Maxima and minima) 
Minimax, 162 

Modulus, of complex number, 441, 
442 

of elliptic function, ^,51 
Moment, bending, 241 
Moment of inertia, 177, 180, 182, 
183, 187, 190, 191, 196, 241 
Moments, method of, 544 
Most probable value, 505 
approximation for probability of, 
511 

Motion, dead-beat, 304 
fluid, 220 
laws of, 231, 234 
of a membrane, 377 
oscillatory, 304 
pendulum, 48, 234 
simple harmonic, 233, 301, 314, 
380 

under gravity, 232 
Multiple integrals, 172-196 
definition and evaluation of, 173, 
179 

geometric interpretation of, 177 
Multiplication, of complex numbers, 
442 

of determinants, 110 
of series, 21 
of vectors, 399 
Multiplicity of root, 93, 294 
Multiplier, Lagrangian, 165 
Multiply connected region, 205, 212, 
455 

Mutually exclusive events, 497 
N 

Nabla, or del, V, 194, 195, 407, 414, 
422 

Newtonian potential, 196 
Newton’s law, of attraction, 218 
of cooling, 254 
of dynamics, first law, 231 
second law, 231, 272, 363 
third law, 231, 234 
of gravitation, 232 
Newton’s method of solution, 97 


Normal, to a cuiwe, 144 
to a plane, 146, 147 
to a surface, 147, 188, 407 
Normal approximation, 515 
Normal derivative, 144, 146, 152 
(See also Gradient) 

Normal distribution curve, 516 
Normal equations, 537, 540 
Normal form, 146 

Normal law (see Gaussian law of 
error) 

Normal line, 144, 146-149 
Normal orthogonal functions, 81 
Numbers, (complex, 440 
measure, 397 

Numerical integration, 554-560 
Numerical solution of differential 
equations, 346 

O 

Odd function, 68 
Operator, 528 

differential, 287-299, 357, 406 
vector (see Curl; Divergence; 
Gradient; Nabla) 

Order of differential equation, 225 
Ordinary differential equations, 225- 
349 

(See also Differential e(|uations) 
Ordinary discontinuity, 64 
Origin of a vector, 393 
Orthogonal curves, 277, 468 
Orthogonal functions, 81, 339, 345 
Orthogonal systems, 434 
Orthogonal trajectories, 277-279 
Orthogonal vectors, 398 
Oscillation of a spring, 299 
Oscillatory motion, 304 
Overdampod, 303 

P 

p series, 10 
Parabola, 244 
Parabolic coordinates, 439 
Paraboloid, hyperbolic, 162 
Parachute, 253, 255 
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Parallelogram law of addition, 394 
Parameters, 277, 280 
integrals containing, 167 
variation of, 318 

Parametric equations, 143, 149, 150, 
199, 215, 247 

Partial derivatives, 125-143, 153 
Partial differential equation, 350- 
391 

derivation of, 351 

Fourier, 425 

integration of, 353 

Laplace’s, 369, 382, 385, 386, 439 

linear, 357 

of elastic membrane, 377 
of electric circuits, 386 
of heat conduction, 367, 425 
of vibrating string, 361 
Partial differentials, 128-143 
Partial differentiation, 123-171 
Partial fractions, method of, 297 
Partial sum, 4 

Particular integral, 290, 292, 297, 
318, 359 

Particular solution, 230 
Path, integrals independent of, 208, 
216, 452, 455 

Pendulum, simple, 44, 234-238, 306 
Periodic function, 64 
Picard’s method, 347 
Plane, equation of, 147 
inclined, 280, 282, 306 
normal form for, 146 
tangent, 146-149 
Point, of inflection, 159 
singular, 451 
Poisson formula, 512 
Polar coordinates, 183, 184, 276, 279, 
386, 438 

Polygon, rectilinear, 478, 485 
Polynomials, Legendre, 344, 384 
Porous solids, drying of, 369 
Potential, electrostatic, 487 
gravitational, 219, 408 
lines of equal, 277 
Newtonian, 196 

velocity, 221, 222, 277, 430, 432, 
453, 467, 480 


Potential function, 219, 411 
Power series, 30-62 

differentiation of, 33, 34 
evaluation of integrals ])y, 43-4() 
expansion in, 35-46 
functions defined by, 33 
integration of, 33, 34 
interval of convergence of, 31, 33 
operations on, 33-35 
theorems on, 31-35 
uniform convergence of, 33 
uniqueness of expansion in, 38 
wliose terms are infinite series, 40 
Power series solutions of differential 
equations, 325-346 
Precision constant, 520, 521 
Pressure on dam, 484 
Primitive, 458 

Principal part of increment, 128 
Probability, 492-524 
Probability curve, 521 
Probable error, 521 
Probable value, most, 505 
probability of, 511 
Product, of determinants, 110 
scalar, 399 
vector, 400 

Projection, Mercator’s, 479 
ateroographic, 479 
Pulley, slipping of belt on, 239 
po diagram, 223 

Q 

(Juadrature, ineclianic.al, 554 
Quotient, of complex numbers, 444 
of power scries, 40 

R 

Radius of convergence, 31, 33 
Radius vector, 195 
Rank of matrix, 115 
Ratio test, 11, 20, 31 
Reaction, chemical, 258 
Rearrangement of series, 17 
Rectilinear polygon, 478, 485 
Recursion formula, 273, 328, 331, 
334 
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Tiegion, multiply connected, 205, 
212, 455 

of integration, 173 
simply connected, 205 
Regula falsi, 101 
Regular functions, 451 
Remainder in Taylor’s series, 36-37 
Remainder theorem, 92 
Repeated trials, 501 
Representation, applications of con- 
formal, 479-491 
Residuals, 534, 537 
Resonance, 310 
Riemann surface, 473 
Right-handed system of axes, 397 
Rod, flow of heat in, 373 
vibrations of, 366, 367 
Roots, of equations, 83-102 
isolation of, 92 
theorems on, 92-94 
of unity, w, 03 % 87 
Rot {see Curl) 

Rotational field, 418 
Rule, Cramer’s, 113 
Simpson’s, 556 
trapezoidal, 556 

S 

Scalar field, 406, 408 
Scalar point function, 406, 418 
Scalar product, 399 
application of, 404 
Scalars, 392 

Schwartz transfonnation, 478, 485, 
491 

Seepage flow, 483 
Separation of variables, 257 
Sequences,' 2 

fundamental principle of, 6 
limit of, 3 

Series, asymptotic, 524 
binomial, 40 

evaluation of integrals by, 43-46 
Fourier, 63-82 
infinite, 1-62 

integration and differentiation of, 
29, 33, 34 


Series, of constants, 6-22 
of functions, 23-62 
power, 30-62 

solution of differential equations 
by, 228, 325-340 

Taylor’s and Maclaurin’s, 37, 155, 
‘ 228, 249, 464, 539 
tests for convergence of, 9, 11, 12, 
15, 20, 27, 31, 33 

theorems on, 17, 21, 27, 28, 29, 31, 
33, 34, 36, 38 

uniform convergence of, 23-30 
Shearing stresses, 485 
Simple closed curv'c, 200 
Simple harmonic motion, 233, 301, 
314, 380 
equation of, 234 
period of, 234 

Simple pendulum, 44, 234-238, 300 
Simply connected region, 205 
Simpson’s rule, 556 
Simultaneous differential equations, 
312-315 

Simultaneous equations, 102-122, 
139-141 
sin j;, 41, 250 
sin“^ X, 46 

Sine, hyperbolic, 247 
length of curve, 55 
power series for, 40, 41 
Sine series, 73 
Singular point, 451 
Singular solution, 279 
Singularities of hmetion, 222 
sinh X, 247 

Sink {sec Source and sink) 
Six-ordinate scheme, 548 
Slipping of belt on pulley, 239 
Small numbers, law of, 512 
sn Vj 51 

Solenoidal field, 423 
Solid angle, 195 
Solids, drying of porous, 369 
Solution, of cubic, 86-91 
of differential equations, 22(), 228, 
325 

general, 230, 290, 292, 350, 358 
particular, 230 
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Solution, of differential equations, 
singular, 279 
of equations, 83-122 
algebraic, 86, 95 
graphical method of, 83 
transcendental, 85, 97 
of systems of linear algebraic equa- 
tions, 102-122 
steady-state, 309, 310 
Source and sink, 221, 411, 416, 424, 
427, 429 

Space curves, 149-152 
Spherical coordinates, 152, 185, 382, 
386, 434, 439 
Spring, 299, 308, 313 
oscillation of, 299 
Standard deviation, 523 
Steady heat flow, 256, 368, 369, 427 
Steady-state solution, 309, 310 
Stereographic projection, 479 
Stirling’s formula, 508 
Stokes’s theorem, 421 
Stream function, 221, 432, 453, 481 
Stream lines, 277, 432, 467 
Stresses, shearing, 485 
String, vibration of, 361 
Sum, of a series, An, 
of vectors, 393 

Superposition of effects, 129, 223 
Surface, equation of, 144 
level, 406 

normal to, 147, 407 
Surface integral, 188-196, 415, 421 
Surfaces, coordinate, 434 
Riemann, 473 

Systems of equations, consistent or 
inconsistent, 117-122 
linear algebraic, 107-122 

T 

Tangent line, 143, 147, 151 
Tangent plane, 146-149 
tanh, 249 

Taylor’s formula, 35-46, 158 
applications of, 41-46 
Taylor’s series, 37, 464, 539 
for functions of two variables, 
155-158, 228 


Taylor’s theorem, 36 
Tension, 239, 243, 244, 251, 362, 377 
Test, Cauchy’s integral, 12 
comparison, 9 
for alternating series, 15 
for series, 9, 11, 12, 15, 20, 27, 31, 
33 

ratio, 11, 20, 31 
Weierstrass M, 27 
Theory of least squares, 521 
Thermodynamics, 222 
Torque, 405 

Total derivatives, 130-143 
Total differential, 127-143 
Trajectories, orthogonal, 277-279 
Transformation, by analytic, func- 
tions, 467 
conformal, 467 
Green’s, 191, 202, 418 
of element of arc, 467 
of integrals, 202 
Schwartz, 478, 485, 491 
Stokes’s, 421 
Trapezoidal rule, 556 
Trials, repeated and independent, 
501 

Trigonometric functions, 78, 251, 
446, 447 

Trigonometric series, 63-82 
Triple integrals, 177, 193 

U 

Undetermined coefficients, 229 
Uniform convergonc.e, 23-30 
test for, 27 
Unit vectors, 394, 397 
Unity, roots of, 87 

V 

Variable, change of, 154, 183-188 
complex, 440-491 
dependent, 2 
independent, 1 

Variable heat flow, 368, 373, 425 
Variation, of constants {see Varia- 
tion, of parameters) 
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Variation, of parameters, 318, 323 
V ector analysis, 392-439 
Vector equation of line, 395 
Vector field, 406, 408, 409, 412, 418, 
423 

Vector point function, 406 
Vector product, 400 
applications of,‘ 404 
Vector relationships, 402 
Vectors, 144, 152, 392 
addition of, 393 
base, 396 
curl of, 4 18 
decomposition of, 396 
divergence of, 411 
magnitude of, 393 
multiplication of, 399 
origin of, 393 
orthogonal, 398 
radius, 195 
unit, 394, 397 
zero, 393 

Velocity, 404, 424 
angular, 61, 191, 236, 404, 424 
critical, 61 

of earth’s rotation, 61 
of escape, 61 
terminal, 59, 254 


Velocity potential, 221, 222, 277, 
430, 432, 453, 467, 480 
Vibration, forced, 308, 310 
of elastic rod, 366, 367 
of membrane, 377 
of spring, 308 
of string, 361 

(See also Simple harmonic mo- 
tion) 

Viscous damping, 302, 366 
Volume, as a triple integral, 180 
element of, 185, 187, 190, 437 
Volume integral, 180, 415 

W 

Wallis’s formula, 45 
Wave equation, 432 
Wedge, 473 
Weierstrass test., 27 
Work, 217, 404 
Wronskian, 317 

Z 

Zero vector, 393 

Zonal harmonicas (.see Legendre poly- 
nomials) 
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